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Abstract

Given a finite family F of forbidden r-graphs, the Turdn problem asks for the largest asymptotic
edge density of F-free r-graphs and for the structure of those whose densities are close to this
maximum. We show that both parts of this problem can encode arbitrary computation. Fix a
universal Turing machine U. For every sufficiently large fixed r, there is a rational threshold 7 € (0, 1)
such that from each binary word /3, one can construct a finite family F.,. s of r-graphs whose Turdn
density equals 7, when U does not halt on f and is strictly larger than 7, when U halts.

The same halting distinction also governs the hypergraphs attaining, or nearly attaining, the
extremal density. For every sufficiently large fixed r, we construct a finite family G, g, together with
a continuous statistic that depends only on r, such that, when U does not halt, the problem has
a unique extremal limit and satisfies Erdés—Simonovits stability; when U halts, the extremal limit
space instead splits into two nonempty compact phases on which the fixed statistic has opposite signs.
Thus, uniqueness and connectedness of the extremal space, symmetry breaking, the existence of two
separated phases, and Erd6s—Simonovits stability are all undecidable. Both reductions are obtained
by encoding finite local rules of computation into a weighted hypergraph problem and then removing
the auxiliary roots, types, and labels without changing the exact extremal value.

The reductions are explicit enough to be verified within ZFC through finite certificates based on
balanced blowups. Consequently, for every consistent computably axiomatized theory extending ZFC
and every sufficiently large fixed r, one can construct a finite family F of r-graphs for which the
true equality w(F) = 7, is neither provable nor refutable in that theory. Analogous independence
statements hold for all five structural properties just listed.

We also include effective approximation for finite-family Turdn densities and determine the
complexity of exact comparison for finite and effectively presented forbidden families. Quantitatively,
the smallest improvement witnesses have Busy-Beaver growth, and the density gains admit no uniform
computable positive lower bound.

2020 Mathematics Subject Classification. 05C65, 05C35, 03D35, 03F40, 68Q17.

Keywords. Hypergraph Turdn problem, Turing machine, computability, exact comparison, Godel
incompleteness, extremal limit, stability, phase transition, Busy-Beaver complexity.

Contents

1 Introduction 3

2 Basic definitions and preliminary tools 10

I Direct computational universality 16

3 A direct finite-tableau simulation 16
3.1 A radius-one reset automaton . . . . . .. ... 17
3.2 Periodic reset tables . . . . . . .. e 21
3.3 The d-regular five-rail multidigraph . . . . . . . .. ... o Lo 23

*School of Mathematics, Shandong University, Jinan, China, and Extremal Combinatorics and Probability Group, Institute for
Basic Science, Daejeon, South Korea. Email heng.1i@sdu.edu.cn.

TSchool of Mathematical Sciences, University of Science and Technology of China, Hefei, China. Email liuxizhi@ustc.edu.cn.



3.4 Realizations and local obstructions . . . . . . ... ...
3.5 Closed components and tableau recovery . . . . . . . ..

4 The weighted five-rail estimate

5 From weighted rails to five-set records
5.1 Five-sets with record tags . . . . . .. ... .. ... ..
5.2 Recovering the tableau structure . . . ... .. ... ..

6 From typed records to uncolored hypergraphs
6.1 Root gadgets from Baranyai decompositions . . . . . . .
6.2 The uncolored admissible class . . . . ... .. ... ..
6.3 The calibrated polynomial and the main statement . . .
6.4 Balancing the root weights and typing the data . . . . .
6.5 Calibration and effective parameter choice . . . . . . . .

7 From rooted classes to Turan density

II Structural universality
8 Structural framework and weighted optimizer spaces

9 The phase gadget and its analytic mechanism
9.1 The abstract phase objective . . . . .. ... ... ...

10 Finite rooted realization of the phase function
10.1 The root frame, support designs, and rooted edge types
10.2 Data splitting and evaluation . . . . ... ... ... ..
10.3 Global localization and root balancing . . . . . . .. ..

11 The order parameter and weighted phase construction

12 Canonical models and finite star blockers
12.1 Centered one-vertex certificates . . . . . . . .. .. ...
12.2 Star blockers and image persistence . . . . . . . ... ..

13 The final ordinary forbidden family
14 Symmetrized stability and vertex extendability
15 Degree stability and ordinary edit stability

16 Extremal limit transfer and the structural theorem

IIT Godel-Rosser incompleteness

17 Finite certificate normal form
17.1 Balanced improvement witnesses . . . . .. ... .. ..
17.2 The certificate-preserving compiler . . . . . . .. .. ..

18 Internal ZFC bridges
18.1 The numerical bridge . . . . . . . .. .. ... ... ...
18.2 Numerical Godel-Rosser incompleteness . . . . . . . ..
18.3 The structural bridge . . . . . . .. ... ... ... ..
18.4 Structural Gédel-Rosser incompleteness . . . . . . . ..

IV Further properties of Turan densities

31

36
36
39

42
43
44
46
47
49

53

55
55

58
58

60
60
65
67

75

78
80
82

83
84
87

91

93

94
94
95



19 Computability and exact comparison for finite forbidden families 103

20 Improvement witnesses and Busy-Beaver growth 104
21 Quantitative density gaps and effective output size 106
22 The density spectrum 108
23 Exact comparison in the arithmetical hierarchy 110
24 Limits of two semialgebraic value schemes 113
Appendix 119
A Numerical arithmetization and certificate ledgers 119
A.1 Finite graph and family codes . . . . . . . . . . . . ... 119
A.2 Fixed algebraic and semantic certificates . . . . . .. ... L o0 oo 120
A.3 Fixed baseline and primitive-recursive certificate maps . . . . . . . ... ... ... .. 122
A4 Typed trace maps . . . . . o o v v i e e e e e 124
A.5 The numerical compiler ledger . . . . . . . . . ... L 125
A.6 Formal certificate translation . . . . . . . . ... L L 130
B Structural arithmetization and the coded phase bridge 131
B.1 Dense-limit and extremal-space formulas . . . . . . . .. ... 0oL oo 131
B.2 Stability formulas and removal . . . . . .. ... 132
B.3 Fixed structural algebraic certificates . . . . . . . . . ... ... L 134
B.4 Structural compiler factorization . . . . . . .. ... Lo 135
B.5 The coded structural bridge . . . . . . . . . .o 137
B.6 The uniform structural bridge . . . . . . . . . ... Lo 141

1 Introduction

For an integer r > 2, an r-graph is a finite family of r-subsets of a finite vertex set. For an r-graph H,
write V(H) for its vertex set and v(H) := |V (H)| for its order. We identify H with its edge set, and hence
write |H| for its number of edges. Given a finite family F of r-graphs, let ex(n, F) be the largest number
of edges in an n-vertex F-free r-graph and let 7(F) := lim, o ex(n, F) /(") be its Turdn density. By the
averaging argument of Katona, Nemetz, and Simonovits [34], this limit exists. We call F nondegenerate if
m(F) > 0. Throughout this work, every forbidden r-graph is assumed to contain at least one edge. This
excludes the special convention needed when a forbidden family contains an edgeless hypergraph.

For ordinary graphs, the theorem of Erdés and Stone [18], in the form refined by Erdés and Simonovits [17],
reduces the density problem for a finite forbidden family to the smallest chromatic number among its
members. No comparable finite invariant is known in higher uniformity, despite decades of work on
hypergraph Turdn problems. Even the density of the tetrahedron K ig), posed by Turdn in 1941 [70],
remains unknown. Kostochka [37] constructed exponentially many pairwise nonisomorphic examples of
the conjectured extremal size on 3k vertices as k grows. Frohmader [22] later extended this phenomenon
to the other two residue classes modulo 3 and obtained still larger families of examples.

A general method for studying such problems is Razborov’s flag-algebra method [58], which reduces
the search for many extremal-density bounds to finite semidefinite programs. Razborov’s hypergraph
applications [59], together with later work of Baber and Talbot [3] and Falgas-Ravry and Vaughan [19],
determine or tightly bound the Turdn densities of many small forbidden hypergraphs. The surveys of
Fiiredi [23], Sidorenko [64], and Keevash [35] describe the development of hypergraph Turén theory and
its principal open problems.

Beyond individual forbidden families, another line of work studies the set of all possible Turdn densities.
Brown and Simonovits [10] showed that the density of an arbitrary forbidden family is the infimum of the
densities of its finite subfamilies. A number « € [0,1) is a jump for r if there exists ¢ > 0 such that no
number in (o, a + ¢) is the Turdn density of a family of r-graphs. Disproving Erdés’s conjecture [16],



Frankl and Rodl [21] famously proved the existence of non-jumps for every r > 3. Frankl, Peng, Rodl,
and Talbot [20] found further smaller non-jumps, whereas Baber and Talbot [2] found the first jumps
above the elementary initial interval for 3-graphs. More recently, Liu and Mubayi [41] proved that 4/9 is
a non-jump for 3-graphs; it is currently the smallest known non-jump for 3-graphs.

The study of the full set of Turan densities also includes questions about its gaps, topology, and arithmetic
structure. Pikhurko [55] proved that the initial gap (0,r!/r") is strictly longer than every other gap
in the set of r-graph Turdn densities. Chung and Graham [12, p. 95] asked whether a finite family
of uniform hypergraphs could have irrational Turdan density and conjectured that the answer was no.
Baber and Talbot [3] gave the first counterexamples by constructing finite families of 3-graphs with
irrational Turdn density; Pikhurko [54] independently disproved the same conjecture by a different method.
Pikhurko [54] and Grosu [26] also studied the topology and algebra of the set of densities, while Liu and
Pikhurko [46] proved that it contains the interval [1 — §,., 1] for some d,, > 0 and every r > 3, thereby
answering questions of Frankl, Peng, R6dl, and Talbot [20] and Grosu [26]. On the arithmetic side, Liu
and Pikhurko [44] constructed finite-family densities of arbitrarily large algebraic degree, and Li, Liu,
and Liu [38, Theorem 1.2] proved that, for every sufficiently large r, some finite family of r-graphs has
transcendental Turdn density, thereby answering Fox’s question for finite forbidden families [53, Section 3,
Question 2].

Besides determining the Turdn density, another central problem is to describe the structure of extremal
and near-extremal hypergraphs and to establish stability. For nondegenerate graph Turan problems, the
classical stability theorem, proved independently by Erdés and Simonovits [15, 65], gives a canonical
asymptotic structure determined by the smallest chromatic number among the forbidden graphs. Hyper-
graph Turén problems can behave differently. A sequence of works by Liu and Mubayi [40], Liu, Mubayi,
and Reiher [43], and Hou, Li, Liu, Mubayi, and Zhang [30] shows that describing the extremal behavior of
a finite forbidden family may require two, any prescribed finite number, or infinitely many constructions
that are mutually separated in edit distance. The mixing-pattern theorem of Liu and Pikhurko [45] gives
further examples whose extremal hypergraphs arise by recursively mixing a prescribed finite collection of
minimal patterns.

From an algorithmic perspective, the main difficulty in determining exact Turdn densities and classifying
extremal structures is the passage from finite optimization to asymptotic information. Note that for each
fixed n, one can compute ex(n, F) by checking every r-graph on [n] and taking the largest edge count
among those that are F-free. By contrast, determining 7(F) exactly requires controlling these finite
optimization problems for arbitrarily large n, while classifying the extremal structure additionally requires
describing all nearly extremal hypergraphs. For nondegenerate graph Turdn problems, the Erdés—Stone
theorem [18] and the classical stability theorem of Erdés and Simonovits [15, 65] show that the smallest
chromatic number among the forbidden graphs determines both the limiting density and the asymptotic
structure of nearly extremal graphs. Thus, for finite forbidden families of graphs, both the limiting density
and the near-extremal structure can be determined algorithmically. The phenomena described above
show that the corresponding numerical and structural questions for hypergraphs are considerably more
intricate. This leads to the following questions.

(i) Can the number 7(F) be approximated effectively from a finite forbidden family?
(ii) Can one decide exact relations such as 7(F) = q or 7(F) = 7(G)?

(iii) Can one decide whether all extremal constructions have one asymptotic structure, or whether several
macroscopically separated phases occur?

These questions need not have the same algorithmic behavior. Finite computations may approximate a
Turan density to any prescribed accuracy without ever certifying whether it is exactly equal to a given
number. At every fixed precision, an arbitrarily small positive gap is indistinguishable from equality.
Even when the extremal value is known, one may still be unable to decide whether all nearly extremal
hypergraphs resemble one canonical construction or split into several incompatible phases. Our results
show that numerical approximation, exact comparison, and structural classification have different logical
complexity, although they are proved here by related reductions.

We recall the basic facts from computability theory needed to state the main results. A Turing machine
is a finite algorithmic procedure that, on a binary input word, either halts after finitely many steps or
continues forever. A universal Turing machine can simulate any such procedure once the machine and its
input have been encoded as one binary word. The halting problem provides a common form for every



computational search whose success admits a finite certificate. Indeed, one can construct a machine
that examines all possible certificates and halts precisely when it finds a valid one. After this search
procedure is encoded as an input word for a universal machine, the original property holds precisely when
the universal machine halts on that word. Thus the halting problem is universal among problems whose
positive instances can be recognized by finite computation.

By interleaving simulations on all binary inputs, one can enumerate every input on which a fixed universal
machine eventually halts. The absence of an input from the list gives no certificate of nonhalting, since
its computation may halt much later. In fact, no algorithm can correctly decide between eventual halting
and nonhalting for every input. Because a fixed universal machine can simulate every effective search, all
computational instances can be encoded in its input words. Since its halting problem remains undecidable,
it is enough for our purposes to encode the halting behavior of this one machine.

Following Turing [71], we fix a universal Turing machine U. We write {0, 1}* for the set of all finite binary
words. We choose U so that its word-halting domain

Ky :={p €{0,1}": U halts on input 8}

is X9-complete in the modern recursion-theoretic terminology; see Rogers [62] for the standard theory
of universal machines and effective recodings. Here X! means that membership can be confirmed by
a finite computation, although the search for such a confirmation may run forever on a nonmember.
Dually, a set is IT{ when its complement is ¥¢, so nonmembership has a finite computational certificate.
Completeness means that K\ is universal among such sets, in the sense that membership in any one of
them can be translated effectively into the question whether U halts. Here a program index is simply a
natural-number code for a program. Concretely, we require a total computable machine—input translator
that maps standard indices and inputs to binary words while preserving halting. By such a recoding, we
also arrange that a fixed explicit word S, does not halt. Write U(8) | when it halts on 8 and U(5)1
otherwise. Our construction assigns a finite forbidden family to each word 3, so an algorithm deciding
the resulting exact Turan relation would decide whether U halts on S.

The two main construction theorems are stated below. The first expresses halting as an exact Turdn-
density dichotomy. Its main point is that neither the uniformity nor the comparison value encodes the
computation. For every sufficiently large fixed uniformity, one rational threshold is chosen in advance,
while the finite forbidden family varies with the input word. The second construction uses this numerical
dichotomy to obtain a one-phase versus two-phase classification of the extremal space, including edit
stability of nearly extremal finite r-graphs. Further properties concerning effective presentations and
finite recursive value schemes are recorded after these numerical and structural constructions.

Here and below, effectively computable means that the proof gives a terminating algorithm that produces
the stated integer from the fixed finite data. Thus the lower bound 7, below can actually be found,
rather than being asserted to exist without a procedure for determining it. A total algorithm halts and
produces the prescribed output on every admissible input. In particular, the algorithm below must
construct the family F, g in finite time whether or not U halts on 5.

Theorem 1.1. There exist an effectively computable integer roum and a total algorithm with the following
property. On input an integer r > ropym and a binary word B, the algorithm outputs a rational number
T € QN (0,1), which depends only on v, and a finite family F, g of r-graphs such that the following hold.

(i) U does not halt on 8 if and only if m(F,g) = 7.
(ii) U halts on 5 if and only if m(Fy5) > 7.

Pikhurko [54, Question 29] asked whether 7(F) < « is decidable when the input is a finite forbidden
family F and a rational number «. In a related analytic setting, Hatami and Norine [28, Theorem 2.12]
proved undecidability for universal linear inequalities in graph homomorphism densities. For ordinary
Turan densities, Li, Liu, and Liu [38, Theorem 1.1] proved that, for every sufficiently large fixed uniformity,
rational-threshold comparison and comparison of two finite forbidden families are undecidable. Their
proof combines the effective Diophantine representation of Davis, Putnam, and Robinson [13] and
Matiyasevich [49] with a finite-sampling construction.

Theorem 1.1 does not claim the undecidability of density comparison as a new result. Its additional
feature is that the comparison value is independent of the encoded input. Indeed, since the explicit word
Boo does not halt, 7(F;, 5. ) = 7. Thus, for every fixed r > rpum, it is undecidable, given a finite family
F of r-graphs, whether w(F) = n(F, 5. ). For each fixed r > ryum, the same rational threshold 7, is used



for every word 3. The compiler encodes the computation directly in finite local hypergraph constraints
rather than first representing it by a Diophantine equation. Several later results in this work also sharpen
this fixed-threshold conclusion. Theorem 1.5 and Proposition 19.2 determine the exact X¢ /1§ complexity
of two-family comparison and comparison with 7,., as well as the corresponding fixed-template sharpness
problem, and Lemma 17.1 gives a fixed baseline construction that is extremal exactly when U does not
halt. In the halting case, finite witnesses with larger density exist, Theorems 20.1 and 21.1 show explicit
bounds on their order and on the positive density gap.

Theorem 1.1 turns halting into the distinction between equality and strict inequality of Turdn densities.
We next show that the same numerical distinction can be detected from the structure of the extremal
hypergraphs.

For this purpose, we use Austin’s exchangeability approach [1] and the measure-theoretic hypergraph-
limit theory of Elek and Szegedy [14]. The descriptions below serve only as working definitions for the
Introduction; precise formulations are given in Section 8.

Let 20, denote the compact space of dense r-graph limits, equipped with the homomorphism-density
topology, that is, the topology of coordinatewise convergence of all homomorphism densities [75, Section 1.4].
Let £(F) be the set of F-free limits of edge density 7(F). A quantum r-graph statistic is a finite real
linear combination of homomorphism densities. In this work, a finite-step limit means a limit generated
by finitely many vertex types, fixed limiting type proportions, and a fixed list of permitted multisets
of r types; repeated occurrences of one type in an edge profile are allowed. In the statements below,
such a limit W is accompanied by one fixed finite-profile construction that generates it. We say that a
sequence (Gy,) of r-graphs is o(v(G,,)")-close in edit distance to W if, on the vertex set of each G,,, there
is a standard integer realization of this construction differing from G,, in o(v(G,)") edges.

Theorem 1.2. There exist an effectively computable integer rst, and a total algorithm with the following
property. On input an integer v > 2 and a binary word 3, the algorithm outputs a finite family G, g of
r-graphs. For every r > rg, there are a finite-step limit Wy, € 20, and a continuous quantum r-graph
statistic Sep,.: W, — R, depending only on r, with Sep,(Wy ) =0, such that the following hold.

(i) If U does not halt on 8, then £(G, g) = {Wo ,}. Moreover, every asymptotically extremal G, g-free
sequence (Gy,) s o(v(Gy)")-close in edit distance to Wy .

(i) If U halts on B, then there are nonempty compact sets &, +(B), Er,—(8) € W, and ¢, g5 > 0 such that
E(Gr ) =&+ (B)UE, —(B), while Sep, (W) = ¢, g for every W € &, +(8) and Sep, (W) = —¢,. 3 for
every W € &, _(B). Moreover, every asymptotically extremal G, g-free sequence (G,,) is o(v(Gp)")-
close in edit distance to finite canonical completed models representing one of these two phases, in
the precise sense of Proposition 15.5.

The two alternatives in Theorem 1.2 lead directly to structural undecidability. If U(5) does not halt,
the extremal limit space is a singleton and all asymptotically extremal sequences follow one fixed finite
profile, which gives the usual Erdés—Simonovits stability conclusion. If U(53) halts, the space splits into
two nonempty compact phases separated by the fixed statistic Sep,., and no single profile describes both.
Thus an algorithm deciding any property that separates these cases would decide the halting problem.

For the next corollary, fix r > 7y, and let Sep, be the statistic supplied by Theorem 1.2 (note that it is
fixed before the forbidden family is given). For a finite family F of r-graphs, we say that its extremal
problem has a unique extremal limit when |E(F)| =1, and a connected extremal limit space when E(F) is
connected in the homomorphism-density topology. It exhibits Sep, -symmetry breaking when Sep, takes
both positive and negative values on £(F). It has a Sep,.-separated two-phase decomposition when there
is ;> 0 such that every W € E(F) satisfies either Sep, (W) > n or Sep,. (W) < —n, and both alternatives
occur. Finally, it has Erdds—Simonovits stability when there is one fixed finite-type construction, with
fixed limiting type proportions and a fixed list of permitted multisets of r types, whose limit is extremal
and such that every asymptotically extremal F-free sequence (G,,) has edit distance o(v(G,)") from the
class of its standard integer realizations on v(G,,) vertices.

Corollary 1.3. For every fized v > rst,, each of the following decision problems is undecidable. In each
case, the input is a finite family F of r-graphs, and the question is whether the corresponding extremal
problem has

(i) a unique extremal limit;

(ii) a connected extremal limit space;



(iii) Sep,.-symmetry breaking;
(iv) a Sep,.-separated two-phase decomposition;
(v) Erdés—-Simonovits stability.

The numerical construction also supplies, for each 7 > rnum, a fixed baseline template K, , whose uniform
weighting is optimal and whose balanced blowups have limiting density 7. This template is asymptotically
optimal for F,. g exactly when U does not halt on f; in that case, its balanced blowups are asymptotically
extremal for F,. 5. This gives a fixed-template normal form for every I19 predicate.

This fixed-template normal form has a purely finite certificate at every admissible uniformity. For
7 > Tnum, write the corresponding threshold in lowest terms as 7, = p/q. For a finite r-graph H such that
every blowup of H is F-free, the integer inequality g ! |H| > pv(H)" says that the balanced blowups of
H have limiting density larger than 7. We prove that such an H exists if and only if 7(F) > 7,.. For
the compiled families, this correspondence preserves certificates in both directions: a finite halting trace
produces such an H, and any such H forces the encoded computation to halt within v(H) steps. All
parameters in this certificate are computable from r before the input word or formal theory is supplied.
This makes the proof-theoretic content of the compiler explicit.

This finite certificate allows the undecidability construction to be combined with the Gédel-Rosser
argument [24, 63]. Applied to Zermelo—Fraenkel set theory with the axiom of choice (ZFC), Rosser’s
theorem effectively produces a sentence pzpc that ZFC can neither prove nor refute if ZFC proves no
contradiction. We apply the numerical compiler to a program that searches for a finite counterexample to
pzrc- The certificate-preserving form of the compiler can be verified in ZFC and shows there that pzpc
is equivalent to the equality 7(F) = 7,.. Rosser independence therefore transfers to this Turdn-density
equality, while the fixed baseline template gives the ZFEC-provable lower bound 7(F) > 7.

Theorem 1.4. Let ryuym and the thresholds 7, be as in Theorem 1.1. There is a total algorithm which,
on input an integer r > Tnym, outputs a finite r-graph K, , and a finite family F, zrc of r-graphs. The
uniform weighting of K. , is optimal, and its balanced blowups have limiting density .. If ZFC is
consistent, then the following statements hold.

(i) ZFC proves that every blowup of K, . is Frzrc-free, that the uniform weighting is optimal with
normalized value 7., and hence that w(Fyzrc) > Tr.

(ii) The equality m(Frzrc) = T, 15 true, so K, . is asymptotically optimal for F, zrc.

(iii) ZF'C proves neither w(F, zrc) = 7 nor n(Frzrc) > 7. Consequently, the asymptotic optimality of
K, ; is independent of ZFC.

Theorem 1.4 is the most concrete specialization of two results that are uniform in the choice of theory. A
theory is computably aziomatized if an algorithm can enumerate its axioms. Given an integer r > rum
and an index a for such an enumerator, one total algorithm produces a finite family F,. ,. Whenever the
enumerated theory Ty, is a consistent extension of ZFC, parts (i)—(iii) hold with T, and F, , in place of
ZFC and F; zrc. The threshold 7, and the baseline template K, , depend only on r, and the algorithm
does not need to determine whether T, satisfies these hypotheses. Applying the same Rosser input to the
structural compiler makes each of the five properties in Corollary 1.3 independent of Ty, with uniqueness,
connectedness, and Erdés—Simonovits stability holding and the two phase-separation properties failing.
The full numerical and structural statements are proved in Theorems 18.2 and 18.6.

We next state two further consequences concerning exact comparison and the size of finite witnesses. Using
the effective coding of finite forbidden families fixed in Section 2, we regard the following comparisons as
decision problems on natural-number codes. Completeness is with respect to many-one reductions.

Finite-family Turdn densities can be approximated uniformly to arbitrary precision (see Corollary 19.1),
but approximation alone need not determine whether two limiting values are exactly equal. Operationally,
a Y property is one whose positive instances eventually receive a finite computational certificate, while a
I1Y property has such certificates for its negative instances. The theorem below shows that strict separation
is finitely detectable, equality and the corresponding non-strict comparisons lie on the complementary
side, and none of these classifications can be improved.

Theorem 1.5. For every fized r > ryum, the following statements hold for finite families F and G of
r-graphs.

(i) The relations 7(F) > n(G), n(F) < 7(G), and 7(F) # n(G) are X9-complete.



(ii) The relations n(F) < 7(G), ©(F) > n(G), and n(F) = 7(G) are 11?-complete.

The hardness remains even when one side of the comparison is fixed. For >, #, =, and <, one may fix
G = F,3..; for < and >, one may instead fix F = F,. 5. Comparison with the fixed rational threshold
7, is likewise X{-complete for > and #, and I1{-complete for = and <.

Theorem 1.5 classifies whether a strict density improvement exists. We next ask the corresponding
quantitative question. When an improvement exists, how large must the smallest finite template
witnessing it be? To state the result, let A,.(G) denote the largest limiting edge density among the blowups
of a finite r-graph G. We call G F-hom-free if no member of F admits a hypergraph homomorphism to
G; equivalently, every blowup of G is F-free. For a word £, let T'(8) be the running time of U on 3, with
value oo when the computation does not halt. For fixed r > ryum, define

wr(B) = min{v(G): G is F, g-hom-free and A\, (G) > A\ (K. ,) =T},

with value co when the set is empty. Thus w,.(/3) is the order of the smallest finite template whose blowups
avoid F, g while attaining a density strictly above the fixed baseline 7. Equivalently, it measures the size
of the smallest finite certificate of a strict density improvement. To capture the worst-case growth of this
minimum certificate size, we maximize it over all inputs of length at most m for which an improvement
exists. In the spirit of Radd’s Busy Beaver functions [57], put

BBy(m) = max {T(8): || < m and T(8) < oo},
BB " (m) = max {w,(8): |f] < m and w,(B) < oo},

where each maximum is interpreted as 0 when its defining set is empty. We write (F) for the canonical
binary code of a finite family fixed in Section 2 and |[(F)| for its length.

Thus BB ™ (m) records the largest minimum witness order among inputs of length at most m for which
an improving template exists. The construction shows that such a template exists exactly when U halts.
Any improving template must be large enough to recover the encoded computation, whereas a halting
computation yields a periodic tableau and hence a template whose order is at most quadratic in the
running time and input length. The next theorem makes this comparison precise.

Theorem 1.6. For every fized r > Thum, there is a constant C. > 0 such that, for every m € N, we have

BBy(m) < BB™(m) < C,(BBy(m) + m + 1) + C,.

Two noncomputability consequences are worth recording. Like Radd’s classical Busy Beaver function [57],
the function BB;F‘“r is not bounded above by any total computable function. Moreover, there is no
total computable function g: N — N such that w,(3) < g(|(F;,3)|) for every input 8 on which U halts.
Informally, no computable bound in the input length controls how large the smallest improving template
may have to be. More intrinsically, the same remains true when the size of the instance is measured by
the length of the compiled forbidden-family code.

Taken together, the numerical, structural, and incompleteness results show that a fully effective Erd6s—
Stone-type classification of ordinary nondegenerate hypergraph Turdn problems cannot exist in general.
No algorithm can recover from every finite forbidden family both its exact Turan density and the
asymptotic structure of its extremal configurations. The obstruction appears at three distinct levels.
Turan densities can be approximated uniformly, but exact comparison is undecidable; deciding whether
the extremal limit space has one canonical phase or two separated phases is likewise undecidable; and
concrete true density equalities can be independent of a prescribed consistent computably axiomatized
theory. Thus the results separate computable approximation from exact comparison, numerical value
from extremal structure, and mathematical truth from formal provability.

We now outline the two constructions underlying the main theorems.

Finite local tiling rules have long provided a way to encode computation. Wang introduced the colored-edge
tile formalism and posed the associated domino problem [72]. Berger proved this problem undecidable by
encoding Turing-machine behavior into locally matching tiles [7], and Robinson later gave a streamlined
construction in which the horizontal and vertical directions represent tape position and time, respec-
tively [60]. The construction below follows this space—time paradigm, but its initialization, reset, and
error-handling rules are tailored to make halting equivalent to the existence of a finite periodic tableau.



The proof of Theorem 1.1 has four stages. First, we augment the space—time simulation of the fixed
universal machine U with initialization, reset, and error-handling phases. The reset returns a halting
computation to its marked initial row, so halting is equivalent to the existence of a finite periodic
space—time tableau. A finite five-rail system of partial matchings then enforces the local tableau rules,
and every closed relation component containing a coordinate of the marked five-tuple reconstructs a
genuine periodic tableau; see Lemmas 3.2 and 3.5. Second, we associate with the five rails a homogeneous
polynomial of degree five in the vertex weights. A simple unmarked five-rail realization attains a fixed
input-independent baseline, and the five-rail energy inequality shows that the defects caused by missing
prescribed relation edges absorb any possible gain from an incomplete marked record. Consequently,
the optimum equals the baseline in the nonhalting case and is strictly larger in the halting case; see
Theorem 4.1.

Third, tagged five-set records represent this weighted polynomial without loss, and fixed root-support
matchings encode their types and tags as edges of simple uncolored rooted r-graphs. Balancing and
calibrating the root weights convert the weighted baseline into the class Lagrangian 7,./r!; see Lemma 5.1
and Theorem 6.3. Finally, a bounded persistent-witness argument eliminates the auxiliary roots and
produces an effective finite obstruction family. Pair-covering extensions then convert the class Lagrangian
into the Turdn density of the finite family F, g, supplying the factor ! and hence the threshold 7,; see
Lemmas 2.9 and 7.2. A useful feature of the construction is that it encodes the computation directly
by finite local tableau constraints rather than first translating the halting problem into an arithmetic
surrogate such as a Diophantine equation. The four-stage compiler is summarized in Figure 1 at the
beginning of Part 1.

For the structural construction, set k := ryum, Thase = Tk, and Fg = Fj g. The construction uses only
the finite description of F3. In the analysis, zg = m(F3) equals Thase Wwhen U does not halt and exceeds
it when U halts, by Theorem 1.1.

After this setup, the proof of Theorem 1.2 proceeds in five stages. First, a symmetric phase objective
converts the numerical excess 2g — Thase into a choice of phases. The phase-roof lemma gives one neutral
outer maximizer when the excess is zero and exactly two pure-sign outer maximizers when it is positive;
see Lemma 9.1. Allowing the inner optimizer to vary turns the two pure-sign choices into two compact
phase sets, rather than necessarily two individual extremal limits.

Second, a finite asymmetric root frame and regular root-support designs realize this phase optimization
at the level of completed weighted models. Data splitting and root balancing prevent additional outer
maximizers. The resulting weighted compiler also supplies a fixed quantum r-graph statistic Sep,.,
independent of 3, which vanishes on the neutral optimizer and has opposite nonzero values on the two
active phases; see Theorem 11.1.

Third, pair-covering extensions of the rooted obstruction family, together with finite star blockers, produce
the ordinary finite forbidden family G, 3. Pair covering preserves the exact extremal value and forces
symmetrized G, g-free r-graphs into the canonical class, while the star blockers rule out vertices that
cannot be assigned a canonical role; see Propositions 13.1, 14.2 and 14.3.

Fourth, the criterion of Liu, Mubayi, and Reiher [42], recorded in Theorem 15.1, upgrades symmetrized
stability and vertex extendability to degree stability. This is then converted into ordinary edit stability,
and the quantitative phase estimate places every asymptotically extremal sequence near the neutral
finite-profile construction in the zero-gap case or near the union of the two pure-sign phase classes in the
positive-gap case; see Theorem 15.2 and Proposition 15.3.

Finally, Theorem 16.1 identifies the extremal limit space of G, g3 with the weighted optimizer space. This
transfers the singleton-versus-two-phase dichotomy and the fixed separating statistic to the ordinary
Turan problem and completes the proof of Theorem 1.2.

The five-stage proof chain is summarized in Figure 11 at the beginning of Part II; the analytic phase
transition is illustrated later in Figure 12.

We conclude the introduction with a brief guide to the rest of the paper.

Section 2 sets up the common framework of homomorphisms, blowups, Lagrangians, finite coding, and
rooted hypergraphs, including the finite-template characterization of Turan density. It also proves
the finite-root elimination and pair-covering transfer principles used by both main constructions. The
main body is then divided into four parts. Part I gives the numerical construction. It encodes a reset
computation by finite local records, proves the five-rail weighted estimate, removes all type labels and



roots, and transfers the resulting optimum to the ordinary Turdn problem in Theorem 1.1. Part IT begins
by introducing limit spaces and edit stability. It then presents the combinatorial phase gadget, isolates
the analytic one-phase/two-phase mechanism, and realizes the resulting phase function by finite rooted
hypergraphs. Star blockers and pair-covering extensions yield degree and edit stability, after which the
extremal limit space is identified exactly with the weighted optimizer space, proving Theorem 1.2.

The final two parts address incompleteness and further properties of Turan densities. Part III develops
balanced finite certificates and a primitive recursive normal form, then uses the explicit finite approximation
from Section 2 to express exact density equality. It gives the numerical and structural coding needed to
formalize the construction in ZFC and proves the corresponding Godel-Rosser incompleteness theorems,
including Theorem 1.4. Part IV records uniform approximation and exact-comparison results, quantitative
properties of improvement witnesses and density gaps, the spectra of recursive and c.e. forbidden families,
and the limitations of two finite semialgebraic value schemes.

2 Basic definitions and preliminary tools

This section fixes the homomorphism, blowup, cloning, Lagrangian, and computability conventions used
throughout this work. It also records the standard finite-template characterization of Turdn density, an
explicit finite-order approximation, and two transfer principles needed by both constructions. The first
eliminates auxiliary roots, and the second converts the Lagrangian of a monotone class defined by finitely
many forbidden r-graphs into the Turdn density of a finite ordinary forbidden family.

Fix an integer r > 2 and retain the r-graph, vertex-set, order, edge-count, extremal-number, and Turan-
density conventions from the Introduction. For a set V and an integer s > 0, write (‘:) ={SCV:|S|=s};
when V is finite, this family has cardinality (“S/l). For an integer t > 0, write [¢] :== {1,...,¢}, with [0] = @.
A class of r-graphs is monotone if it is closed under taking subgraphs. For a family F of r-graphs, an
r-graph H is F-free if it contains no member of F as a subgraph. Let Forb(F) denote the class of all
finite F-free r-graphs. When F is finite, it is convenient to regard the finite edge lists as the input. When
F is infinite, no effectiveness is assumed unless explicitly stated.

For a binary relation R C X x Y, write
domR:={zr € X: (z,y) € RforsomeyeY} and imR:={yeY: (z,y) € R for some z € X}.

For a partial map f: X — Y, we apply the same notation to the associated binary relation {(z, f(z)): « €
dom f} C X xY.

Following Brown and Simonovits [10, Definition 3, p. 150], a blowup of an r-graph G is specified by pairwise
disjoint finite vertex classes (Vi)uev(q), which may be empty. Its vertex set is Uuev(c) V., and an r-set
is an edge exactly when it consists of one vertex from each of V,,,,...,V,, for some {uy,...,u.} € G. A
class of r-graphs is blowup closed if it contains every blowup of each of its members.

For x € V(G), cloning x into a nonempty set C means taking the special blowup in which C' replaces
and every other vertex class is a singleton. We call C the clone class replacing x and its members clones
of x. Equivalently, cloning retains every edge not containing x and replaces each edge ¢ © x by the edges
(e\ {z}) U{y} for y € C; in particular, no edge contains two vertices of C. If |C| = 1, cloning changes G
only up to relabeling. An iterated cloning consists of finitely many such operations. Every blowup with
nonempty vertex classes is isomorphic to a hypergraph obtained by iterated cloning; in general, one first
deletes the vertices whose blowup classes are empty.

We next recall the homomorphism language that records containment in blowups. For a map ¢: V(F) —
V(G)and aset e C V(F), put p(e) := {¢(v): v € e}. For finite r-graphs F and G, amap ¢: V(F) = V(G)
is a hypergraph homomorphism from F to G if p(e) € G for every e € F. Write Hom(F, G) for the set
of all such maps and put hom(F,G) := |Hom(F,G)|. We write FF' — G when there is a hypergraph
homomorphism from F' to G. Equivalently, F' — G if and only if Hom(F,G) # @, or if and only if
hom(F,G) > 0. Every hypergraph homomorphism is injective on each edge. For ¢ € Hom(F,G), its
image r-graph @(F') has vertex set ¢(V(F)) and edge set {p(e): e € F'}; repeated image edges are merged.
An r-graph G is F-hom-free if Hom(F,G) = & for every F € F.

For a finite r-graph F, let Q(F') be the family, taken up to isomorphism, of all image r-graphs ¢(F) of
homomorphisms from F' into finite r-graphs. Every such image has at most v(F) vertices, so Q(F) is
finite. It can be constructed effectively by enumerating the partitions of V/(F') whose blocks meet every
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edge in at most one vertex and forming the corresponding image r-graphs. For a family F of r-graphs,
put Q(F) = Upcr Q(F). Then an r-graph is Q(F)-free exactly when it is 7-hom-free.

We shall also discard isolated vertices before taking this closure. For a finite r-graph F', let F'° be obtained
by deleting its isolated vertices, and for a finite family F of r-graphs put F° := {F°: F € F}. Thus the
members of Q(F°) are the edgewise-injective homomorphic images of F° for F' € F, with repeated image
edges merged. Here edgewise injective means injective on every edge; vertices belonging to different edges
may still be identified. The family Q(F°) is finite and can be enumerated effectively from F.

The following immediate consequence of the blowup definition will be used repeatedly.

Lemma 2.1. For finite r-graphs F and G, we have F — G if and only if F' embeds into some blowup of
G. Consequently, every blowup of an F-hom-free r-graph is F-free.

Blowups also connect finite r-graphs to continuous optimization through Lagrangians. The graph
Lagrangian was introduced by Motzkin and Straus [51], and Frankl and Ro6dl [21] introduced the
corresponding framework for uniform hypergraphs. See Talbot [68] for a survey.

For any finite uniform hypergraph G and a nonnegative vector = (x,)yev (), define its Lagrangian

polynomial by
MG x) = Z H%~

ecGveEe

A probability weighting, or simply a weighting, on a finite nonempty set V' is a vector @ = (x4 )yev € R‘>/0
satisfying 3, oy #» = 1. A weighting of a finite hypergraph or finite relation structure means a weighting
on its vertex set. For V(G) # &, put

AMG) = max {\(G;x): x is a weighting of G},

and set A(G) := 0 when V(G) = @. When G is r-uniform, put A\ (G) = rIA(G). The value \.(G) is
the largest limiting edge density of blowups of G. For a class C of r-graphs containing an r-graph with
nonempty vertex set, put A(C) :=sup{\(G): G € C and |V(G)| > 0} and A, (C) := r!A(C). Thus A is the
unnormalized class Lagrangian, while A\, and A, use the ordinary edge-density normalization for r-graphs
and their classes, respectively.

For a finite indexed vector x = (;);e; and an integer j > 0, write e;j(x) =), N [1;c4 zi for its jth
elementary symmetric polynomial. We take the empty product to be 1, so eg(x) =1, while ej(x) =0
when j > |I|. When @ is fixed and U C I, abbreviate e;((z;)icv) to e;(U).

We also use a polynomial for labeled ordered relations. Let £ > 1, let V' be finite, and let R = (R )aca
be a finite labeled family of relations R, C V¢, For a nonnegative vector & = (x,)yev, define the relation

polynomial by
Arel(R; ) = Z Z H Ty, -

a€A (v1,...,v¢)ER hE[L]

A single relation is regarded as a one-label family, and the empty labeled family has value 0. Thus the
same ordered tuple occurring under different labels is counted once for each label. Coordinate order is
retained, and no factorial normalization is used; the labels may also encode types and coordinate roles.

The next standard observation expresses the monotonicity of the Lagrangian under hypergraph homo-
morphisms; see the Lagrangian framework of Frankl and Rodl [21].

Lemma 2.2. For finite r-graphs F and G, if F — G, then A(F) < A(G) and hence \.(F) < A\ (G).

We next record two consequences of the blowup and continuity theorems of Brown and Simonovits.
Pikhurko [54, p. 417] also records the finite-subfamily approximation.

Theorem 2.3 ([10, Theorems 1 and 3]). For every family F of r-graphs, the following statements hold.

(i) Replacing F by all homomorphic images of its members does not change its Turdn density; in
symbols, 7(Q(F)) = n(F).

(ii) The density satisfies w(F) = inf{n(F'): F' C F finite}.

The following standard consequence of the approximation theorem of Brown and Simonovits [10, Theo-
rem 6] packages the finite homomorphic closure used throughout the structural construction; see also
Pikhurko [54, Lemma 23].
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Lemma 2.4. For every finite family F of r-graphs, deleting isolated vertices and then taking all
homomorphic images preserves the Turdn density of F, and the resulting free class is blowup closed. More
precisely, we have

m(Q(F°)) =n(F), and A, (Forb(Q(F°))) = n(F).

Proof. Deleting isolated vertices does not change Turdn density, and Q(F°) is the family of homomorphic
images in Theorem 2.3, up to isomorphism and the merging of repeated image edges. Hence w(Q(F°)) =
m(F). By Lemma 2.1, an r-graph G belongs to Forb(Q(F°)) exactly when every blowup of G is F-
free. Thus this class is blowup closed, and the approximation theorem of Brown and Simonovits gives
A, (Forb(Q(F°))) = n(F). [ |

The following standard Lagrangian characterization is a consequence of the approximation theorem of
Brown and Simonovits [10, Theorem 6]; see also Keevash [35, Section 3, p. 87].
Corollary 2.5. For every finite family F of r-graphs, we have

w(F) = sup {\-(G): G is a finite F-hom-free r-graph} .

Consequently, if a € R and a < w(F), then there is a finite F-hom-free r-graph G such that \.(G) > a.

The same finite homomorphic closure gives an explicit finite-order approximation. Let F be a finite
family of r-graphs. For m > r, put

7O (m, F) = ox(m, QF)) and 6., = n() = ﬁ (1 - l) . (2.1)

) mtoogNm

By Theorem 2.3, we have 7(Q(F)) = 7(F). The rational number 7™ (m, F) is effectively computable
by enumerating the r-graphs on [m], testing whether they contain a member of Q(F), and retaining the
largest edge count.

Proposition 2.6. For every integer r > 2, every finite family F of r-graphs, and every m > r, we have
Or O™ (m, F) < w(F) < 700 (m, F).
Consequently, 0 < 72" (m, F) — 7(F) <10y < r(r—1)/(2m).

Proof. By Theorem 2.3, we have w(F) = n(Q(F)). The averaging argument of Katona, Nemetz, and
Simonovits [34] shows that the Turdn density sequence for the fixed family Q(F) is nonincreasing.
Therefore, 7(F) = 7(Q(F)) < ex(m, Q(F))/ (") = #"™(m, F). This proves the upper bound.

T

For the lower bound, choose an m-vertex Q(F)-free r-graph G with |G| = 7™ (m, F)(""). The r-graph G
is F-hom-free. By Lemma 2.1, every blowup of G is F-free. Take balanced blowups with every vertex class
of size t. Their edge density tends, as t — oo, to 7!|G|/m"” = 7™ (m, F)r!("") /m" = O, ;w0 (m, F).
Hence the displayed lower bound holds.

r—1

Since 0 < 7™ (m, F) < 1, the length of the displayed interval is at most 1 — 6,.,,. Finally, 1 —[[;_, (1 —
i/m) < 2:01 i/m=r(r—1)/(2m), using 1 — [[,(1 —a;) <>, a; for a; € [0,1]. [ |

The factorials in the Lagrangian definitions convert the edge polynomial, in which each unordered edge
occurs once, to the ordinary edge-density normalization. The conventions used throughout this work are
collected in Table 1.

We now fix the computability and coding conventions shared by the later parts of the paper.

The standard definitions in this paragraph may be found in Rogers [62]. For k > 1, a partial function
: N¥ —~ N is partial computable if some Turing-machine program halts exactly on the inputs in dom 1)
and, on each such input n, outputs 1(n). A partial computable function v is computable if dom ) = NF.
Equivalently, there is a Turing-machine program that halts on every input n € N*¥ and outputs ¥(n). We
also call such a function total computable. The primitive recursive functions form the smallest class of
total functions of finite arity that contains the zero, successor, and projection functions and is closed
under composition and primitive recursion. For every k > 0, primitive recursion constructs ¢: N**1 — N
from functions y: N¥ — N and n: N¥72 — N according to ((n,0) = y(n) and {(n,t+1) = n(n,t,{(n,t)).
A predicate R C N* is primitive recursive if its characteristic function, equal to 1 on R and 0 off R, is
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Quantity Definition Relation used in this work

MG; ) Z H Ty Lagrangian polynomial evaluated at a
e€G vee nonnegative vector x.
XMG) max ANG;x) Unnormalized hypergraph Lagrangian;
@ a weighting of ¢ every unordered edge contributes one
monomial.
A (G) rIA\(Q) Largest limiting ordinary edge density
among blowups of G.
A(C) sup AMG) Unnormalized class Lagrangian.
qec, |V(G)|>0
A (C) rIA(C) Normalized class Lagrangian; the direct
pair-covering transfer gives w(F) = A,(C).
(F) nler;O ex(n, F)/ (’:) Ordinary normalized Turdn density.

Table 1: Normalization conventions.

primitive recursive. In particular, every primitive recursive function is total and computable. We use
fixed primitive recursive encodings of finite tuples and finite words by natural numbers, and apply the
same terminology to functions on these codes.

Following Weihrauch [73, Chapter 4], a real number « is computable if an algorithm, on input k, produces
a rational g satisfying |qr — af < 27F.

We fix a computable canonical encoding of every finite r-graph that records its number of vertices,
including isolated vertices, and its edge list. Write (G) and (F) for the canonical binary codes of an
r-graph and a finite family, respectively, and write |(F)| for the length of the finite-family code. Let
dec, be the total computable decoder that returns the encoded r-graph when the code is canonical and
the encoded r-graph has at least one edge, and returns | on syntactically invalid codes or codes of
edgeless r-graphs. We also fix a total decoder for finite sequences. When a natural number n is used as a
finite-family code, each entry of the decoded sequence is passed through dec, and every entry sent to L
is discarded; a syntactically invalid outer sequence code denotes the empty family. Write DecFam,.(n)
for the resulting finite family. Thus every natural number denotes a finite forbidden family, rather than
only well-formed inputs doing so. We write CanFam,(n) when n is the canonical finite-sequence code
of a finite family of canonical codes for r-graphs having at least one edge; this is a primitive recursive
predicate. These two conventions will also be used in the formalized arguments later in the paper.

We follow the modern recursion-theoretic conventions of Soare [66]. A set A C N is computably enumerable,
or c.e., if it is the domain of a partial computable function; equivalently, some algorithm enumerates
exactly the elements of A. It is co-c.e. if its complement is c.e. The arithmetical hierarchy was introduced
independently by Kleene [36] and Mostowski [50]. At its first level, a set is ¢ exactly when it is c.e., and
it is II{ exactly when it is co-c.e. A many-one reduction from A C N to B C N is a total computable map
f+ N — Nsuch that n € A if and only if f(n) € B for every n € N. A set is hard for a class if every set in
that class many-one reduces to it, and it is complete if it is also a member of that class. All completeness
statements in this work use many-one reductions.

We now turn to the finite elimination of roots, which turns persistent local obstructions for partial rootings
into a finite family of ordinary forbidden r-graphs. Both the numerical construction for Theorem 1.1 and
the structural construction for Theorem 1.2 first use finitely many distinguished roots to fix auxiliary
positions and express local constraints. This is analogous to the labeled vertices in Razborov’s flag-algebra
formalism [58, Section 2.1]. Here we allow only a subset of a fixed set of root labels to be present because
the root-removal argument adds roots one at a time. The main results, however, concern ordinary Turan
problems defined by finite forbidden families with no distinguished vertices. We therefore isolate the
general root-removal principle used in both constructions and give an effective bound on the order of the
resulting forbidden r-graphs.

The two transfers below form one pipeline:

rooted local rules — a finite family of ordinary forbidden r-graphs

— pair-covering extensions — an exact density identity.
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The first step removes the roots, while the second converts the resulting class Lagrangian into an ordinary
Turan density.

Let .# be a finite set of root labels. A partial .# -rooting of an r-graph G is an injective partial
map p: A4 — V(G). Write v O pu when v extends p. Rooted isomorphisms preserve every root
label. The notation Adm(G, ) denotes an abstract condition saying that the rooted r-graph (G, p)
satisfies the local rules under consideration; its concrete meaning will be specified separately in the
two constructions. We assume that this condition is invariant under rooted isomorphisms and let
D :={G: Adm(G, p) for some partial .Z-rooting u}.

An r-graph can admit many partial rootings, so checking them one by one gives no a priori finite
obstruction bound. Starting from the empty rooting, however, each failed rooting will supply a small
obstruction that persists until a new root is placed inside it. There are finitely many root labels, and
branching over those possible new placements gives a bounded search tree.

Definition 2.7. For an integer w > 1, the predicate Adm has the w-bounded-witness property if every
inadmissible (G, i) has a subgraph F,, C G with [V(F),)| < w such that, whenever F), CH C G, visa
partial .#-rooting of H extending p, and Adm(H, ), some newly used root label is mapped to a vertex
of F, that was unrooted under p; equivalently,

v(domv \ dom p) N (V(F,) \ imp) # @.

Note that in this definition it is not enough that failure be visible on at most w vertices. The same
witness must persist in every intermediate subgraph unless a new root is placed inside it.

The resulting bounded search tree is formalized by the following finite-root elimination principle of Li,
Liu, and Liu [38, Proposition 4.7]. For completeness, we include its bounded search-tree proof, including
the effective assertion.

Proposition 2.8 ([38, Proposition 4.7]). Suppose that D is monotone and Adm has the w-bounded-witness
property for an integer w > 1. Then D = Forb(A) for a finite family A whose members have at most
wZ‘ij'(\///\w)] vertices. If r, M ,w are given effectively and Adm(G, p) is decidable uniformly on finite
inputs, then A is effectively computable.

Proof. Fix an r-graph G ¢ D. We construct a finite rooted search tree whose nodes are partial .#-rootings
of G. The root is the empty rooting. At a node p, the pair (G, u) is inadmissible because G ¢ D, so
choose a witness F), supplied by the w-bounded-witness property. For every a € .# \ dom p and every
ve V(F,)\ impu, add the child U {(a,v)}. Every branch has length at most |.#|, and every node has
at most |.#|w children. Hence the tree has at most Z‘J;ﬂo‘ﬂ/fﬂw)ﬂ nodes. Let F' be the union, as a

subgraph of G, of the witnesses F}, over all nodes p of the tree. Then v(F) < w Z‘jfol(|//|w)]

We claim that F' ¢ D. Suppose instead that v is a partial .#-rooting with Adm(F,v). Starting with the
empty rooting fio, assume that a node p; with v 2 p; has been reached. Since F),; C F' C G, the bounded-
witness property, applied with H = F, gives a label a € dom v \ dom p; such that v(a) € V(F),;) \ im ;.
Thus pj41 = pj U{(a,v(a))} is a child of p; in the search tree and satisfies v D p111. Repeating this
step eventually gives u; = v, at which point the bounded-witness property would require a label in
dom v \ dom v, a contradiction. This proves the claim.

Let A contain one representative of every isomorphism class of r-graphs satisfying the displayed order
bound and not belonging to D. The family A is finite. By monotonicity, no member of D contains a
member of A. Conversely, the construction above shows that every G ¢ D contains such an F ¢ D, and
hence contains a member of A. Therefore D = Forb(A).

For the effective assertion, enumerate the finitely many r-graphs satisfying the displayed order bound.
For each such graph, enumerate its finitely many partial .Z-rootings and use the decision procedure for
Adm to determine membership in D. Retaining one canonical representative of each isomorphism class
outside D computes A. |

The other general transfer used by both main constructions is pair covering, an extension technique used

by Mubayi [52, Proof 3 of Theorem 1]; a closely related formulation also appears in Keevash’s treatment
of hypergraph Lagrangians [35, Section 3]. An r-graph covers pairs if every pair of distinct vertices lies
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in an edge. For an r-graph J, put Bpe(J) == v(J) + (r — 2) ("(ZJ)). For an r-graph @ and an injection
t: V(J) = V(Q), consider the following conditions.

(i) The map ¢ maps every edge of J to an edge of Q.

(ii) Every pair of vertices in «(V'(J)) lies in an edge of Q.
(iii) The r-graph @ has no isolated vertices.
(iv) We have v(Q) < Bpc(J).

The first two conditions say that (Q,¢) is a J-pair-covering extension. Informally, @) contains the
distinguished copy «(J), and additional edges, possibly using auxiliary vertices, cover every pair of vertices
in the core +(V(J)). The definition neither prescribes one new edge for each previously uncovered pair
nor requires pairs involving auxiliary vertices to be covered. Let Ext(J) contain one representative @ of
every isomorphism class of underlying r-graphs for which some injection ¢ satisfies all four conditions.
For every @ € Ext(J), fix one witnessing injection ¢ ¢ and call v;o(V(J)) its distinguished J-core. Note
that these finite choices can be made effectively. Indeed, the order bound By,.(J) reduces the construction
of Ext(J) to a finite enumeration.

If J has an edge, then Ext(J) is nonempty. For each pair of vertices of J not already covered by an edge,
add r — 2 fresh vertices and the resulting edge. This produces a no-isolated extension within the stated
order bound. The definition of Ext(J) includes all extensions up to this bound, not just this particular
one.

The following result is an effective finite-family form of this extension method. Its minimum-support
Lagrangian argument goes back to Frankl and Rodl [21]. For completeness, we include the short proof.

Lemma 2.9 ([38, Lemma 3.3]). Let A be a finite family of r-graphs, each with an edge, and suppose
that Forb(A) contains an r-graph with an edge. Put F = J . 4 Ext(J). Then 7(F) = A, (Forb(A)).
Moreover, if H is an F-free r-graph with A\(H) > 0 and x is a mazimizing weighting of H with minimum
support, then H[supp(x)] belongs to Forb(A), covers pairs, and has the same Lagrangian as H. The
family F is effectively computable from A.

Proof. Put C := Forb(A). We first prove the lower bound. Let G € C have nonempty vertex set, and let
B be any blowup of G with blowup projection p: V(B) — V(G). We claim that B is F-free. Otherwise
some @ € Ext(J) with J € A embeds in B. Every pair of vertices in the distinguished J-core of @ lies in
an edge of (). Hence the composition of the embedding with p is injective on that core, since an edge of
a blowup contains at most one vertex from each blowup class. Its restriction to the distinguished core
therefore embeds J in G, a contradiction. Rational blowups of G approximating an arbitrary probability
weighting « are consequently F-free, and their ordinary edge densities tend to r!A(G;x). Taking the
supremum over G € C and x gives
(F) > A,(0).

For the reverse bound, let H be an n-vertex F-free r-graph with n > r, choose a Lagrangian-maximizing
weighting @ of minimum support, and put D := H[supp(x)]. The graph D covers pairs. Indeed, if two
support vertices u and v lie in no common edge, then, with all other weights and the sum x,, + x,, fixed,
the edge polynomial is affine in z,. One of the two endpoints of this interval therefore has value at least
its value at x. Since x is maximizing, moving all of =, + x, to the corresponding vertex preserves the
maximum and decreases the support, a contradiction. The restricted weighting attains A(H) on D, while
every weighting of D extends by zero to a weighting of H; hence \(D) = A(H).

Suppose that D contains a copy of some J € A. For every pair of vertices in this copy, choose an edge of
D containing that pair, and retain the copy together with all the chosen edges and precisely the vertices
occurring in them. Every auxiliary vertex lies in a chosen edge, and every core vertex lies in one because
v(J) > r > 2 and all pairs of core vertices were covered. The resulting subgraph has no isolated vertices,
covers every pair in its distinguished J-core, and has at most

v(J) + (r —2) (”(2‘])) = Boo(J)

vertices. It is therefore isomorphic to a member of Ext(J), contradicting that H is F-free. Thus D € C.
This proves the additional assertion of the lemma and gives A(H) < A(C).
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Applying the last inequality to the uniform weighting of an n-vertex F-free graph H gives

1H] _ A(C)
()~ O

T

Since 6, , — 1, letting n — oo yields 7(F) < A,(C), and hence equality. Finally, for each J € A, one
can enumerate all r-graphs through order Bp(J), test the finitely many injections of V(J) against the
four defining conditions, and retain canonical isomorphism representatives. This computes Ext(J) and
therefore F effectively. |

Part 1

Direct computational universality

This part proves Theorem 1.1 by constructing the direct numerical compiler. The first half encodes the
computation of U by finite local matching records and establishes the resulting weighted dichotomy. The
second half converts this weighted system into a finite family of ordinary r-graphs while preserving its
exact extremal value. The diagram below records how the sections carry out these transformations from
the input word 3 to the forbidden family F, z.

Input 1. Tableau encoding 2. Weighted dichotomy
T 2 Tnum — reset automaton —»| optimum equals the baseline
B8 € {0,1}* five-rail partial matchings or strictly exceeds it
Output 4. Turan transfer 3. Rooted compiler
rationl:;l - root elimination to a tagged five-set records
finite rerah fan:il r - finite obstruction family - root-supported r-edges
e U pair-covering extensions calibrated class Lagrangian

Figure 1: The four stages of the direct numerical compiler. From (r, 8) it produces the threshold 7, and
the family F, g without deciding whether U(8) halts, with the threshold depending only on .

3 A direct finite-tableau simulation

We use the following elementary terminology throughout this part. For disjoint finite sets X and Y, a
relation D C X X Y is a partial matching if both coordinate projections are injective. Equivalently, D
defines a bijection dom D — im D, viewed as a partial map from X to Y.

This section encodes the computation of U on an input word 8 € {0,1}* as a finite typed matching system
governed by local obstructions. The starting point is its space—time table. A row records one machine
configuration, a column follows one tape cell through time, and a bounded neighborhood determines
whether two consecutive rows obey the transition rule. We convert this dynamic description into a finite
static structure in five steps.

(i) We add initialization, reset, and error-handling phases to the fixed universal Turing machine U
and implement the resulting process by a radius-one cellular automaton. Lemma 3.1 verifies that
its local rule is well defined and effectively computable. The reset returns the automaton to a
recognizable initial row after a halt.

(ii) We prove that the reset automaton returns to its marked initial row during a finite wall-bounded
computation on input 8 exactly when the fixed machine U halts on 5. Thus halting is equivalent
to the existence of a finite periodic space—time table containing the marked initial row, as stated in
Lemma 3.2.

(iii) We encode horizontal adjacency, the passage from one row to the next, the symbol in each cell, and
the marked cell by short paths of edge-indexed binary relations. Each rail has eight logical types
and their eight hatted balancing copies. Its logical edges, corresponding edges on the balancing
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layer, and bridges form a regular type multidigraph. We then take five disjoint rails and add a
five-ary symbol whose interpretation joins their marked cells. The local obstructions force the
binary interpretations and this five-ary relation to be partial matchings, giving the fixed typed
matching signature in Lemma 3.5.

(iv) We express each invalid local configuration by a finite typed local obstruction. Enumerating all
allowed identifications among its displayed positions ensures that the test still detects a violation
when nominal positions happen to coincide. These form the local-test part of the finite list @Ehys
in Lemma 3.5.

(v) In a legal five-rail realization, a relation component in which every vertex participates in every
binary relation prescribed at its type is closed and reconstructs a genuine periodic table. If a
prescribed relation is absent at some vertex, the relation component is grounded. Consequently, in
the nonhalting case, every coordinate of every marked five-tuple belongs to a grounded relation
component, as stated in part (iii) of Lemma 3.5.

3.1 A radius-one reset automaton

We realize the fixed universal machine U by a one-dimensional cellular automaton. Each row records one
complete configuration of U, and the bounded locality of its transition rule makes the next row a function
of bounded neighborhoods. The additional phases below initialize this simulation, reset it after a halt,
and detect an attempted crossing of the finite right boundary.

We use the standard radius-one cellular-automaton formalism. Such an automaton has a finite alphabet
Yca and a local update rule ¢: E%A — Xoa; at each time step, every cell is updated from its own
state and those of its two neighbors. The shift-dynamical framework goes back to Hedlund [29], while
Kari [32, 33] discusses its algorithmic theory and the standard correspondence between Turing machines
and cellular automata. The resulting automaton evolves through the following four stages.

(i) It initializes the work tape.

(ii) It simulates U.
(iii) It resets the tape after U halts.

(iv) It enters a permanent crash state if the simulated head crosses an artificial right boundary.
The reset makes a finite periodic orbit equivalent to halting.

We now specify the normalization of U. Using the conventions of Section 2, fix a standard effective
programming system (1) en enumerating the unary partial computable functions, chosen so that
parameters can be compiled into program indices by a primitive recursive procedure. Also fix a primitive
recursive encoding enc: N2 — {0,1}* of program—input pairs as binary words. Choose an underlying
universal Turing machine Uy with a finite transition table satisfying Uy (enc( 7, x)) 1 exactly when ¢;(x) is
defined. The chosen transition table is fixed throughout the construction and built into every algorithm
below. Any of the standard finite-table universal-machine constructions gives such a choice, and replacing
it by another one changes only the fixed constants. We make the following effective normalization and
denote the resulting machine by U. On the empty input and on every input beginning with 0, the machine
U enters a permanent loop; on input 17, it simulates Uy on +. The permanent loop is implemented by a
new state ¢ whose explicit transition rule is given below.

With juxtaposition denoting word concatenation, define the total primitive recursive translator try: N2 —
{0,1}* by try(j,z) = tenc(j,z). Then ¢;(z) is defined exactly when U(try(j,«)) halts. We choose
the programming system and its universal simulator in the following standard trace-faithful form. Its
evaluator is the fixed deterministic finite-table machine Uy, so a source trace for v;(z) is, by definition,
a trace of Uy on enc(j, ). Implement the 1-branch of U by a deterministic initialization followed by a
step-for-step simulation of Uy, with a distinguished state marking the first simulated configuration. The
forward trace map prefixes the initialization and relabels the source configurations, while the reverse map
discards that prefix and reads the simulated Ug-configurations. Both procedures are bounded scans of
the supplied finite trace and hence are primitive recursive. Only these transformations of finite traces,
and no bound on a nonhalting computation, will be used below. Hence the word-halting domain Ky is
c.e. and X{-hard, and is therefore ¥{-complete. Moreover, 5, = 0 is a fixed, explicitly known nonhalting
word. The normalized transition table is fixed in advance and is not part of the input.
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The normalized machine U has a one-sided tape with cells 1,2,..., a read-only track with alphabet
7 :={0,1,$,pad}, and a work track with finite alphabet I", whose distinguished blank symbol is .

The symbol $ marks the end of the input, and pad fills the rest of the read-only track. Both symbols
remain unchanged throughout the computation and are distinct from the writable blank symbol [J.

The transition function of U reads the read-only and work symbols in the current cell, writes only on
the work track, and moves one cell left or right. A requested left move from cell 1 leaves the head there.
The machine has initial state gy and a unique halting state qy; its transition map ¢ is defined on every
(g,1,a) with ¢ # qn, ¢ € Z, and a € T, and has no entry with state g,. To implement the permanent loop,
U enters g with its head at cell 1 and sets §(¢eo,?,a) = (Goo,a, —1) for every i € Z and a € T. The
head then remains at cell 1 and the complete configuration repeats forever. In particular, ZFC proves by
induction on the running time that U(0)t. These conventions can be incorporated into the finite state set
without affecting undecidability.

Regard every head symbol (g, a) as a new formal symbol disjoint from T', and choose all the control
symbols displayed below to be pairwise distinct and disjoint from both I' and the head symbols. Let D
consist of the symbols of T, the head symbols (g, a) with ¢ a state of U and a € T, and

Start, Init, BootR, BootL, SweepL, SweepR, SweepB, Crash.

These control symbols have three roles.

e Initialization. The symbol Start marks the first cell of the distinguished initial row, and Init fills
the remaining cells. The signal BootR moves from left to right, replacing Init by blank work symbols;
BootL then returns to the left and creates the initial head in state qq.

e Reset. When U reaches gy, SweepL starts at the halting head and moves to the left boundary. The
signal SweepR then moves to the right and clears the work track, and SweepB moves back to the left,
restoring Start in the first cell and Init in all other cells.

e FError handling. The symbol Crash is permanent and is used when the simulated head attempts to
cross the artificial right boundary or when a local neighborhood does not match any valid phase.

The cellular-automaton alphabet is ¥ca = {L,R} U (Z x D). We will repeatedly group its interior states
by one of their two coordinates. For s € D and ¢ € Z, put

Sayn(s) ={(/,s): /' €I}, and Zinp(e) ={(s,s'): s € D}.

With this alphabet, the simulation phase realizes the correspondence between machine configurations and
cellular-automaton rows. The read-only coordinate stores the input track, the dynamic coordinate stores
the work symbol, and the unique cell scanned by the head carries a symbol (g, a) recording both the
machine state ¢ and the work symbol a. The local rule described below updates these symbols according
to one transition of U, so successive rows form the space—time table of U. The additional control symbols
above place initialization, reset, and error-handling phases around the simulation.

The first coordinate of an interior state is read-only and remains unchanged. The two wall states are
fixed. When no confusion is possible, the name of a dynamic symbol s € D denotes an interior state
whose dynamic coordinate is s; every update below retains the read-only coordinate of the middle cell.
We now define a radius-one rule ¢: ¥3,, — Yca by an explicit finite template procedure.

For W > 2and i = (i1,...,iw) € Z%, a phase row has walls at positions 0, W + 1, fixed read-only word 4,
and one of the following dynamic words. Here w = (w1, ...,ww) € T, h,j € [W], and ¢ is a state of U.
Sy = Start Init"V !,
Bﬁw = [’ 'BootRInit" 7/,
Bﬁw = [ BootLOW 7,

Cth(w) =wp - ”U.)hfl(q7 wh)thrl Wy,

Lj (w) =wp wj‘_lsweeprj+1 Cww,

Rj(w) = DJ*ISweeprj_H Cww,

Bjw = "'SueepBInit" .
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We next specify the intended successor of every phase row. On the boot and backward-sweep rows it is

SW — BEW?

R R .
Bi'w — Bjyw forj <W,
Bg/,w — BVLV,Wa

L L .
Bj,W — ijl,W for j > 1,
Blw — C1q,(0,...,0),
Bj,W — Bj—l,W fOI‘j > 1,
BI,W — SW

The remaining successor rules fall into three cases.

o Simulation. For a nonhalting state g # gn, write 6(q, in, wp) = (¢, b, €), where € € {—1,+1}. If the
requested move remains within [W], the old head cell is replaced by b, and cell h + € receives the
head in state ¢’ carrying its previous work symbol. If e = —1 and h = 1, cell 1 instead becomes (¢’, ).
If e =41 and h = W, the old head cell becomes Crash and all other cells retain their work symbols.

o Beginning the reset. When the machine is in its halting state, Cj, ¢, (w) — Ly (w).

o Completing the reset. If j > 1, the successor of L;(w) has SweepL in cell j — 1, O in cell j, and
agrees with w elsewhere; the successor of L (w) is Ry (w). For j < W, we have R;(w) — Rj1(w),
whereas Ry (w) — Bw,w.

All three cases retain the fixed read-only word z.

The phase transitions are summarized in Figure 2.

nonhalting step

marked row rightward boot leftward boot machine simulation
g — BR — BL — Ch.o(w)
w W 3»W h.q
restore halt right-wall
marked row crossing
Y
backward restoration rightward clearing leftward reset persistent state .
Bij - Rj (w) < L]- (w) Crash persistent

Figure 2: The phase flow of the wall-bounded reset automaton. Along the canonical orbit, a halting
simulation enters the three reset sweeps and returns to the marked row Sy, whereas an attempted
crossing of the right boundary enters the persistent crash state.

For a radius-one neighborhood a = (a_,ag,a4) € E%A with interior middle state, define its set of phase
requests Req(a) as follows. An element b belongs to Req(a) if, for some W > 2, some fixed read-only
word, some phase row above, and some interior position j, the old neighborhood at j is a and the state
at j in its prescribed successor row is b.

The following local determinacy statement supplies the finite check needed in the definition of .

Lemma 3.1. For every radius-one neighborhood a with interior middle state, we have |Req(a)| < 1.
Moreover, the request sets, and hence the lookup table of o, are effectively computable from the finite
transition table of U.

Proof. Every phase row has exactly one distinguished symbol, namely Start, one of the five boot or sweep
symbols, or a head symbol (g, a). These symbols are pairwise disjoint and none can occur as a background
symbol. Consequently, if a window from a phase row contains the distinguished symbol, the window itself
determines both its phase family and whether the distinguished symbol is in the left, middle, or right
position.
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We first list all signal cases. The named entries in the table give the new dynamic coordinate; the read-only
coordinate of the middle cell is always retained. The word “unchanged” means that the complete middle
state is retained. These are all the possible outputs at the middle cell.

distinguished symbol in the left position in the middle position in the right position
Start unchanged BootR impossible

BootR BootR 0, or BootL next to R unchanged

BootL unchanged 0, or (go, ) next to L BootL

SweepL unchanged 0, or SweepR next to L SweepL

SweepR SweepR 0, or SweepB next to R unchanged

SweepB unchanged Init, or Start next to L  SweepB

For example, a BootR in the left position moves into the middle cell, whereas a BootR in the right position
moves away from it. If the signal is in the middle position, the presence and side of an end wall are part
of the same radius-one window, so the exceptional boundary output in the table is also determined by
a. The row for Start uses the fact that Start occurs only in cell 1. The formally unused entries of
w hidden below SweepL, or below and to the left of SweepR, do not affect any entry of the prescribed
successor. Thus the nonunique parameterizations of L;(w) and R;(w) cannot produce different requests.

It remains to check head symbols. Suppose first that the distinguished symbol is (¢, a) with ¢ # gy Its full
interior state displays the read-only symbol ¢ in the head cell and therefore determines §(q,4,a) = (¢, b, €).
If the head is in the middle position, the new dynamic symbol there is b, except that a left move next to
L gives (¢’,b) and a right move next to R gives Crash. If the head is in the left position, the middle cell
receives (¢, u) exactly when € = +1, where the old middle work symbol u is displayed by a; otherwise it
is unchanged. The analogous statement holds with left and right interchanged when the head is in the
right position and € = —1. The complete E?é A-window also fixes the read-only coordinate of this target
cell, which is retained in its output. If ¢ = gy, only the head cell changes, from (g, a) to SweepL, and
both neighboring cells are unchanged. Thus a window containing a head also has one uniquely determined
middle output.

Finally, suppose that a phase-row window contains no distinguished symbol. The middle cell is then a
work symbol or Init. The distinguished symbol lies at distance at least two from it, and every displayed
successor changes only the distinguished cell and, at most, one adjacent cell. Hence the middle state is
unchanged. A neighboring wall does not create another case. Its side is visible in a, and a wall-centered
window is excluded from the definition of Req.

This classification also handles possible overlaps. Two occurrences of the same window either contain the
same distinguished symbol in the same position, in which case the preceding list gives the same output,
or contain no distinguished symbol, in which case both retain the middle state. A window with two
distinguished symbols, a Crash symbol, or a distinguished symbol beside background data excluded by its
phase form occurs in no phase row and has empty request set. The same is true of a marker-free mixture
of work and Init symbols. In the only phase families using both kinds of background, the unique signal
separates them. Therefore every request set is empty or a singleton.

We next remove the apparently unbounded quantifier over W from the effectivity assertion. After
suppressing the read-only coordinates, the dynamic words of the phase rows belong to the finite union

StartInit™, O*BootRInit*, [O*BootLO*, I*Dpe.al™,
I'SweepLl™, [1*SweepRI'™™, [*SweepBInit*,

where Dpead = {(g,a): ¢ is a state of U and a € T'}; in the last six languages we retain only words of
length at least two. Adjoin L and R at the two ends. These are regular languages over a finite alphabet,
so their length-three factors with an interior middle letter can be enumerated effectively. The read-only
coordinates range over the finite set Z, so their assignments can also be enumerated; the middle coordinate
is retained in every request, and the read-only coordinate at a head selects the relevant entry of the finite
table 0. Together with the preceding cases, this enumerates exactly every pair (a,b) with b € Req(a) and
hence computes every request set. |

We can now give the complete lookup table with its priority made explicit.

(R1) If ap € {L,R}, then p(a) = ao.
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(R2) Otherwise, if one of a_, ap, a is an interior state with dynamic coordinate Crash, then p(a) is the
interior state with the read-only coordinate of ay and dynamic coordinate Crash.

(R3) Otherwise compute the finite set Req(a).

(R4) If Req(a) = {b}, set p(a) =b.

(R5) If the request set is empty, set p(a) equal to the interior Crash state with the read-only coordinate
of ag.

Lemma 3.1 shows, in particular, that every phase row is updated exactly to its displayed successor. A
malformed neighborhood with two heads, two moving signals, or symbols from incompatible phases occurs
in no phase template. Unless its middle cell is a wall or the neighborhood already contains Crash, in
which cases (R1) or (R2) applies, it is therefore covered by (R5). Thus (R1)—(R5) define every entry of
the finite table of ¢ without any block recoding.

A wall-centered update ignores both neighbors. Consequently, wall-bounded compartments can be
concatenated on a horizontal cycle without interacting.

Finally, every all-work window is a stationary window of a sufficiently long phase row; hence
@((i—,u_), (i0, uo), (iy,ut)) = (io, uo) for all i, 4,44+ € Z and u_,up,ut €1
In particular, the definition fixes the constant background state by

@((pad, 0), (pad, ), (pad, D)) = (pad, ). (3.1)

3.2 Periodic reset tables

For W > 2, a configuration is a map ¢: {0,1,..., W +1} = Eca with cg =L, cw11 =R, and ¢; € Z x D
for j € [W]. Define its successor by (®w(c))o =L, (Pw(c))w4+1 =R, and (Pw(c)); = ¢(¢j—1,¢5,¢j41)
for j € [W]. The definition of ¢ shows that @y (c) is again a configuration of this form. Thus the walls
are held fixed and no state outside this interval is consulted. Write 8 = (1 --- ¢,, where {3 = [3]. If
W > {5 + 2, define cg w by

input track: f3i---B¢,$ pad---pad ,
—_—
W —£3—1 copies
dynamic track: Start Init---Init.
[ -4
W —1 copies

Here the marked cell is the first interior cell, which carries Start; the left wall at position 0 serves only
as a fixed boundary and is not itself marked.

The two tracks of the initial configuration and the wall-bounded evolution are shown schematically in
Figure 3.

cg,w

boot sweeps

simulation of U(B)
time L :

read-only Bkl Béﬁ $ pad - - - pad

L, R reset sweeps after gy

dynamic Start Init .- - Init

Ca, W

(a) (b)

Figure 3: The canonical configuration and its periodic reset tableau. (a) The fixed read-only track
contains S $pad- - -, while the dynamic track contains Start Init---, with the first interior cell marked
by Start. (b) Time runs downward between the fixed walls. After initialization and simulation, a halt
triggers the reset sweeps and restores exactly cg w, giving @, (caw) = caw.

To expand panel (b), consider a width-five example with |3| < 3. Write i1 - - -i5 = $$pad*~1#! for the
fixed read-only word, and suppose that U(3) halts after T simulated steps with its head in cell 3. During
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the simulation, let d; ; € D be the dynamic coordinate in cell j at time ¢. Thus exactly one d; ; is a head
symbol. The complete phase sequence is displayed in Table 2; the row indexed by 1 < t < T ranges over
all intermediate simulation times.

phase left wall cell 1 cell 2 cell 3 cell 4 cell 5 right wall
S5 L (il, Start) (iz, Init) (ig, Init) (i4, Init) (7,5, Inlt) R
BE, L (i1,BootR) (iz,Init) (i3, Init)  (44,Init)  (is,Init) R
BE, L (i1,0)  (i2,BootR) (i3, Init)  (ia, Init) (is, Init) R
Bé:és L (i1,0) (i2,0) (i3,BootR)  (i4,Init)  (i5,Init) R
BE, L (i1,00) (i2,0) (i3,00)  (ia,BootR) (i5, Init) R
BE, L (i1,00) (iz,00) (i3, 00) (is,00)  (i5,BootR) R
B-'ifu L (il, D) (ig, D) (i3, D) (i4, D) (7;57 BOOtL) R
BL. L (31,0) (i2,00) (i3,00) (34,BootL)  (i5,00) R
BE; L (i1,00) (i2,0)  (i3,BootL)  (ig,00) (i5,00) R
Bfs L (i1,0) (i2,BootL) (i3,0) (iq,0) (i5,0) R
Bl L (i1,BootL)  (i2,00) (i3,0) (i4,0) (i5,0) R
Cl,q0 (=) L (i1, (0, 09)) (i2,0) (i3,0) (i4,00) (i5,00) R
chiiig}m) L (ir,dea)  (i2,de2)  (is,de3)  (ia,dea)  (is,de5) R
C3,q, (w) L (1, wl) (i2,w2) (i3, (qn,ws)) (i, wa) (i5,ws) R
Ls (w) L (7,17 wl) (iQ, wg) (i3, SweepL) (’L'47 ’LU4) (i5, w5) R
Lo L (é1,w1)  (i2, SweepL) (i3,0) (G4, wq) (i5,ws) R
Ly L (i1,Sweepl)  (i2,00) (i3,0) (14, w4) (i5,ws) R
Ry L (’L'17 SweepR) (ig, D) (ig, D) (i4, w4) (i5, w5) R
Ro L (i1, D) (iz, SweepR) (’i3, D) (7,'47 ’LU4) (7,5, w5) R
R3 L (i1, D) (ig, D) (ig, SweepR) (”L'47 ”LU4) (7,5, w5) R
R4 L (i1,0) (i2,0) (i3,0) (i4,SweepR)  (i5,ws) R
Rs L (41,0) (i2,0) (33,0) (34,0) (45, SweepR) R
Bs 5 L (41,0) (i2,0) (i3,0) (i4,0) (45, SweepB) R
By L (il, D) (ig, D) (i3, D) (i4, SweepB) (i5, Init) R
3375 L (il, D) (ig, D) (ig, SweepB) (i4, Init) (i5, Init) R
Bas L (41,0) (i2,SweepB) (i3, Init) (44, Init) (35, Init) R
Bis L (i1, SweepB) (i2,Init) (i3, Init) (44, Init)  (i5,Init) R
S5 L (il, Start) (iz, Init) (ig, Init) (i4, Init) (i5, Init) R

Table 2: A complete period of the wall-bounded tableau in Figure 3 for W = 5. Every interior entry is
the full cellular-automaton state (i;,d), combining the fixed read-only coordinate i; with the displayed
dynamic coordinate d. The row indexed by 1 <t < T represents every intermediate machine configuration
in chronological order. The first and last rows are the same marked configuration cg s = Ss.

The reset mechanism is designed so that a sufficiently wide wall-bounded configuration returns to its
distinguished initial configuration exactly when the simulated computation halts. The following lemma
makes this equivalence precise.

Lemma 3.2. For every input 8, U halts on B if and only if there are W > |5] + 2 and p > 0 such that
Oy (cow) = caw

Proof. Fix W > £3 + 2. The following phase invariant follows inductively from the displayed successor
table. Starting at cg w, the dynamic row passes through

Sw, Biw.....Bitw, Biyw. - Blw, (3.2)

and then becomes Cy 4, (0, ...,0). Thus at every boot time there is exactly one boot signal; to the left
of BootR all cells are blank and to its right all cells carry Init, while all cells other than BootL are blank
during the leftward boot phase. The fixed read-only word remains 3$pad”™ —%4~1. Consequently the last
row in (3.2) is followed by the genuine initial configuration of U(/3) on the first W cells.

During the simulation phase the invariant is Cj, 4(w), so there is exactly one head and every other
dynamic symbol belongs to I'. A nonhalting transition which stays inside the interval gives the next
phase row of the same form. A requested right move from cell W creates Crash. If the unique head has
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state gy, the successive phase forms are
Lip(w), Ly—1(w" 1), .. Li(wM), Ri(v),...,Rw(®), Bww,-...,Biw,Sw. (3.3)

Here the superscripts merely record the work word left after each SweepL move, and v € ' is any
completion of the work symbols in cells 2,..., W when the rightward sweep begins (the value of v; is
immaterial). More explicitly, there is exactly one SweepL and each cell it has crossed is blank; in the
SweepR phase every cell to the left of the signal is blank; and in the SweepB phase every cell to its right
carries Init while every cell to its left is blank. Therefore the final move in (3.3) places Start in cell 1
and leaves Init in cells 2,...,W.

Each row just listed is one of the phase templates defining ¢, and Lemma 3.1 shows that all its radius-one
windows receive the prescribed successor. This proves the invariant without an implicit lookup-table
convention and shows that the default clause (R5) is not used on the intended orbit before a right-wall
crossing.

If U(p) halts and its computation visits at most the first s cells, choose W > max{s, s + 1}. No head
reaches the right wall. After the halt, the three reset sweeps blank the work tape and then write Init in
cells 2,..., W and Start in cell 1. The read-only track and walls have not changed, so the automaton
has returned exactly to cg w.

Conversely, start from cg . After the boot sweeps, the orbit is the genuine computation of U(5) until it
either halts or attempts to cross the artificial right wall. An attempted crossing creates Crash, which is
persistent and therefore precludes a return. Along this orbit, ordinary simulation and boot phases never
create Start; the first later occurrence of Start can only be produced by the last B; v — Sw reset move,
and that reset phase is entered only after a head in state g, has occurred. Since cg - contains Start, a
return to it is therefore possible only after a genuine halt. This assertion concerns the canonical orbit
from cg w; no claim is made about malformed configurations. This proves the reverse implication. W

The symbols Init in cells 2,..., W allow the entire marked initial row to be certified by finitely many
local tests. The anchored test checks only the fixed input prefix, while the marked-row adjacency rules
force the Init suffix to continue to the right wall, independently of W. Thus no bounded test has to
inspect an arbitrarily long suffix of ordinary blank cells, which also occur during the simulation.

3.3 The d-regular five-rail multidigraph

We first define the complete finite directed multidigraph that underlies the construction. Fix once and for
all an integer d > 7 divisible by 625. For each ¢ € [5], let

Ti = {ci, Ai, E; ES N, NF, B, B, Gy Ay B L ES

i Y Ny NG 9Py 7 )

Ny, NFL B, B}
Take the five sets 7; pairwise disjoint, and put 7 = |_|i€[5] T;. At this point the members of T are only
vertex names.

For each i € [5], Figure 4 shows the directed multigraph % on 7;. The vertices ¢, and ¢, are placed at
the centers of the upper and lower layers, respectively. Each gray bundle represents a family of parallel
bridge edges joining corresponding vertices. The three arrows in a bundle indicate parallelism only; the
actual multiplicities are specified in the edge list below.

We regard the parallel edges of J7 as distinct. When no confusion can arise, we also identify 7, with
this indexed edge multiset; thus e € %, means that e is one of its directed edges. Each directed edge will
index one binary relation in a candidate realization of the five-rail signature defined below. We write a
nonparallel edge as (s,7) and the /th edge in a parallel family as (s, T;¢). Thus the endpoint types and,
when necessary, the parallel-edge index distinguish all edges.

1 € ten directed edges on € unhatted vertices are
i) The ten directed ed th hatted verti
(Ciin_)v (E;’Ej—)7 (E:—aci)v (CivNi_)v (Ni_VNj—)7 (Nz—aci)’ (C’ivBi_)v (B'£_7Bj—)7 (Bj—aci)v (Ai7ci)'

(ii) The ten directed edges on the hatted vertices are

(CHE:)7 (E_ E+)7 (Ej—aél)v (Civm‘_)v (Nl_ij—)v (Nj—aél)7 (Civé’_)7 (E_aéj—)v (éj—aér)v (Anél)
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Figure 4: The directed multigraph 777, representing the ith copy in the five-rail construction. Black arrows
join vertices within the unhatted and hatted vertex sets. Each group of three gray arrows schematically
represents one family of parallel edges from s; to $;, with the indexed parallel edges specified below.

(iii) The remaining edges form the following eight parallel families:
{(ci,éi;ﬂ)%e[d—?]}, {(ai,A0):ee[d=1]}, {650 eeld-2}, {(Ee50:eld-2},
{nonssoeeld—2}, {(nonmo:celd—2}, {68750 eeld-2}, {(BF.8550):¢eld-2]}.

Fact 3.3. The following assertions hold.
(i) For every i € [5], the underlying undirected multigraph of 5 is loopless and d-regular.

(ii) For every i € [5], the multidigraph ¢ has sizteen vertices and 8d directed edges, counted with
multiplicity.
iii) The multidigraph € = | |. = F4; is loopless and d-reqular on 80 vertices and has 40d directed edges,
1€[5]
counted with multiplicity.

We call the submultidigraph induced by the eight unhatted vertices of J7; the logical layer, the submul-
tidigraph induced by the eight hatted vertices the balancing layer, and the eight parallel edge families
joining s; to $; the bridge families. The five subgraphs 77 are the rails, and the vertices of ¢ are the
types. The eight unhatted types have the following roles.

e A cell of the space—time tableau has type c.

e An anchor has type A. After it is linked to a vertex of type c, that cell is required to lie in the marked
initial row.

e Horizontal succession between two cells in the same row is encoded by a path through the intermediate
types E- and E*.

e Time succession between corresponding cells in consecutive rows is encoded by a path through the
intermediate types N~ and N*.

e A symbol from Y4 is assigned to a cell along a path through the intermediate types B~ and B*.

The superscripts — and + distinguish the first and second intermediate types along an oriented path;
they do not denote signs.

3.4 Realizations and local obstructions

We view 5% as a blueprint for a finite typed relational structure. To couple the five rails, we supplement
it with one five-ary relation symbol M whose ith coordinate has type A; for every ¢ € [5]. The symbol M
is not indexed by an edge of J#. We call the five edges (B;,B}), i € [5], the label edges; all other edges
are ordinary.
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A finite candidate realization R of (€, M) on a finite vertex set V' consists of the following data.

(i) A map V — T assigning a type to every vertex. For each type v € T, let V;;(R) be the inverse
image of v under this map. These vertex classes partition V; when fR is fixed, we write simply V.

(ii) For every ordinary nonparallel directed edge e = (5, T) of S, a binary relation D, = Dg » C Vg x V7.
For every ordinary parallel directed edge e = (s, 1;¢) of #, a binary relation D, = Dg)T C Vs x V.

(iii) For every rail ¢ € [5] and cellular-automaton color a € ¥¢a, a binary relation D‘[:J o+ & Voo X Vor

[a] i i

B~ ,BT"
i 0B

The underlying relation of the label edge is Dy~ o+ = Uyexo, D

(iv) A five-ary relation M C V, x --- x V,_.

For a directed edge e from s to T, we also regard D, C Vs x V. as a directed bipartite graph whose edges

are oriented from Vi to V.. We call a directed edge (z,y) of D, a relation instance and also write it

as D(z,y). For a label edge, we write Déaj o+ (u,v) for membership in its color-a relation and call it a

color-a label pair. A member of M is an M-tuple. The superscript [* records a cellular-automaton color,
whereas () distinguishes parallel bridge edges. Although the label relation is subdivided by color,
contains only one label edge (B;,B}), counted once in its degree sequence, and its hatted counterpart
(B;,8;) indexes one ordinary relation. Apart from the displayed typing and union requirements, all these

relations are arbitrary at this stage.

The three directed paths in the logical layer encode horizontal successor, time successor, and cell label,
while A, — ¢, indexes the anchor-to-cell relation. Only these unhatted relations occur in (Q1)—(Q5). The
hatted relations and bridges are used for balancing, and no hatted relation is required to agree with its
unhatted counterpart.

We first impose three matching requirements on all relations.
(PM1) For every ordinary edge e, the edges of the directed bipartite graph D, form a matching.

(PM2) For each label edge on rail i, every source vertex u admits at most one pair (a,v) for which
éa,] +(u v) holds, and every target vertex v admits at most one pair (u, a) for which D[a] +(u,v)
hOldb Equivalently, the edges of the directed bipartite graph D- ;+ form a matchmg and the

relations Dr[;i] o++ @ € Xca, are pairwise disjoint.

(PM3) The relation M is a partial five-matching, meaning that two distinct M-tuples cannot agree in any
coordinate.

The remaining requirements concern the tableau carried by the unhatted relations. Fix a rail ¢ € [5] and
cell vertices x,y € V¢,. We use the following notation.
(i) The predicate Dyor(,y) holds if there are u € V and v € Ver such that D, e (x,u), DE?,Ef (u,v),
and Dg+ ¢ (v,y) all hold. That is, (z,u) € D, £ (u v) € D £h and (v,y) € DE+ <

(ii) The predicate Dijme(,y) holds if there are u € V; and v € V+ such that D, N (x,u), DNZva (u,v),
and DNj,ci (v,y) all hold. That is, (z,u) € D, N (u,v) € D NS and (v,y) e DN+ s

(iii) For a € Yca, the predicate L; 4(x, y) holds if there are u € V;f and v € Vi+ such that D - (z,u),

ia,] +(u,v), and DBﬁQ (v,y) all hold. Thus L;.(x,y) recor:is a fully pr:esent color-a labél path

from  to y. The notation label(z) = a means that this path is closed, that is, that L; ,(z, ) holds.

When a ¢ {L,R}, it has the form a = (¢,d) € Z x D. Thus label(z) = a records both the fixed read-only

symbol ¢ and the dynamic symbol d of the cell. The two coordinates are not represented by separate cell
vertices.

The three paths are shown schematically in Figure 5.

Each circle represents the indicated vertex class, and the labels x,y, u, v name vertices chosen from these

classes. An arrow from a vertex of type s to a vertex of type T represents an instance of Dg . The middle

arrow in the right-hand diagram, marked [a], represents an instance of D[J o+ The diagram identifies

the initial and final c;-vertices and hence depicts L; o(x, x); the general predlcate Li.o(x,y) allows distinct
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w C;
C;

Figure 5: The three relation paths on rail . From left to right, the diagrams show the horizontal-successor
predicate Dyor(z,y), the time-successor predicate Diime(,y), and the closed special case L; 4(x, x) of the
color-a label-path predicate.

B+ B

i i

endpoints. Thus each notation describes a complete three-edge path and does not introduce an additional
edge-indexed relation. Whenever one rail is fixed or its index is immaterial, we suppress the common rail
index from the endpoint subscripts of D.

Conditions (Q1)—(Q5) below are guarded. A condition applies only when every relation path and label
mentioned in its hypothesis is present. Each condition is imposed separately on every rail, with (Q5)
additionally guarded by an M-tuple.

(Q1) Label closure. For every a € Xca and z,y € V,, one has L; o(z,y) =y = 2.

(Q2) Commutation. For cell vertices , zg, N, ¥, 2z € V¢, whenever the four paths

Dhor(mvxE)a Dtime(x7xN)a Dtime(xEvy)a and Dhor(wNaz)

are present, one has y = z. Figure 6 displays the four paths in the hypothesis before this equality is
imposed, including the two intermediate vertices in each path. In panel (a), each circle represents one

space

time

NT

i

Figure 6: (a) Typed relation instances for condition (Q2). The blue edges form the paths Dy (z, zg)
and Dyime(2g, y), while the red edges form Diime(z, zn) and Dyor(zn, 2). (b) Their intended positions in
the space-time tableau.

vertex class. The five labeled points in the c;-circle are the cell vertices, and each of the other four
circles contains the two intermediate vertices of the indicated type used by the two corresponding
paths. Each arrow represents the binary relation determined by the types at its endpoints. Panel (b)
shows the intended relative positions of the five cell vertices in the space—time tableau. The blue
route is © — xg — y, and the red route is x — &y — 2. The points y and z are drawn separately in
the lower-right cell because the conclusion has not yet been imposed; condition (Q2) requires them
to coincide.
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(Q3) Ewolution. Whenever the paths and labels

Dhor($_,$), Dhor(l‘vx-i-)) Dtime(xax/)a label(x_) =a—,
label(z) = ag, label(z;)=a;, and label(z’) =15

are present, one has b = ¢(a_, ag,a ). Figure 7 expands every relation path in this condition.

space
_—
T — x T4
[ J [ ] [ ]
o a— ao a
g |
= !
+ 33/
(]
b

Figure 7: (a) Typed relation instances for condition (Q3). Blue edges form the two horizontal-successor
paths, red edges form the time-successor path, and green edges form the four closed label paths, with
the middle green edges carrying the cellular-automaton colors a_, ag, a4, b. (b) The corresponding local
configuration in the space—time tableau. Condition (Q3) requires b = p(a—, ag,a+ ).

Q4) Marked-row grammar. Using Yqyn and i, whenever Dy (x,y) is present and both z and y are
y P
labeled, the following implications must hold.

label(z) =R = label(y) =L;

label(x) € Xgyn(Start) = label(y) € Lgyn(Init);

label(z) € Xgyn(Init) == label(y) € Xqyn(Init) U {R};

label(z) € Einp(8) == label(y) € Einp(pad);

label(z) € Zinp(pad) == label(y) € Zinp(pad) U {R}.
There is no global restriction on the successor of L. In particular L. — Start is permitted on a reset
row, while L. — an ordinary simulation state is permitted on every other row. The marked anchor,
rather than a global rule, identifies which occurrence of L — Start is canonical. The sets X;,,(¢) and
Ydyn(s) contain only interior colors, so requiring label(z) to lie in either set automatically excludes

the two wall colors. A failed membership condition is therefore one of finitely many forbidden color
alternatives.

(Q5) The input-dependent anchor. Recall that f = B ---f,. For each i € [5], guard the following
conditions by an M-tuple M(a1, ...,as5) and a present instance D, . (a;,z) of the anchor relation
on rail 4, where x € V¢,.

(a) if Dhor(y, z) and the two labels are present, then label(y) = L and label(x) € Xy, (Start);

(b) for 1 < j < (g, if the relation path from z to Df;;rlx and its label are present, then
label(D]'z) € Sinp(5;);

hor
(c) if the relation path from z to fo;rm and its label are present, then label(Df;f)rx) € inp($);
(d) for 1 < ¢ < {5+ 3, no fully present relation path Df_ (z,z) occurs.

Here DY x = z, and every displayed Dflor is expanded into j concatenated copies of the three-step

horizontal path. For £z = 0, part (c) is imposed at z itself. Notice that each condition uses no
binary relation instance on a rail other than 1.
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We call a candidate realization legal for the input 3 if it satisfies (PM1)—(PM3) and (Q1)—(Q5). We next
encode every violation by a finite typed local obstruction.

A typed local obstruction is a finite candidate realization regarded as a forbidden pattern. We say that a
candidate realization SR contains a copy of an obstruction @ if there is a type-preserving injection from
V(Q) to V(R) that preserves every binary-relation instance and every M-tuple of Q.

Lemma 3.4. For every input word 3, one can effectively construct a finite list @ghys of typed local
obstructions such that a candidate realization is legal for [ if and only if it contains no copy of a member

phys
of ‘@B .

We remark that the matching-conflict obstructions and the obstructions arising from (Q1)—(Q4) are
independent of 8. Every -dependent obstruction arises from (Q5) and has size O(|8| + 1). In particular,
legality is hereditary under deleting binary-relation instances, M-tuples, or vertices.

Proof. We first record failures of (PM1)-(PM3) by matching-conflict obstructions. In the formulas below,
each variable is a formal vertex of the type determined by its position in the relation, and an inequality
declares two formal vertices of the same type to be distinct.

(i) For every ordinary edge e = (U, V) or (U, v;{) in S, include {D.(z,y), Dc(z,y’)} whenever y # ¢/,
and include {D.(x,y), D.(2',y)} whenever x # .

(ii) For every i € [5] and a,b € X4, include the obstruction consisting of D[_ at (z,y) and D[ ) (x y')

whenever y # 3/, and the obstruction consisting of D! ,] ot (z,y) and D! v] ot (', y) Whenever x # 2.

i

When a # b, also include the obstruction consisting of D[_] +(x y) and D[_] ot (z,y).

(iii) For every nonempty proper subset I C [5], include {M(a1,...,a5),M(b1,...,b5)} subject to a; = b;
if and only if j € I.

Thus all possible coordinate overlaps of two distinct tuples are included, not only the case in which exactly
one coordinate is shared. Avoiding these matching-conflict obstructions is equivalent to (PM1)—(PM3).

We next treat violations of (Q1)—(Q5). Expand their relation paths into constituent binary-relation
statements and enumerate the finitely many cellular-automaton color assignments. Each forbidden
alternative then becomes a finite typed relation pattern P with required equalities already imposed,
required binary-relation instances, required M-tuples, and finitely many declared inequalities. An
admissible type-preserving homomorphic image of P is a typed local obstruction () obtained from a
surjection f: V(P) — V(Q) with the following properties. The map f sends every vertex to one of the
same type, sends every required relation instance and M-tuple of P to the corresponding relation instance
or tuple of @, and satisfies f(x) # f(y) whenever P declares x # y. The relations and tuples of Q are
exactly the images of those listed in P.

For each forbidden pattern P, include one representative of every admissible type-preserving homomorphic
image of P. There are only finitely many such images, and they can be enumerated effectively, because
each is determined by a partition of V(P) into same-type classes that separates every pair declared
unequal. An image that already contains a matching-conflict obstruction may be omitted because that
conflict is recorded separately. Thus every guarded implication above gives a finite list of patterns by
adjoining all its hypotheses to each forbidden alternative; no absence requirement is used. Conversely,
every fully present violation in a candidate realization determines a type-preserving homomorphism
from one of these patterns. This homomorphism factors through its image as a surjection followed by a
type-preserving injective copy. The candidate realization therefore contains a copy of the image, or a
copy of a matching-conflict obstruction if that image was omitted.

For example, the violation of (Q2) illustrated in Figure 6 consists of the four fully present paths
Dyor (2, 2g), Dtime(2, zn), Dtime(2E, y), and Dyor (2N, 2), together with y # 2. Expanding the four paths
and then taking an admissible type-preserving homomorphic image gives a concrete typed local obstruction
witnessing the failure of commutation.

These homomorphic images are needed even for short local conditions. Since copies of local obstructions
use injective maps, a generic commutation or transition pattern alone would miss a violation in which
some of its formal vertices have the same image. Passing to every admissible homomorphic image records
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exactly the kernel of every map from the pattern into an actual local configuration. The short-cycle
condition in (Q5) separately prevents the displayed input prefix from collapsing.

Let "™ consist of these matching-conflict obstructions and all local obstructions obtained from
violations of (Q1)—(Q5). If a candidate realization is not legal, then either one of (PM1)—(PM3) fails,
giving a copy of one of the first obstructions, or one of (Q1)—(Q5) fails, giving a copy by the preceding
construction. Conversely, every listed obstruction records one of these failures. This proves the asserted
equivalence.

The signature and alphabet are fixed. Conditions (Q1)—(Q4) therefore give fixed finite lists, as do the
matching-conflict obstructions. Condition (Q5) uses only finitely many paths of length at most || + 3;
expanding them and enumerating their color assignments and admissible type-preserving homomorphic
images is finite and effective. These paths are the only source of dependence on 3, and every resulting
obstruction has size O(|] + 1). Finally, no member of 222™* imposes an absence condition, so deleting
relations, tuples, or vertices cannot create a copy. Hence legality is hereditary under these deletions. W

3.5 Closed components and tableau recovery

Given a legal realization R of (4, M) for the input 3, form an auxiliary multigraph on V(fR) as follows.
For every edge e of % and every directed edge (z,y) of D., add an undirected edge zy labeled by e,
retaining parallel edges. The M-tuples are ignored. We call the connected components of this multigraph
the relation components of R. Because no relation joins two distinct rails, every relation component lies
on a unique rail.

Since 7] is d-regular and the edges of every directed bipartite graph D, form a matching, every vertex of
the auxiliary multigraph has degree at most d. A relation component K of R is closed if every vertex of
K has degree d; otherwise it is grounded. Equivalently, K is grounded if and only if there are a vertex
v € V(K) of type U and an edge e of 5 incident with v such that no edge of D, contains v.

If K is closed, then for every edge e = (x,v) or (x,v;{), the restriction D. N ((Vx NV (K)) x (V, NV (K)))
is a perfect matching between Vy NV (K) and Vi, NV (K). With the orientation from x to v, this perfect
matching defines a bijection from the first class onto the second. Indeed, every vertex of K has degree
d, and exactly d edges of J¢, counted with multiplicity, are incident with its type. Since each D, is a
matching, every relation prescribed at that type must occur exactly once at the vertex. In particular, if
K lies on rail ¢, the three-step logical paths on that rail induce permutations Dyor, Diime of V¢, N V(K).
The label path gives exactly one color at every such cell. Totality supplies one colored label pair, and
(Q1) forces its return endpoint to be the original cell. Conditions (Q2) and (Q3) then give

DhorDtime = DiimeDhor - and  label(Dyimez) = ¢ (label(D; ) ), label(z), label(Dhorz)). (3.4)

Note that these conclusions use totality only inside an explicitly closed component.

The following schematic separates the two ingredients used in tableau recovery. Closedness makes the
logical successor maps total permutations and the local square commute. The anchor then identifies a
wall-bounded horizontal compartment, and a finite temporal orbit returns that compartment to its initial
row.

We next compare the components formed by the logical-layer relations with the relation components
formed by all edges of 7. Fix a rail ¢ and a vertex v whose type is one of the eight unhatted types on
that rail. In the auxiliary multigraph defining the relation components, delete every edge except those
labeled by logical-layer edges of 7%;,. We call the connected component containing v in the resulting
multigraph the logical relation component of v. If the full relation component K containing v is closed,
then every logical relation prescribed at a vertex of the logical relation component of v is present there.
Indeed, every vertex of K has degree d, so each relation prescribed at its type occurs exactly once; the
other endpoint of a logical relation lies again in the same logical relation component. Equivalently, if a
prescribed logical relation is absent at an unhatted vertex, then every full relation component containing
that vertex is grounded.

The converse need not hold because a balancing-layer copy relation or a bridge may be absent at one of
its endpoint vertices, grounding a full relation component whose logical relation component is closed. For
the equality constructions, however, a realization of the logical-layer signature in which every relation
forms a perfect matching between its endpoint classes extends to one with the same property for the full
signature. Take isomorphic vertex classes for the hatted balancing copies, transport the logical perfect
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(a) A commuting square

in the closed component (b) The anchored periodic compartment

anchor
cell

Dior
@—> @ cgw: L | Start/B1 --- $ pad --- | R

Dtime l
l Dtime l Dﬁme

—_—
Dyor

Y = Dtime Dhor®
= DhorDtime®

@7, (cg,w): L|Start/B1 --- $pad --- |R

o7, (cp,w) = cpw

Figure 8: Closed-component recovery schematic. The left panel records only the commuting-square
identity forced inside a closed logical component; the ambient component need not be a rectangular torus.
The right panel shows the wall-bounded compartment selected by the anchor. Its least temporal return
gives a periodic reset tableau.

matchings to the corresponding relations on the balancing layer, and choose a perfect matching for every
bridge relation. Thus the balancing layer neither conceals the absence of a prescribed logical relation at a
vertex nor obstructs the zero-defect constructions.

We now collect the properties of the resulting finite tableau system.

Lemma 3.5. The fixed five-rail signature 7€ and the obstruction lists ,@ghys supplied by Lemma 3.4
have the following additional properties.

(i) There is a finite legal realization of (€, M) for 5 in which M = & and every directed bipartite graph
D. is a perfect matching between its two vertex classes, with all color relations on the label edge
taken together.

(ii) If U(B) halts, there is a finite legal realization of (7, M) for B in which M # & and every directed
bipartite graph D, is a perfect matching between its two vertex classes, with all color relations on
the label edge taken together.

(iii) If a coordinate a; of an M-tuple lies in a closed relation component, let h be the number of vertices
of type c; in the logical relation component of a;. Then there are integers W,p > 1 such that
W >|8l+2, W+2<h,p<h, and O, (cgw) = cagw. In particular, if U(B) does not halt, then
every coordinate of every M-tuple belongs to a grounded component.

In (1) and (2), the five rails of the legal realization may be chosen isomorphic to one another, and all its
vertex classes may be chosen to have the same cardinality.

Proof. For (1), choose any n > 1. On n cells let Dy be an n-cycle, let Diime be the identity, and give
every cell the fixed background color (pad,d). Choose perfect matchings for the constituent logical
relations so that their compositions give these two maps and every label path returns to its initial cell
with the fixed background color. Put M = @. Conditions (Q1), (Q2), and (Q4) hold by construction,
(Q5) is vacuous, and the constant-background rule (3.1) verifies (Q3). Transport these matchings to
the balancing layer and choose a perfect matching for every bridge relation. This gives the required
realization with every physical vertex class of size n.

Suppose U(53) halts. Choose W, p from Lemma 3.2. On the set Z/pZ x Z/(W +2)Z, let Dyime and Dyor be
the two coordinate successors. Label time row ¢ by @, (cg w), including the two wall cells, and identify
the right wall’s Dyo-successor with the left wall. A wall ignores the neighbor on its exterior side, so
this is a valid space—time torus. Identify every physical vertex class with a copy of this torus, choose
the logical perfect matchings so that each relation path induces its prescribed logical map, and choose
arbitrary perfect matchings for the copy relations on the balancing layer and the bridge relations.

Every label path now begins and ends at the same cell, which verifies (Q1); the two coordinate translations
commute, which verifies (Q2); and the definition of row ¢ + 1 verifies every transition test in (Q3). Since
every directed bipartite graph D, is a perfect matching, all binary matching-conflict obstructions are
avoided. To check (Q4), note that the read-only track is always S$pad - - pad and that the horizontal
seam is R — L. In the displayed phase rows, every Start is followed by Init, while every Init is
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followed by Init or R. Thus (Q4) holds throughout the boot, simulation, and reset sweeps. The identity
Y, (cp,w) = cg,w verifies the vertical seam.

On each rail, let a; € V,, be the anchor sent to the copy of cell 1 at time 0, and put the single M-tuple
(a1,...,a5) into M. The coordinate-overlap obstructions are then avoided, and the row at time zero
satisfies (Q5). All five rails and all physical vertex classes have the same cardinality, proving part (2).

For (3), let @ = (a1,...,a5) € M and suppose that a; lies in a closed relation component. Let L be the
logical relation component of a;. Since the full relation component containing L is closed, every logical
relation prescribed at a vertex of L is present there. In particular, D,, ., sends a; to a cell z € V. Beyond
the legality conditions already imposed, the proof of (3.4) uses only totality of the logical relations, so
the same argument applies within L. Thus Dy, Diime are commuting permutations on its h cell vertices
and every cell is labeled.

mz) = L, label(z) € Yayn(Start), and label(D]_'z) € Zinp(5;)
for 1 < j < {g, as well as label(Dh‘ér ) € Zinp($). We spell out the first-wall argument. By (Q4), the
successor of the Start-labeled cell x has dynamic symbol Init. Thereafter, as long as no right wall has

appeared, each successive cell again has dynamic symbol Init.

The anchored conditions give label(D

A right wall must eventually appear. Otherwise the finite Dy,.-orbit of = returns to x; let ¢t > 0 be its
least period. If ¢ = 1, this is forbidden by (Q5)(d) with ¢ = 1. If ¢ > 2, then Dyoz, .. Dflorlx have

dynamic symbol Init, so the last adjacency is the forbidden pair Init — Start. Let W > 1 be least
such that label(D}” ) = R. Thus the dynamic symbols at D} =z, 1 < j < W, are all Init.

hor¥ hor

e '2 and put $ at Dﬁf)rx In particular,

The anchor conditions put the input word By --- 3¢, at z,. .. ,Deﬁ_
none of those vertices is the first right wall. Moreover, the $ — pad clause of (Q4) forces D ot 0 be

hor

an interior cell with input symbol pad, rather than a wall. Hence W > ¢3 4 2. The pad clause and the
minimality of W now give

Sinp(Bj+1), 0 <7 <{g,
label(D},,x) € { Sinp($), J =13,
Tinp(pad), g <j<W.

All vertices Dhorx z, Dyor, . Dhorx are distinct. Indeed, suppose D} x = };0 zfor —1<i<j<W.
Since Dy is a permutation, Dhor x=xz. Ifj—i<W,putt=j—1i Thecaset=1 contradicts (Q5)(d);
if t > 2, the closing adjacency is again the forbidden pair Init — Start. If j —i = W, then «x carries
both the Start and R colors. The remaining possibility, j —i = W 4+ 1, forces i = —1 and j = W, giving
one vertex both wall colors L and R.

Together with label(D; tz) = L, this proves that the labeled segment from D; !z through D}V z is a
copy of the canonical row cg w, with W interior cells and the first right wall at its right end. The wall
rule isolates this segment from everything outside the two walls.

Let p be the least positive period of z under the permutation Dijme. Then p < h and DI x
. Commutation rules out a twisted return and gives DtlmeDﬂorw = Dfloerlmex = warm for every
integer j. More explicitly, induction on ¢, using both identities in (3.4), shows that the labels on
Dt Dikx, DY a, ... D DY are exactly the row @4, (csw). At either wall, rule (R1) fixes the
wall label mdependently of its neighbors; the update of an adjacent interior cell reads that wall but never a
label beyond it. Hence this induction does not use any cell outside the marked compartment. The equality
for t = p therefore shows that the whole marked compartment returns pointwise and @}, (ca,w) = cg,w .
The W + 2 vertices listed above are distinct cell vertices, so W 4 2 < h. This proves the quantitative
assertion in part (3). If U(8) does not halt, the reset lemma rules out a closed coordinate; hence every

coordinate of every M-tuple is grounded. |

4 The weighted five-rail estimate

For each finite legal realization of (¢, M) for 3, we define a homogeneous polynomial of degree five in
its vertex weights and maximize it over probability weightings. The construction is calibrated so that
incomplete computation records cannot exceed a fixed input-independent baseline, whereas a complete
periodic record yields a strict improvement. Thus nonhalting corresponds to equality with the baseline,
while halting corresponds to a strictly larger optimum.
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We first define this polynomial. Recall from Section 3 the type set T and its rail vertex sets 7;. By
Fact 3.3, the multidigraph 5 = Uie[5] A, is fixed, loopless, and d-regular. Here and below, a sum over
e € J¢ runs over its indexed directed edges, so parallel edges are counted separately. The label edge
(B=,B*) is counted once, and all edges on the balancing layer and all bridge edges are included.

Fix a finite legal realization % of (7, M) for 3, and let x = (2,)yev(:) be a nonnegative weight vector.
For each i € [5], the classes Vg, s € T;, partition the vertices on rail i. Define the total weight of that rail

by
“Y Y as Y

SET; vEVg v on rail 7

For an edge e € 7 with ordered endpoint types s, T, continue to write D, for its interpreting matching
in %; for the label edge, D, means the underlying relation Dy- z+. Put

& = Z (Met(De; ) 4 €2(Vs) + ea(Vir)) +d Z e1(Vs)er (V).

S {s.re(y)

For every ordered pair (i,j) € [5]% with i # j, define the filler factor P;; by

P” = H Ph-

helB\{i.5}

The complete unscaled weighted tableau polynomial is

= Y P&+ ha(M;z). (4.1)
,j€[5]
i#j

The factor P;; supplies the total weights of the three rails other than ¢ and j, while A\joi(M; ) is the
contribution of the partial five-matching. Although the coefficients in (4.1) are independent of /3, the
domain of legal realizations depends on § through the tests in (Q5).

Define the supremal semantic value by

x is a probability weighting on V(R)

. R is a finite legal realization of (J#, M) for g,
O} =sup{ (R, x): .

Define the baseline constant zo := 2d/625. It is an integer because 625 divides d, and it is independent of
8 because d was fixed before the input.

The main result of this section is the following exact dichotomy.

Theorem 4.1. For every input 3, every finite legal realization R of (5, M) for 8, and every nonnegative
weight vector x of total weight p such that every coordinate of every tuple of M lies in a grounded
component of its rail, one has ®5(R,x) < 29p®. Moreover, the supremal semantic value satisfies the
following two conclusions.

(i) U(B) does not halt if and only if D% = 2o = 2d/625.
(ii) U(B) halts if and only if ®% > 2.

To prove the homogeneous estimate, we first decompose the contribution from each rail into a balanced
term and a defect term. We then bound the five-matching contribution in terms of these defects and
optimize over the five total rail weights. All weights below are nonnegative.

We begin with the contribution of a single partial matching. Let X and Y be disjoint finite vertex classes,
and fix a nonnegative weight vector * = (z,)yexuy. For a partial matching D C X x Y, define its

matching defect by
Def(D) = Z x2 + Z z2 + Z — 1,)?
u€X\dom D veY \im D uveD

Equivalently, attach a private zero-weight leaf to every vertex in X \ dom D and Y \im D. Then Def(D) is
the sum of the squared weight differences along the matched pairs and these boundary edges. The leaves
are used only in this estimate and are not part of the typed matching system. In Figure 9, the operation
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Ai @

Figure 9: A one-vertex-per-type realization patterned on Figure 4, after deleting two relation instances,
one in each layer. Each black point carrying a type label s represents an actual vertex of Vy. The
omitted upper instance belongs to D, for e = (c;,E; ), while the omitted lower instance belongs to D, for
e’ = (N7, Nf). Their four exposed endpoints are joined by black edges to distinct formal leaves of weight

zero, shown as smaller solid red circles. Each added edge at a vertex w contributes (z,, — 0)? = 22. The
type edges e and e’ remain present in #7; only the two displayed relation instances are missing.

is superimposed on a one-vertex-per-type realization patterned on Figure 4: one realized relation edge in
each layer is deleted and the resulting formal leaves are added.

Thus no vertex is added to, and no edge is deleted from, the type multidigraph in Figure 4. In Figure 9,
one instance of each of D, and D, is deleted, and these two choices are independent. Their four endpoints
are unmatched in the corresponding relations, so each receives a private formal leaf. If an actual vertex is
unmatched for several incident type edges, it receives one distinct leaf for each pair (v, e).

al

For the label edge on rail 7, use the relations DL ot and Dy- o+ defined above. In a legal realization the

7

color relations are pairwise disjoint, and the defect uses Dy~ g+. Thus A1 (Dy— g+52) = >, )\rel(D‘[;,] o x),
while the two es terms and the matching defect occur only once for the label edge. Expanding quﬁares
gives

Aret(Ds ) + ea(X) + ea(Y) = + (e3(X)?2 + e (V)?) — %Def(D).

N =

For each rail ¢ € [5], define its total defect by

1
Def; = 3 Z Def(D,).
e€ I

Every type has degree d in 4, with the label edge counted once. Summing the preceding identity

therefore gives
d
> Ma(Des) +ea(Ve) +ea(Ve)) = 5 D e1(Ve)* — Defi.

ec I seT;
e:s—T

Adding the complete cross terms in the definition of £ now completes the square and gives the defect
decomposition

2
d d ,
&= 3 ( E 61(V5)> — Def; = 5P~ Def; .

seT;

Fix a rail . The subgraph of the auxiliary multigraph induced by J seT; Vs has one edge labeled e for
every (u,v) € D, with e € 7. If the same ordered vertex pair belongs to both D, and D, for two
parallel edges e, e’ of 7, both labeled edges are retained and counted in the energy. For a relation
component C' on rail ¢, let 9C be the set of pairs (v, e) such that v € C, the edge e € S is incident with
the type of v, and no edge of D. contains v. For the estimates below, attach to v a private formal leaf
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Oyp,e of weight zero for every (v,e) € IC. These leaves are not vertices of R and do not alter its relation
components. Define

C = Z Ly and Defc = Z (mu _ :Ev)Q + Z 1‘3

veC e€ I (v,e)edC
u,weC, (u,v)ED,

Here the first sum is over the relation edges, with parallel edges of % counted separately. Then
Def; = % > c Defe, where the sum is over the relation components on rail 7. A relation component is
grounded precisely when 0C # &.

The boundary energy controls the largest vertex weight in a grounded component.

max

Lemma 4.2. If C is a finite grounded relation component, £E*™ = max,ec T, and p > 4, then

9
(1) < e Defc, (4.2)

and

Z xb ,uC "2 Def .
veC

Proof. If %** = 0, both conclusions are immediate. Assume that z&** > 0. Choose a vertex u € C

of weight xma" and a simple path in C from u to a vertex v for which (v,e) € 9C for some edge
e. Append the corresponding private zero-weight leaf 0, ., and write the weights along this path as
ap = @™, a1, ..., as,ar+1 = 0. Set b; = ming<;<; a;. Then by = zE>*, the sequence (b;) is nonincreasing,
and

(41 (41 ¢

Zb <Zal<,uc7 and Z — Z+1 Z a; — Qit1) 2 < Def¢.

i=0 i=0

The first inequality is immediate. For the second, a nonzero drop of the running minimum at step i + 1
means b1 = a;4+1 < b; < a;, so that b; — b; 11 < a; — a;41; otherwise its contribution is zero.

Linearly interpolate b; on the unit intervals. Denote the resulting nonincreasing piecewise-linear function
by b. By change of variables along its decreasing pieces, we have

{+1 G
VIO WOl = [ iy = e

0 0

Moreover, we have

L

{41 £+1
1
/0 be)dt = 5 S (b +bia) < i, and /O V()2 dt =3 (bi — bis1)? < Defc.

=0 =0

< (1) (o) v

D ah < po (g = po(pE )P (2™’
vel

Cauchy—Schwarz now gives

This is (4.2). Finally, we have

9 ,_
< Z/,L% 2Defc.

The first inequality follows from 227! < (z2*)P~! for every v € C. For the second inequality, use (4.2)
together with (zZ*)P~4 < P~ * which follows from x5 < pec and p > 4. |

We now apply the boundary-moment estimate across the five rails. Write p := (p1,...,p5) and p ==
p1+ -+ ps. The estimate below needs every coordinate of an M-tuple to lie in a grounded component;
knowing this for only one coordinate would not permit the fivefold Holder estimate. This is exactly the
coordinatewise conclusion of Lemma 3.5(3) in the nonhalting case.

Lemma 4.3. Assume that every coordinate of every tuple of M lies in a grounded component of its rail.
Then Avel(M; ) < (9/10) 32, P;j Def;.
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Proof. Let G; be the union of the grounded components in rail . Applying Lemma 4.2 with p = 5
component by component gives

9 9
E <= E we Defe < = p3 Def; .
4 2
veG; C

By Holder’s inequality and coordinate-injectivity of M, we have

5 1/5 5 1/5
relMiB <H<Z$g> <3<pr’Def1> .
i=1

i=1 \veG

Fix the 5-cycle o = (12345). For this cycle, each pj, is omitted from exactly two of the five factors P; ,;
and hence occurs in exactly three of them. Therefore []; P; »i) = [, p3, and AM-GM gives

1/5 1/5 1
3
(1;[ Pi Def1> = <1:[ Pi,o(i) Defl> S g zl: Pi,o(i) Defl .

Together with the preceding Holder bound, this proves the stronger bound with the sum over the five
cyclic pairs. Enlarging that sum to all ordered pairs gives the bound in the lemma. |

We finally combine Lemma 4.3 with the rail-defect identity and optimize over the five rail weights.
Equation (4.1) gives

d
= 5 Z PZJpZQ - Z P” Defi +)\rel(M§ 13)
i#£] i)
The remaining dependence on p is controlled by the following elementary inequality.

Lemma 4.4. For a nonnegative vector p = (p1,...,ps) of coordinate sum p, we have
-5 < —p°.
pea(p) = bes(p) < oozp
For p > 0, equality holds if and only if pr = -+ = ps = p/5.

Proof. By homogeneity take p = 1. Fix three variables 21, 22, z3 and replace the remaining two, x,y, by
their average while keeping z+y fixed. If g5 = 2120+ 2123+2223 and g3 = 212223, then e4 = xyga+(z+y)gs
and e; = xyqs. Consequently the part depending on zy has coefficient go — 5g3. Put s = 21 + 29 + 23.
Two applications of AM-GM give s > 3q§/3 and qo = 2129 + 2123 + 2923 > 3q§/3, and therefore sqs > 9q3.
Since s < 1, we obtain go > 9¢g3 > bqs; thus pairwise averaging cannot decrease e, — 5e;. Repeatedly
average a largest and a smallest coordinate. Each step decreases the variance about 1/5 by half the
square of the current range. If the variance did not tend to zero, then the range, and hence the decrease,
would stay bounded away from zero, which is impossible. The resulting vectors therefore converge to the
uniform point. Continuity shows that the maximum occurs there, with value 5(1/5)* — 5(1/5)% = 4/625.
If the three fixed complementary variables contain at least two positive entries, the coefficient of xy is
strictly positive, so averaging unequal x,y strictly increases the expression. A boundary point has either
at most three positive coordinates, when the expression is zero, or exactly four, when it is their product
and is at most 4=* < 4/625. Hence equality is unique. |

Expanding pea(p) gives >, p2Pi; = pes(p) — bes(p). Indeed, the terms in which the extra factor is the
unique variable missing from an e, monomial contribute 5es, and all remaining terms are indexed by an
ordered pair (i, 7).

We can now prove the theorem stated at the beginning of the section.
Proof of Theorem 4.1. We first prove the homogeneous estimate. Fix a finite legal five-rail realization R

and a nonnegative weight vector @ of total weight p, and suppose that every coordinate of every tuple of
M lies in a grounded component of its rail. The defect decomposition and Lemma 4.3 imply

d d 2d
) =5 > Pyp? =Y PijDefi +ha(M;iz) < 5 (pealp) — Bes(p ZPH Def; < @p
i#£j i£] #J
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If U(B) does not halt, Lemma 3.5(3) supplies the grounded-coordinate hypothesis for every legal realization.
For total weight one, the preceding estimate is therefore at most 2d/625. Equality is attained by the
baseline structure in Lemma 3.5(1). Take isomorphic copies on the five rails, give every vertex within a
rail the same positive weight, give each rail total weight 1/5, and put M = @&. Every matching is perfect
between equal-weight copies, so all Def; vanish. The upper bound is then attained when the five rail
weights are equal.

If U(B) halts, use the periodic reset tableau in Lemma 3.5(2), again with isomorphic equal-weight
rails, each of total weight 1/5. All matchings are perfect between equal-weight copies, so Def; = 0
for every i € [5], while the selected tuple of M has strictly positive monomial weight. Therefore
D3(R, z) = 2d/625 + A\ret(M; ) > 2d/625. This proves both implications. [ ]

5 From weighted rails to five-set records

The weighted polynomial constructed in Section 4 is not yet presented as the edge polynomial of a 5-graph.
We encode each degree-five term by a tagged five-set whose tag records the term it represents.

5.1 Five-sets with record tags

Fix the five-rail physical type set 7 and the d-regular rail signature constructed in Section 3. The sets
Ti,...,Ts of types on the five rails are disjoint.

A record tag specifies completely how a five-set is interpreted and counted. Its kind is main, reserve,
correction, or bonus, but the kind alone is not the tag. Except for the bonus tag, a tag also contains
the parameters specified below. Two tags that differ in any parameter are distinct, even if they can be
attached to the same underlying five-set.

To motivate the parameters, consider the encoding of one ordinary relation instance D, (z,y) on rail i.
Choose one of the four indices j € [5] \ {i} as the omitted rail. To extend the two endpoints z,y to a
five-set, use one additional vertex z, from each of the three rails h ¢ {i,j}. We call these three vertices
fillers; they occupy the remaining positions in the five-set but carry no part of the projected relation
instance. The tag records the edge e, the omitted rail j, and the type of each filler. Once these data are
fixed, zj, ranges over every vertex of the recorded type. The tag and the vertex types recover x,y as the
two relation endpoints, while the fillers are ignored by the projection.

For every ordered pair ¢ # j, recall that P;; = Hhe N{inj} Ph We now expand every term of (4.1) into
unit tagged records. There are four kinds.

Main-relation tags. Let ¢ = (x,Y) or (X,v;¢) be an ordinary edge on rail i, including an edge
on the balancing layer or a bridge edge. A main-relation tag records its kind, the edge e, an
omitted rail j # 4, and one filler type z, € Ty, for each h ¢ {i,j}. It is attached to every five-set
{z,y} U{zn: h € 5]\ {i,j}} with (z,y) € D, and z, € V,, for every h € [5] \ {i,j}. The endpoint
roles are determined by the two distinct types x,v. For the label edge e = (B;,B) on rail i, a

al

main-relation tag additionally records a color a € Yca and uses (x,y) € D[, at- Thus there is one

main-relation tag for each color, and the tags for all color relations project to the same underlying
relation while retaining their colors. Accordingly, a main-relation tag has one of the following two
forms:

(main7 e, ], (Zh)h€[5]\{i’j}) for an ordinary relation,

(main7 e,a,’, (Zh)he[5]\{i7j}) for a label relation.

Reserve tags. A reserve tag records its kind, a directed edge e on rail 4, a choice ¢ € {src,tgt} of the
source or target type of e, an omitted rail j # ¢, and one filler type on each rail h ¢ {i,j}. Its
complete form is

(reserve, e, 7, (Zh)he[5]\{i7j}).

The label edge is counted once, without recording a cellular-automaton color. If x is the endpoint
type selected by e, this tag is attached to the five-sets formed from an unordered pair of distinct
vertices of Vy and three vertices of the recorded filler types. There is one reserve tag for each
endpoint of each edge. These records project to nothing.
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Correction tags. A correction tag records its kind, a rail ¢ € [5], a pair {x,v} € ( '), an omitted rail
j # i, one filler type z, € Ty, for each h ¢ {4, j}, and a copy index s € [d]. It is attached to every
five-set {x,y} U{zn: h € [5]\ {i,j}} with z € Vx, y € Vy, and 2, € V;, for every h € [5] \ {4,}.
Its complete form is

(correction, i, {x,v}, 7, (Zh,)he[5]\{i,j}, s).
These records project to nothing.

Bonus tag. The bonus tag is the single symbol bonus, with no additional parameters. It is attached to
the five coordinates of every M-tuple. These coordinates lie on distinct rails, so their types recover
their order from the underlying five-set. The bonus records project to the relation M.

Take the disjoint union of these four tag families, put cias equal to its cardinality, and fix a bijection from
this union to [ctag]. We identify each tag with its image under this bijection. Thus o € [ctag] denotes a
complete tag, not merely one of the four kinds. The set of tags is finite and depends only on the fixed
machine and rail signature, not on the input 8. Every tag prescribes one fixed physical type profile.

A partially typed tagged 5-graph on vertex set V is a tuple X = (V, ¥, (Ra)ae[cmg])a where V(X) =V is
its vertex set, ¥: V' — T is a partial type assignment, and R, C (‘5/) is the ordinary 5-graph carrying tag
a. Membership under different tags is independent, so A € R, N'R, is allowed for o # 7. We call each
pair (o, A) with A € R,, a raw record; it is a tagged five-set before type checking and projection. For a
nonnegative weight vector @ put

Aa(X;2) = A(Ra;x) = Z qu,, and  Aec(X;x) : Z Aa(X; ).

AERL vEA E[Ctag)

Thus Arec is a sum of squarefree degree-five monomials with unit coeflicient for each tagged occurrence
(a, A). If the same underlying five-set occurs with several tags, its monomial is counted once for each tag.
The system is fully typed when domd = V.

In the partially typed system used by the uncolored construction, the projection of a raw record («, A) is
defined as follows.

o If some vertex of A is untyped, or if the type profile of A differs from the profile prescribed by «,
then («, A) projects to nothing.

o If the type profile agrees and « is a main-relation tag, then (o, A) projects to the corresponding
binary-relation instance. For a color-a label pair, the projection retains the color a.

o If & is the bonus tag, then (a, A) projects to the corresponding M-tuple.
e Reserve and correction tags project to nothing, even when their type profiles agree.

The projected matching system of X is the candidate realization on dom ¢ whose vertex class of type
v is 97! (v). For every ordinary edge e of ., its relation D, consists of the ordered pairs obtained by
projecting all correctly typed main records tagged by e. For the label edge on each rail ¢ € [5] and each

a € Yca, the relation D[J 5 consists of the ordered pairs obtained from the correctly typed color-a

main records, and D,- ot is thelr union over a. Its five-ary relation M consists of the tuples obtained by
projecting the correctly typed bonus records. Repeated projections are merged because these are relations
rather than multisets.

A partially typed tagged 5-graph X is record-admissible for the input § if the following two conditions
hold.

(i) Every raw record whose five vertices are typed has the type profile prescribed by its tag.

(ii) The projected matching system is a legal realization of (#, M) for 8 in the sense of Section 3. More
explicitly, every ordinary edge-indexed binary relation is a partial matching; for every i € [5], the
relation DB;,Bj =U a€Sen DE,])B_+ is a partial matching and its color relations are pairwise disjoint;
M is a partial five-matching; and the tableau conditions (Q1)—(Q5) hold.

Equivalently, the second condition says that the projected matching system contains no copy of any
member of ,@phys It depends only on the projected system and therefore does not inspect which filler triple

produced a relation instance or how many raw records produced it. Untyped records project to nothing
and hence affect neither condition. Within this section, “admissible” always means record-admissible.
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We write RecAdmg for this record-admissibility predicate. That is, for a partially typed tagged 5-graph
X, the statement RecAdmg(X) means that X is record-admissible for the input 8. Retain the notation
<I>’[§ from Section 4, and define
X is a finite fully typed tagged 5-graph such that RecAdmg(X)

* o ) - ’
Arec,5 = SUP {)\rec(x’ ) risa weighting on V(X) '

The main result of this section is that the tagged-record encoding preserves the semantic optimum exactly.

Lemma 5.1. For every input 5, we have Aee,s = P5-

We prove the lemma through three auxiliary results.
We begin with the polynomial identity.

For a finite legal realization R of (2, M) for 3, let X, be the fully typed tagged 5-graph consisting of all
main, reserve, correction, and bonus records prescribed by the binary relations, M-tuples, and vertex
classes of . Thus, once fR is fixed, every tagged five-set allowed by one of the four tag definitions is
included; none is selected arbitrarily. We call X9 the saturated tagged-record encoding of R.

Lemma 5.2. Let R be a finite legal realization of (7, M) for B, and let Xo be its saturated tagged-record
encoding. Then, for every nonnegative weight vector &, we have Aec(Xor; ) = Pp(R, ).

Proof. Fix an ordinary edge e on rail ¢ and an index j # i. Summing the corresponding main records
over the filler vertices and then over the filler types gives

/\rel(De;x) H Z Ty :PijArel(de)-

h¢{i,j} v on rail h

[a]

B8
contribution of the underlying label relation. The two reserve families associated with the endpoints of
an edge similarly give P;jes(Vy) and Pjjeq(Vy ). For fixed ¢,j and {x,v} € (72-1), summing the correction
records over all filler profiles and over s € [d] gives dP;je;(Vy)ei(Vy). Summing over all directed edges
of 7% and all unordered pairs of physical types on rail 4, and then over all ordered pairs i # j, gives
Zi# P;;&;. The bonus tag gives Ael(M; ).

For the label edge, the same calculation applies to D for each a € ¥ ca. Summing over a gives the

The two relation endpoints occupy distinct physical types, and the three fillers occupy three other rails.
Thus all five vertices are distinct and their types recover their roles. The same observation recovers the
five coordinates of M. Reserve and correction records project to nothing. Hence every main or bonus
projection is unique. |

For a fully typed tagged 5-graph X, its filler saturation XT is obtained by adding the following records.
For every relation instance already present in the projected matching system, add every compatible main
record, over all ordered pairs (i, j) and all filler triples of the types prescribed by its tag. Also add every
reserve and correction record allowed by the prescribed tag profiles. No bonus record is added, because
each projected M-tuple already determines its unique typed five-set.

Lemma 5.3. Let X be a finite fully typed record-admissible tagged 5-graph. Then its filler saturation X™
has the following properties.

(i) The tagged 5-graph X is fully typed and record-admissible.

(ii) The systems X and X have the same projected matching system.

(iii) For every nonnegative weighting © on V(X), one has Aee(X;2) < Arec(X ;).
Proof. All added records use existing typed vertices and have the profiles prescribed by their tags, so full
typing is preserved. A new main record projects to a relation instance already present in the projected
matching system, and its three filler vertices do not affect that projection. Reserve and correction
records project to nothing. Thus the projected matching system is unchanged, and hence remains

legal; consequently X% is record-admissible. Finally, filler saturation only adds record monomials with
nonnegative coefficients, which proves the last assertion. |
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Thus X% is the saturated tagged-record encoding of the common projected matching system, and its
record value is given by Lemma 5.2. Filler saturation is an evaluation operation, not a record-admissibility
axiom; requiring saturation would destroy heredity under deleting records.

5.2 Recovering the tableau structure

Let @ be a concrete typed local obstruction, and enlarge it by adjoining a finite set F' of new formal
vertices disjoint from V(Q). A relative identification over @, also called a frozen-core identification, is a
type-respecting equivalence relation ~ on V(Q) U F that identifies no two distinct vertices of @, respects
every displayed inequality and type declaration, and identifies no two positions belonging to the same
raw five-set. It may identify new vertices with one another or with an old vertex of the same type.
Its equivalence classes form the distinct vertices of the resulting local obstruction. In particular, every
equivalence class contains at most one vertex of .

Here V(Q) is the frozen core. Its vertices remain distinct, whereas the new vertices in F' may coincide
whenever the preceding conditions allow it. The two expansions below have this form. Replacing a logical
relation by its three-edge relation path adds intermediate vertices, and replacing a physical relation
instance by a raw five-set witness adds filler vertices.

If the vertices of Q are mapped injectively and the new vertices are assigned in a type-respecting way,
with the five positions of each raw record assigned distinct vertices, equality of their images defines a
unique frozen-core identification. Conversely, a copy of the resulting local obstruction recovers such an
assignment. Freezing V(Q) ensures that an inequality already certified in @ cannot disappear during
either expansion.

For example, start with a concrete local obstruction obtained as an admissible type-preserving homomor-
phic image of the commutation violation:

Dhor(xaxE)a Dtime(l'va)a Dtime(any)v Dhor(l'N7Z)7 where Yy 7é z.

First choose an admissible type-preserving homomorphic image of the displayed five-vertex commutation
pattern and regard its vertices as the old names. Expanding the four logical relation instances into
their three-step relation paths introduces two intermediate names for each path. Names of the same
intermediate type may coincide across different paths if the partial-matching constraints allow it, but no
two old names may be identified at this later stage; in particular, the inequality y # z survives. Replacing
the resulting physical relation instances by raw five-set witnesses introduces the filler names. These fillers
may again coincide across different records, or with an old name of the same type, but the five positions
within each record remain distinct. The two successive frozen-core identifications therefore record every
coincidence that may occur in an actual raw system without losing the original commutation violation.

A raw local obstruction is a tuple Q = (V(Q), Vg, Rqg), where V(Q) is a finite vertex set, 9g: V(Q) = T
is a partial physical-type assignment, and Rg C [ciag] X (V%Q)) is a finite set of raw-record requirements. A
requirement of @) is either a type requirement v (w) = v, with w € dom g, or a raw-record requirement
(a, A) € Rg. We say that X contains a copy of @ if there is an injective map f: V(Q) — V(X) such that
Iz (f(w)) = Yg(w) for every w € dom¥g and f(A) € Ra(X) for every (o, A) € Rg. Thus deleting a
vertex, a type assignment, or a raw record cannot create a copy.

When a local obstruction is first written with names that may coincide, we enumerate its admissible type-
preserving homomorphic images, omitting those that identify two positions of one five-set or assign two
types to one name, and use copies of the resulting local obstructions. This is the preceding homomorphic-
image construction with no frozen core. When new names are introduced while expanding an already
concrete local obstruction, we instead use only frozen-core identifications. The kernel observation then
turns every assignment extending a copy of the concrete obstruction into exactly one copy of an obstruction
obtained by a relative identification.

The next lemma expands the tableau tests and gives the certificate bound required by the rooted
construction.

Lemma 5.4. Given (3, one can compute a finite list @gaw of raw local obstructions and an integer bg
with the following properties.

39



(i) A partially typed tagged 5-graph is record-admissible precisely when it contains no copy of any

member of PV

(i) Every Q € ZF satisfies [V (Q)| < bg and |domdg| + [Rq| < bs.
(iil) Every Q € P satisfies dom g = V(Q), and for every w € V(Q) there is some (o, A) € R with

w € A.

(iv) Let X be record-admissible, let v € V(X) \ dom¥x, and fix v € T. Define X' by 9z = 9x U{(v,v)}

and Ro(X') = {A € Ra(X): v ¢ A} for every o € [ciag]. Then X' is record-admissible.

Proof. We construct &5™ in four stages.

(i)

(iii)

Logical cores. We first pass from the schematic tests to concrete logical cores. Let ﬁgog be the
following finite list. For each of the schemas (Q1)—(Q5), enumerate every admissible type-preserving
homomorphic image allowed by its required equalities, inequalities, and types. The resulting objects
are concrete logical obstructions with distinct named positions. This preliminary image step has
no frozen core and records every equality pattern that the logical names may have in an actual
violation.

Physical relation paths. We now carry out the first of two frozen-core expansions. Fix Q € @};g
and declare its vertices old. Expand every logical successor, label, or anchor relation along the fixed
physical relation path from Section 3; the internal vertices of the relation paths are new names, while
each M-tuple is left unchanged. Enumerate all local obstructions obtained by relative identifications
over @, rather than allowing identifications that merge two vertices of Q. Denote the resulting finite
list of concrete physical-relation obstructions by @gath. This is exactly the sublist of the earlier

physical list yghys that arises from (Q1)—(Q5), now with the logical core recorded explicitly. The

matching-conflict members of gzghys are handled separately by the elementary obstructions below.

V(Q)\} Let ag be the maximum of 1 and, over all Q € gzgath, the

number of required physical relation instances and M-tuples in (). A maximum over an empty list is
understood to be zero.

Put vg := max {17 MaX . gpath

Raw witnesses. Each physical binary-relation instance has a finite set of raw witness schemes. To
obtain one, choose its main-relation tag, place its two endpoints in the prescribed positions, and
add three typed filler names on the other rails. A color-a label pair uses the tag carrying color a,
while an M-tuple uses the bonus tag and its five coordinate names.

For the second expansion, fix a concrete @) € f@é’ath and declare all its vertices old. Choose one raw
witness scheme independently for each required physical relation instance or M-tuple; its filler names
are new. Enumerate all local obstructions obtained by relative identifications over @. Distinct
vertices of () remain distinct, whereas filler names may coincide with one another or with a same-type
vertex of @), provided that every raw record still has five distinct vertices. Call the resulting list
,@Eab. It is finite and effective because the relation paths, type set, tag set, and witness schemes are
fixed.

Elementary obstructions. Complete the list by the fixed elementary obstructions which express the
following conditions.

(a) a raw record whose five vertices are all typed but whose type profile is not the one prescribed
by its tag;

(b) two projected records violating the partial-matching property of an edge-indexed binary relation,
including a conflict between two colors on the label edge (whether or not the two colored
endpoint pairs coincide); and

(c) two projected bonus records whose identification kernel on their five coordinates is a nonempty
proper subset of [5].

More explicitly, for every ordinary edge e we use the two concrete cores D.(z,y), Dc(x, z) with y # z,
and D(z,y), De(z,y) with « # z. For the label edge (B, B"), the two required pairs may lie in any
two color relations; if the colors differ, the case in which both endpoints coincide is included as well.
For M, for each @ # I C [5] we include the concrete two-tuple core M(z1, ..., 2zs5) and M(yy,...,ys),
where z; = y; precisely for ¢ € I. Thus all thirty possible nontrivial overlap kernels, not merely the
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generic one-coordinate overlap, are present. The wrong-profile obstructions in part (a) are already
raw local obstructions and require no projection. Each projected elementary core in parts (b) and (c)
is expanded to raw witnesses by the frozen-core rule used to define @gath. In particular, the distinct
targets or sources in a matching conflict can never be collapsed by its filler expansion.

There are finitely many such obstructions because the type and tag sets are fixed. Let (@éaw be their
union with f@gab.

We record the asserted support invariant. In every schematic test (Q1)—(Q5), each logical name lies in a
successor, label, anchor relation, or M-tuple. Expanding a relation path places each old logical name and
each new intermediate name in a physical relation instance, while an M-name remains in its M-tuple.
Replacing a physical relation instance by a raw witness places both endpoint names (or all five M-names)
and every new filler name in a raw-record requirement. All these names receive their physical types.

In a wrong-profile obstruction, the displayed raw record itself contains and supports all five typed names.
In a matching-conflict obstruction for an edge-indexed binary relation or for M, every core name lies
in a projected relation instance or tuple. Expanding each projected requirement by a raw witness
therefore supports every core name, and the added filler names lie in those same witnesses. Finally, these
identifications preserve displayed types and cannot create an isolated equivalence class. Hence every name
in every member of ,@an is typed and raw-record-supported.

We verify exactness in both directions. First suppose that a raw system contains a copy of a member
of @g“b. Projecting the raw witness records in this copy recovers every requirement of its concrete

physical core Q € P20 The frozen-core condition ensures that the restriction to V(Q) is still injective.
Consequently an inequality in the forbidden tableau obstruction cannot have vanished in the raw expansion,
and the projected matching system contains a copy of the corresponding typed local obstruction. For
a wrong-profile elementary obstruction, its displayed raw record directly witnesses a fully typed record
whose type profile is not the one prescribed by its tag, with no projection involved. For a matching
conflict involving an edge-indexed binary relation or M, projecting the chosen raw witnesses recovers the
elementary conflict core, while the frozen-core condition preserves every required distinction among its
old vertices.

Conversely, suppose that the projected matching system violates a tableau test. Stage (ii) supplies a copy
of some @ € @gath. For every required relation instance or tuple in this copy, choose a raw record that
projects to it. The images of the old vertices are distinct, so equality among the chosen intermediate
and filler vertices defines a unique frozen-core identification. Since a raw record is a five-element set, this
identification never merges two positions of one record. The chosen records therefore give a copy of a
member of gzéab,

The same frozen-core argument lifts every matching conflict involving an edge-indexed binary relation or
M in the projected matching system to an elementary raw obstruction; a fully typed record whose type
profile is not the one prescribed by its tag is already such an obstruction. Hence avoidance of @g‘l‘” is
equivalent to record admissibility.

Replacing one physical relation instance introduces at most three new filler names and one raw-record
requirement. After types are displayed, a tableau expansion therefore uses at most vg + 3ag vertices and
at most vg + 4ag requirements. The elementary profile and matching-conflict obstructions use at most
ten vertices and at most twelve requirements. Thus the explicit computable choice

bs = max{12, vz + 4ag} (5.1)

has the required property. Identifying positions can only decrease both quantities.

Finally, let X, v, v, and X’ be as in part (4). If X' were not record-admissible, part (1) would give a
copy of some @ € f@gaw. Deleting records cannot create such a copy, so it must use the new assignment
Y%/ (v) = U. Thus some w € dom V¢ is mapped to v. By part (3), there is an (o, A) € Rg with w € A.
Its image would be a raw record of X’ containing v, contrary to the definition of R, (X’). This proves
part (4). |

By Lemma 5.4, the predicate RecAdmg is equivalent to avoiding the finite raw local-obstruction list

@éﬁw. The tag set and physical type set are fixed; the finite list of marked input tests, and hence the
computable number bg, carries the dependence on §.

41



The following lemma gives the two conversions between record-admissible tagged systems and legal
five-rail realizations that will be used below.

Lemma 5.5. For every input 3, the following statements hold.

(i) The projected matching system of every fully typed RecAdmpg system is a legal realization of (£, M)
for B.

(ii) Conversely, for every finite legal realization R of (€, M) for B and every nonnegative weight vector
x, there is o finite fully typed record-admissible tagged 5-graph Xoy such that Arec(Xoz; ) = P3(R, x).
Any isolated vertices added to make type classes nonempty have weight zero.

Proof. The endpoint types give a unique projection for every main relation instance. The matching-
conflict obstructions make each edge-indexed binary relation functional and injective, so composition
along a relation path gives the required logical partial map. Every forbidden logical obstruction has been
expanded using all raw-witness and identification choices; hence a copy of it would contradict record
admissibility. This proves the first assertion.

Conversely, fix a finite legal five-rail realization R and a nonnegative weight vector x. Let <R be obtained
by adjoining to every empty physical type one isolated vertex, and extend x by giving every such vertex
. . phys . . . e e .
weight zero. Every name in every member of @ﬁ belongs to a required relation instance, so adjoining

these isolated vertices cannot create a copy of a typed local obstruction. Thus R is legal, every vertex
class is nonempty, and ®g(R, z) = Pg(R, x).

Construct a fully typed raw seed Xg as follows. For every ordinary relation instance D.(u,v) of R on

rail 4, choose any j # 4, any filler types z, € T for h ¢ {i,j}, and vertices z, € V;, (), and insert

{u,v,zn: h ¢ {i,j}} with the corresponding main-relation tag. For a color-a label pair Dé,,‘# (u,v), use

al
the tag carrying its given color a. For every M-tuple (uy, ..., us) insert {uy,...,us} with the bonus tag.
The five vertices of each main record are distinct because its two endpoint types are distinct and its fillers
lie on three distinct other rails; the five vertices of each bonus record lie on the five distinct rails and are

likewise distinct.

Every seed record therefore has the type profile prescribed by its tag, and the projected matching system of
Xo is exactly . Hence X, is record-admissible; equivalently, by Lemma 5.4, it avoids ™. In particular,
equality among filler vertices chosen for different relation instances cannot create a new violation.

Let X be the filler saturation of Xy. Parts (1)—(2) of Lemma 5.3 show that X9 remains record-admissible
and has the same projected matching system. It contains all main, reserve, and correction records

prescribed by that system, while all bonus records were already inserted in the seed. Therefore Lemma 5.2
gives Arec(Xm; ) = ®g(R, ) = (R, z). |

The projection and filler-saturation lemmas now give the two required inequalities.

Proof of Lemma 5.1. We prove the two inequalities separately. Let (¥,x) be any finite fully typed
record-admissible system with total weight one, let 98 be its projected matching system, and let X* be its
filler saturation. Part (i) of Lemma 5.5 makes R a legal five-rail realization, and part (3) of Lemma 5.3
gives Aec(X; @) < Apee(XT;x). The saturated system contains every main, reserve, and correction record
prescribed by the relation instances and vertex classes of PR, while it creates no new projected relation
instance. Lemma 5.2 therefore gives Aec(XF;2) = ®5(R, ) < 5. Taking the supremum over (X, x)
proves Ay, 5 < @F.

rec,f —

Conversely, let R be any finite legal realization of (', M) for 8, equipped with a probability weighting
. Part (ii) of Lemma 5.5 produces a fully typed record-admissible tagged 5-graph Xg satisfying
Arec(Xo; @) = @5(R,x). Taking the supremum first over (R, z) gives Aj,. 5 > ®5. This proves the

equality. |

6 From typed records to uncolored hypergraphs
Section 5 replaces the computation by a finite system of typed, tagged five-set records with optimum

@;‘3. These types and record tags are useful for describing the construction, but they are not part of an
ordinary hypergraph. This section removes them by encoding all auxiliary information in the intersection
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of an edge with a fixed set of root vertices. This encoding defines a monotone class Cg of simple uncolored
r-graphs whose class Lagrangian is an explicit function of ®7.

From this point on, N denotes the number of root labels. Set 7y, == 7 —1 and ryec := 7 —5. The encoding
uses IV distinguished root vertices. An edge containing r roots is a background edge, an edge containing
Ttyp Toots declares the type of its one data vertex, and an edge containing r... roots represents a tagged
record on its five data vertices. Distinct perfect matchings from Baranyai decompositions provide disjoint
root supports for the different roles, types, and tags. In particular, two occurrences of the same five-set
with different tags become distinct simple r-edges rather than parallel edges.

The passage to uncolored hypergraphs uses only five properties of the record model. We record them
before beginning the construction.

Put m = |T| and fix a bijection 7 — [m]. Via this bijection, regard the partially typed tagged 5-graphs of
Section 5 as typed cag-record systems. We retain the notation V(X), 9%, Ra(X), Aa(X; ), and Ao (X; ).
The tag indices and the admissibility predicate include the projected relation data and the reserve and
correction records constructed in that section.

Properties (S1) and (S2) allow the uncolored construction to complete and repair type assignments
without losing admissibility. Properties (S3) and (S4) ensure that this passage preserves the weighted
optimum. Property (S5) then transfers the halting versus nonhalting distinction to that optimum.

(S1) Finite local obstructions. For each machine input S there is an effective admissibility predicate
RecAdmg on finite typed record systems that depends only on their isomorphism types. Failure is
witnessed by a copy of one of finitely many raw local obstructions. There is an effectively computable
bound bg for both the number of vertices and the number of requirements in any such obstruction.
Deleting records, or deleting data vertices and restricting their types, cannot create a failure.

(S2) Typing isolated vertices. If v is untyped and every raw record containing v is deleted, then one
may give v an arbitrary type without destroying admissibility.

(S3) Weighted upper bound. One has A\ (¥;x) < @;pf’ for every fully typed admissible system X
and every nonnegative weight vector of total weight p.

(S4) Approximation from below. For every ¢ > 0 there is a finite fully typed admissible system X
and a probability weighting @ for which Arec(X; ) > @f — €.

(S5) Fixed baseline dichotomy. The signature (m, ciag) is independent of 3, and there is a fixed
integer 29 > 0 such that U(3)1 exactly when ®} = 2o, and U(8){ exactly when ®% > z.

The record systems constructed in Section 5 satisfy (S1)-(S5). More precisely, their fixed parameters
are m = 80, Ctag, and zyp = 2d/625 € Z, where 625 divides the regular degree d. These parameters are
independent of 8. Parts (1) and (2) of Lemma 5.4 give (S1), and part (4) gives (S2). Homogeneity gives
the factor p® in (S3), while the definition of Arec.p gives (S4). Finally, Lemma 5.1 identifies this record
optimum with ®%, and Theorem 4.1 gives (S5).

For a nonnegative vector x of total weight p, we shall use the elementary record bounds

5 5
P> p

6.1 Root gadgets from Baranyai decompositions

For a finite set V', a perfect matching in an h-graph on V is a set of pairwise disjoint edges whose union
is V. We use the following form of Baranyai’s factorization theorem.

Theorem 6.1 ([4]). If h and N are positive integers with h | N, then the complete h-graph ([]}\L]]) can be
partitioned into perfect matchings.

For fixed h and N, such a factorization can be found by finite exhaustive search. Thus every factorization
and every selected matching below can be constructed effectively once the parameters have been fixed.

Fix r > 8. Let fyyp, N > 1 and npele > 0 be integers, with NV divisible by 7, 7¢yp, Trec, Whose calibrated
values will be fixed in the next subsection. Assume that the Baranyai decompositions below contain the
requested numbers of perfect matchings. Lemma 6.9 will choose these parameters effectively and then
freeze the selected matchings. For each h € {r, r4yp, ec}, fix a Baranyai decomposition B, of ([]}\L]]) into
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1

1) members, and distinct members of the same 9; have

. N—
perfect matchings. Thus B, has exactly ( e
disjoint edge sets.

Each edge of a selected perfect matching is used as a possible root support. Since every P € B, consists
of N/h edges, at the uniform root weighting @ = (s/N)1 we have A(P;u) = (N/h)(s/N)" = sh/(hNh~1).
Thus all selected matchings of uniformity h make the same contribution at the uniform root weighting.
This symmetry is the reason for choosing the root supports from Baranyai factorizations. We select the
following distinct members of the corresponding fixed decompositions.

(i) The matchings Hi, ..., Hn,,,. are selected from B,.

(ii) For every i € [m] and j € [fyp)], the matching P;*P° is selected from B

Ttyp

(ili) For every tag o € [ctag], the matching S, is selected from B

Trec*

The successive record and root-support encodings are shown in Figure 10. The picture uses one main-
relation record; reserve, correction, and bonus records use the same tagged-five-set interface before the
root supports are added.

(a) Relation instance and fillers (b) Tagged five-set (c) Simple uncolored r-edges

rail ¢ @L@ tag « = (main, e, j,...) record edge pu(B) U A
rail @ ® © Q000 OO

tag a B e Sa r — 5 roots in B
©, — —

rail ho

ilhy @ ® g5 ® OO
rail j omitted rail A={zy,2,2, 2} /,L(B/) U {v}
B € Pﬁy(}’ev

declares that

v has type s

Figure 10: The two encodings that remove the rail relations, types, and tags. (a) A main-relation instance
on rail 7 is completed to a five-set by one filler on each of three other rails; rail j is omitted. The fillers
carry no projected relation data. (b) The complete tag a records the relation edge, the omitted rail, and
the filler types. (c) A support B € S, of size r — 5 turns the tagged five-set into the simple uncolored
r-edge pu(B) U A. Likewise, a selected (r — 1)-support B" € PPP° makes the edge u(B’) U {v} declare the
type s of one data vertex.

6.2 The uncolored admissible class

Let G be an r-graph and let u be a partial [N]-rooting of G in the sense of Section 2. A vertex outside
im p is a data vertex. The root support of an edge E of G is the set {a € dom p: u(a) € E}.

An edge is permitted if it has one of the following profiles.

Background edges. An edge is a background edge if it has r roots, no data vertices, and its root
support is not an edge of any matching H; with ¢ € [npolc].

Type edges. A type edge has 7y, = 7 — 1 roots and one data vertex.

Record edges. A record edge has r. =7 — 5 roots and five data vertices, and its root support is an
edge of S, for some a € [cyag)-

A type edge with data vertex v is generic if its root support belongs to none of the matchings Pff'jpe; if

its root support is an edge of P;’yjpe, then it declares that v has type i. A record edge with data set A
and root support in S, declares the raw record A € R,,.

If every edge of G is permitted and no data vertex receives two distinct type declarations, define V¢, (v) =4
precisely when a type edge declares that v has type i. Let Xz, be the partially typed tagged 5-graph
whose vertex set is the set of data vertices, whose partial type assignment is ¥ ,, and whose family
Rao(Xa,u) consists of the five-sets declared by record edges with tag a.

The pair (G, ) is admissible if every edge of G is permitted, no data vertex receives two distinct type
declarations, and RecAdmg(¥Xg,,,) holds.
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Define
.- { G is a finite r-graph and there exists a partial [N]-rooting u of G }
B — .

such that (G, ) is admissible (6.2)

At the rooted r-graph level, bundle completion repeats an existing raw-record declaration over its
prescribed root supports. More precisely, once an edge declares a raw a-record A, bundle completion
adds u(B) U A for every edge B € S,. It introduces no new raw record. This operation is distinct from
filler saturation, which adds tagged five-set records before the root supports are introduced.

Note that admissibility allows missing root labels, untyped data vertices, and incomplete record bundles.
Requiring completion would destroy the closure of Cg under taking subgraphs. The following lemma
supplies the missing roots and edges only when the Lagrangian is evaluated, combining bundle completion
with the analogous root-only and type-edge completions. These operations expose the polynomial
represented by the three edge profiles without changing the declared types or raw records.

Let (G, p) be an admissible partially [N]-rooted r-graph. An admissible numerical-completion of (G, 1) is
an admissible totally [N]-rooted r-graph (G, fi) satisfying the following conditions.

(i) The r-graph G contains G as a subgraph, ji extends u, and

V(G)\V(G) = ([N \ dom pz).
Thus the only new vertices are those carrying the previously missing root labels.
(ii) ForAevery Be ([ZX]) that is not an edge of any H; with ¢ € [np1c], the root-only edge fi(B) belongs
to G.
(iii) For every data vertex v of (G, ) and every B € ([ }) that is not an edge of any PP with i € [m]
and j € [fyyp], the generic type edge (B) U {v} belongs to G.

(iv) If a data vertex v is declared to have type 7, then fi(B) U {v} belongs to G for every j € [£iyp] and

every edge B € Ptype If a raw a-record A is declared, then /i(B) U A belongs to G for every edge
B e S,.

(v) The declared record system is unchanged, that is, X i =Xau
Throughout this part, we abbreviate admissible numerical-completion to admissible completion.

If x is a nonnegative weighting on G, its zero extension to an admissible completion agrees with & on
V(@) and assigns weight zero to every vertex of V(G) \ V().

Lemma 6.2. Every admissible partially [N]-rooted r-graph has an admissible completion.

Proof. Let (G, ) be an admissible partially [IV]-rooted r-graph. For every label in [N]\ dom p, add a
distinct new vertex and map the label to it. This defines a total rooting fi. Because the new root vertices
lie in no edge of G, every old edge retains its root support and data set.

Starting from G, add all edges required in parts (ii)—(iv) of the definition. Every added edge is permitted.
The edges in parts (ii) and (iii) create no declaration, while those in part (iv) repeat existing type
or raw-record declarations. Hence X , = Xg,,. In particular, RecAdmg(X ;) holds, so (G, i) is an
admissible completion of (G, p). |

For an admissible completion (G, i) equipped with the zero extension & of a weighting on G, we now
suppress the hats. Let X = Xg,,, be its partially typed record system. Put w := (u1,...,un), Ua = Ty(a),
s = Zivzl Uq, and p =1 —s. We also use ¢ for the restriction of the weighting to the data vertices.
Let 7; be the total weight of the vertices declared to have type i, and put y, = Ao (X;x). For arbitrary

vectors N = (;)icim] Ad Y = (Ya)ae[e.n,]» define the master polynomial
Nhole Leyp Ctag

\IIN(U, P, y) = er(u) + peT‘:yp (’U,) - Z )‘ Ht’ Z pP— Z >\ tpr’ + Z ya Som ’LL (63)
t=1 i=1 =

The Lagrangian value of the completed rooted r-graph is ¥ (u, p,n,y) with the n; and y, just defined.
The first two terms form the complete background. The sum over the matchings #; removes the root-only
edges belonging to those matchings, the double sum over the matchings Pff'jpe penalizes missing type
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declarations, and the final sum rewards the declared records. A typed vertex of type ¢ is joined to every
Tiyp-Set except the selected supports belonging to types other than ¢, while an untyped vertex is joined to
no selected support. Formula (6.3) is consequently valid even before every data vertex is typed. The
one-variable polynomial below is obtained from this exact expression after the root weights have been
balanced and all data vertices have been typed.

6.3 The calibrated polynomial and the main statement

The estimates below will show that, after completing the admissible rooted r-graph, balancing the root
weights, and typing all data vertices, only the total root weight remains to be optimized. We record this
one-variable polynomial here so that the exact output of the compiler can be stated before its technical
proof.

For the calibration, choose lyp > 32¢agTtyp/(37rec) such that also

(m — 1)l > 5ﬂ.

6.4
Ttyp Trec ( )

Call N admissible if it is a positive multiple of lem(r, ryyp, Trec). For an admissible N, put
Mhole = (m — D)leyp(N — Teyp) _ 20(5N — Trec). (6.5)

Ttyp Trec
Because ryp | N, Trec | N, and zp € Z, we have

N — N N — Trec N
Norgy N _yop WNome SN,

Ttyp Ttyp Trec Trec

Thus both terms in (6.5) are integers. The coefficient of N in that formula is positive by (6.4); hence, for
all sufficiently large admissible NV, the number nye is a nonnegative integer and satisfies npole = O(IV).
The effective parameter-selection lemma below chooses such an N and verifies that the three Baranyai
decompositions contain the requested numbers of matchings.

Define

9

N — Dby N M — npoleNV,
Ciyp = _(m=DbywN and  apg = () = ot N/r /r7
rtyp NT

Ttyp
and, for z € R,
z

m(l — 5)55Trcc, where 0 S S S 1. (66)

C
T.(s) == apgs” + ﬁ(l — 5)s"or 4

Set Y% = maxo<s<1 Y:(s). For each fixed s € [0, 1], the coefficient of z in Y,(s) is nonnegative. Thus
T.(s) is nondecreasing in z, and hence the map z — Y% is nondecreasing.

Finally, put

C il d 7=-—20 6.7
r * typ+rrcc, e T Ny (6.7)

Since N is divisible by 7, 7¢yp, Trec, the number Jy is an integer. We also require Jy > 0; this holds for
all sufficiently large admissible IV, since the first term in the definition of Jy has degree r, while every
negative term outside Clyp, has degree at most two and Ciyp, = (va p) — O(N).

Yy

N Nhole N 20N rlJy
JO = — r

The main result of this section is the following exact compiler identity. It includes an effective choice of
all remaining parameters and root-support matchings.

Theorem 6.3. There is an effectively computable integer roum such that, for every r > ryum, the
remaining parameters and root-support matchings can be selected effectively so that A(Cg) = ng for

every input 5.

We prove the theorem in four steps. First, we use the master polynomial ¥y from (6.3) and control
its root-support matching terms. Second, a quantitative Maclaurin estimate localizes the root weights,
after which the perturbation bound makes them equal. Third, we assign types to all remaining data
vertices without decreasing the Lagrangian value. Finally, we calibrate this polynomial at zy and make
all parameter choices effective.

The next elementary estimate is used twice, globally to localize a possible maximizer and locally to make
all root weights equal.
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Lemma 6.4. Let h > 2, let P be a perfect matching in (UZ]), and let u € R]ZVO have coordinate sum s.
Write w = (s/N,...,s/N) and Vo =3, (u; — s/N)%. Then

1
) h = 23
INP;u) — AN(P;a)| < Bs" 2V, where Bj = 2 h—1 L3
2(h—2)h-2 =
If, in addition, u; < 2s/N for every j, then
h—1 (2s\"""
e G I (63)

Proof. For h = 2, the Hessian entries corresponding to two vertices in the same edge of P are 1, so
Taylor’s theorem gives both bounds with By = 1/2. Suppose therefore that & > 3. The gradient of A\(P;-)
at w is constant, and hence its linear term vanishes on the hyperplane jUj =S

The nonzero Hessian entries join two vertices in the same edge of P; each is the product of the other
h — 2 coordinates in that edge. Along the segment from u to u, AM—GM bounds this product by
(s/(h —2))"~2. Thus every absolute Hessian row sum is at most (h — 1)(s/(h — 2))"~2. Taylor’s theorem
and the operator-norm bound by the maximum absolute row sum prove the first bound. Under the
additional coordinate bound, the same argument gives (h — 1)(2s/N)"~2 and proves (6.8). |

6.4 Balancing the root weights and typing the data

The next two steps reduce the optimization to one variable. First, every weighting above the calibrated
baseline is localized near the complete-frame optimum, where averaging makes all root weights equal.
Once the root weights are equal, deleting the records incident with an untyped vertex costs no more than
the type edges gained by assigning it a type. The remaining parameter is the total root weight s.

Put n:=N+1 and z := (uq,...,un,p). Define

_ & 1\?2 1\2
Q. = r and Vz._z<ua_n> +<p_n) )

a=1

Since u = s1/N, we have

n 1\2
z:Vu ~r - — .
V. +N<p n)

We use the following quantitative consequence of Maclaurin’s inequalities; see Hardy, Littlewood, and
Pélya [27, Theorem 52] for the classical form.

Lemma 6.5. For every z € RY with Zj zj = 1, we have

Maclaurin’s inequalities give

r/2 r/2
e (55) )"

Because /2 > 1 and 0 < nV/(n — 1) < 1, the last factor is at most 1 —nV/(n — 1) <1 — V. This proves
the claim. |
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The identity e,(u) + pe,,,  (u) = e.(z) and the nonnegativity of ;"¢ A(H;; w) and of the type penalty,
together with Lemmas 6.4 and 6.5, imply

5 T
Ctagf §ree Trec—2
v < Tn o rn‘/ lgr ree Va
N(uapvnvy) = Qo A, z + 120 (rrCCNTrocl + rec$ u)

We require r to be large enough that
Ctag Briec < 1
120 — 8l (6.9)
For all sufficiently large N, we have «;, > 1/(2r!). Hence (6.9), together with p,s <1 and V,, <V,

gives

CinuBB _ 1 _ 1
taiTO"ecpf)snec QVu < @/ﬁsmec 2Vu < ia“”Vz’
and therefore
3 c
Un(w,p,mY) < — Zar,an + 6NP58T”°> where ey = W (6.10)

We next compare the polynomial at an arbitrary root-weight vector u with its value at the averaged
vector w. This is the local estimate needed to prove uniformization. It is not enough to know where the
polynomial associated with one perfect matching is maximized because a single matching can strongly favor
an unbalanced root vector. The complete frame gives a uniform quadratic gain, while the perturbations
from all selected matchings have vanishing linear term at the uniform vector.

Lemma 6.6. Fizx m, ctag, T, liyp with r > 8, and fiz constants Kuole, Kv > 0. For all sufficiently large N,
the following holds. If nnole < Knole N, p < 2/(N +1), Voy < Ky N27", 0 < n; < p for every i € [m], and
0 < yo < p°/120 for every a € [crag), then Wy (u, p,m,y) > Un(u,p,n,y), with strict inequality unless
u="u.

Proof. Since s =1—pand p < 2/(N + 1), we have s > 1/2 for large N. Moreover, for every a € [N], we

have
ta = | < VW £ VEY N2 = o(N Y,

where the last estimate uses r > 4. Since s > 1/2, this proves that s/(2N) < u, < 2s/N for every a € [N]
and all sufficiently large N. Repeatedly average two root coordinates. If a,b are averaged, the gain in e,
is

Ug — U 2
%67«72([1\” \{a,b}; ).

Every averaging step preserves the interval s/(2N) < u, < 2s/N. For sufficiently large N, we have

er—2([N]\ {a,b};u) = (JX—_;) (%)T_Z = 2’“—18(;2—2)'

For example, repeatedly average coordinates of largest and smallest weight. If w’ is obtained from u by
replacing u,,up by their average, then the total weight is unchanged and the exact variance identity is

(ua — ub)2 '

Vi — Vo = 5

If the variance did not tend to zero, then the range, and hence the decrease in this display, would stay
bounded away from zero. Thus the sequence converges to u, and the variance decrements telescope to
Va. Summing the preceding gain along this sequence gives

ST72

ler(u) + Plriyy ()] — [e(u) + PCriyy (u)] > mvu;

we used only the e, gain, since e, also increases under averaging.

Every Lagrangian polynomial A(P;-) associated with a perfect matching has constant gradient at w.
Applying the local estimate (6.8), the total absolute perturbation caused by the H;-terms is at most

r—1 2s 2 3—r\ r—2
nholeT N Vu = Or Kpore (N°7")s" " Va.
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The type term has m/fy;, selected matchings, each with coefficient at most p < 2/n. Also, Ao (X;x) <
p°/120 = O(N—°) and ryec —2 = r — 7. The type and record perturbations are therefore bounded,
respectively, by O»,,L7gtyp77-(N2_r)Sr_2Vu and Ocmg,,.(NQ_r)sT_QVu. Here the root-domain bound s > 1/2
absorbs the missing fixed powers of s into the constants.

If V, > 0, divide the background, type, and record error bounds by the complete-frame gain above.
Their three ratios are, respectively, Oy k0. (N*7"), Om.e,,,.r(N?77), and O,,, »(N?7"), and hence tend
to zero. For large N their sum is less than half the complete-frame gain. If V,, = 0, then u© = u already.
This proves the asserted inequality and its strict form. The type and record perturbation estimates use
only 0 < p—n; < pand 0 <y, < p°/120, so the same argument proves the asserted coefficient-bound
extension. |

We next type the remaining data vertices. This typing repair comes after root balancing because its loss
estimate uses the uniform value associated with every selected root matching.

Lemma 6.7. Assume u =u, p < 2/n, s > 1/2, and lyyp > 32¢tagTtyp/(31rec). Then all data vertices
can be typed without decreasing the Lagrangian value.

Proof. Let v be untyped and have weight x,. Delete every raw record containing v, including all copies
in its root bundle. If z, = 0, this deletion and the subsequent assignment of an arbitrary type do
not change the Lagrangian value, so suppose z, > 0. For each tag, the sum of the remaining fourfold
data monomials is at most es(x) < p?/24. Since A(Sy; @) = 57 /(rree N~ 1), the loss is at most
CtagTo ptsTree /(2470 N ree 1),

Give v an arbitrary type and add its fyp, type bundles. The type assignment is admissible by (S2), and
the gain is liyp@,s"% /(1eyp NTwe 1),

The ratio of this gain to the loss bound is at least

4
24Trec£typ ( S ) > 3rrec£typ >1

Ctagrtyp Np 320tagrtyp -

because s > 1/2 and Np < 2. Hence the gain is at least the actual loss. Repeating the typing repair
types every data vertex. Records deleted at an earlier step are not charged again. ]

After this repair, > ., (p — n;) = (m — 1)p. Before repair the left side exceeds (m — 1)p by exactly the
total weight of the untyped vertices. This additional term explains why typing is completed before the
one-variable evaluation.

6.5 Calibration and effective parameter choice

At uniform root weights and after typing the data vertices, every selected perfect matching has the
Lagrangian value used in the definition of T,. We now prove the calibration and effectivity assertions
needed to finish Theorem 6.3.

We first verify that the definition of Jy calibrates the nonhalting value 2y at the balanced point sg =
N/(N +1).
Lemma 6.8. For all sufficiently large admissible N, the following statements hold.

(i) The unique mazimizer of Y., is so := N/(N +1).

(ii) The calibrated optimum satisfies Y5 = Y. (s0) = Jo/(N +1)".
(iii) For every z > zo, we have Y5 > Y} .
(iv) We have 0 < Jy < (N;H) and 7 € QN (0,1).

Proof. Let pg = 1/(N + 1). The unperturbed first two terms

(17\7) r (Tf:/]p)
N7 s NTeyp

by (s) =

(1 —s)s™r
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are exactly e, evaluated at the (N + 1)-vector (s/N,...,s/N,1 —s). Hence by is uniquely maximized at
s0. By (6.5), differentiating the three corrections to by and using so = Npg gives

— D)liyp(N — 5N — 1,
T (50) = ot [ + P V(N =) 20BN )]
rtyp Trec

We verify that stationarity is global and unique. By Lemma 6.5, we have

N+1
Qpn — bN(S) > ar,nT((l - S) - PO)Q-

Write p := 1 — s and define

Jo (m — 1)t 520 N
ON = Qppy — = o) . 11
N =, (N+1)r < Ttyp Trec ) T(N +1)7—1 >0 (6.11)

The equality follows by substituting (6.5) and (6.7), and the strict inequality is (6.4). Since by (so) = Qrp

and Y, (sg) = Jo/(IN + 1), while the background and type corrections to by (s) are nonpositive, the

preceding stability bound gives, for every s € [0,1],
N+1

T2, (5) O (50) < _O‘r,ni(p - PO)2 +0n +

N 0 — pPsree, (6.12)

Z
/]"rechrec

In particular, 6y = O(N27"), and «,.,,(N + 1)/N > 1/(2r!) for all sufficiently large admissible N.

Suppose that Y, (s) > Y,,(so) and p > 2pg. Then |p — po| > p/2. Since r > 8 and 0 < p < 1, for all
sufficiently large N the last term in (6.12) is at most p?/(167!). Moreover, p > 2/(N + 1) and dx = o(p?)
uniformly on this range, so we have

2
0
TZU(S) — TZU(SO) S —W + (SN < 0,
a contradiction. Hence every global maximizer satisfies p < 2pg. On this range the record term in (6.12)
is O(N'=7); the same inequality then shows that there is a constant K > 0, independent of N, such that
every global maximizer belongs to

Iy = {56 [0,1]: |(1 —s) — pol SKNPT/Q}.

Oun Iy, b%(s) is bounded above by a negative constant depending only on r. To see this explicitly, bx
converges uniformly on [3/4,1] to the second derivative of s"/r! 4+ (1 — s)s"~1/(r — 1)!, whose value at
s=1is =1/(r —2)! <0, and Iy shrinks to s = 1. The second derivatives of the background and type
corrections are O(N?~"), while that of the record correction is O(N3~") on Iy. Consequently T (s) <0
throughout Iy for large N. Since T, (s0) = 0, so is the unique global maximizer.

Substitution of sg = N/(N + 1) into (6.6) gives the asserted calibrated identity; integrality follows from
T, Ttyp, Trec | IN. If 2 > 2g, then, because 0 < sp < 1, we have

T: >7T.(s0) > T (80) = 17,
Positivity of Jy is one of the largeness conditions imposed when N is selected. Equation (6.11) gives
Jo < (N:'I). Hence 7, > 0, while 7, < T!(N;f'l)/(N +1)" < 1. [ |
The proof of Lemma 6.8 establishes the required estimates for all sufficiently large uniformities and root
frames. To make the compiler effective, however, we need a terminating procedure that chooses rnum, 4typ,
N, and the required perfect matchings without using the input S or the unknown value (I)E- The next
lemma provides this procedure and records the two uniform conclusions needed later, namely localization
above the baseline and nondecrease when the root weights are averaged.

Lemma 6.9. There is an effectively computable integer roum > 16 such that, for every r > Tnum,

parameters Ly, N and the required systems of perfect matchings can be selected. For the selected N and
Ctag

systems of perfect matchings, set n = N + 1. For u € Rgo, p=>0,n€RY,, andy € RJ§®, use the
master polynomial Uy (u, p,n,y) from (6.3) and write s =Y, uq. The following statements hold.
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(i) The selection is effective. First compute lyyp from m, ceag, 20,7, then compute N from these quantities
and liyp,, and finally construct the required systems of perfect matchings.

(ii) Whenever Y ua+p=1, > ;m < p, 0 < yo < p°/120 for every a € [crag), and Yy (u,p,n,y) >
Jo/n", we have p < 2/n and s > 1/2.

(iii) Under the hypotheses in the preceding item, we have
\I’N(ﬁ7p7n7y) > ‘I’N(U7P7777y)a where  u = (S/N)17 (613)

with equality only when u = w.

Proof. For r > 8, put a, := r!B,_5. Stirling’s estimate gives a, ~ ( 2me”/2)r1/2¢=" — 0. This
convergence can be turned into an effective bound valid for every sufficiently large r. For r > 16, set
t =r — 6 > 10. The definition of By, gives

-1
Ayr41 8 7 1 t
=(1+24+=2)(1=-2) .

Using log(1 + z) < z and log(1 — ) < —z, we obtain

. 9 7
log&§—1+g+?<0.

ar
Thus (ar)r>16 is strictly decreasing. Enumerate r = 16, 17,... until (6.9) holds, and let rn,m be the first
accepted value. The tested inequality is rational, the search terminates because a,, — 0, and monotonicity
shows that (6.9) holds for every r > ryum.

Now fix an arbitrary r» > rhum. Having set ryyp, = r — 1 and 7ec = 7 — 5, choose an integer iy, >
32¢tagTtyp/ (31rec) satistying (6.4).

The asymptotic estimates in the proof of Lemma 6.8 show that every sufficiently large admissible IV
works, but they do not provide an explicit lower bound on N. To obtain a computable choice, enumerate
the positive multiples N of lem(r, Ttyp, Trec). For each candidate, compute nyo1 and Jy from (6.5) and
(6.7), and discard it unless npole > 0, Jo > 0, Nhole < (J;[__ll), Mlyyp < ( N-1 ), and ceag < (N_1 )

= Ttyp—1 Trec—1
For every remaining candidate, find, by exhaustive search, a complete Baranyai decomposition 98}, for
each h € {r,7yyp, Mec}, and select the required numbers of distinct perfect matchings from the three

decompositions. A candidate is a finite partition of ([]}\Z]); checking that every part consists of disjoint
h-sets covering [IN] and that every h-set occurs exactly once is a finite decidable test. Baranyai’s theorem
guarantees that this exhaustive search succeeds. Since the first matching-count inequality is strict, at
least one member of B, is not among H,...,Hn, .. Every edge of that member is therefore a permitted
root-only edge.

For each surviving candidate, perform two exact tests. The first is

vt € [0,1] t;&NLH — Y. () < T, (NN+1> (6.14)

Writing s = ) u, and u = (s/N)1, let Ay denote the conjunction
UER]ZV[M pgRZOa T’G]ernw yGRggga SJFP:L angpa
i

0 <y, <p°/120 for every a € [crag], and Un(u,p,m,y) > Jo/n".

The second test is the universal closure of
AN = p<2/n and s>1/2,
Ay = Un(a,p,n,y) = Un(u,p,n,9y),
Av A Un(a,p,my) = Un(u,p,m,y) = Y (ta —s/N)> = 0.

a

For fixed N, the polynomials associated with the selected perfect matchings are explicit finite polynomials
with rational coefficients. After clearing positive integer denominators, both tests are first-order sentences
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over the ordered field of the reals; for example, t # N/(N +1) can be written as (nt — N)? > 0. Tarski [69]
proved that such sentences are decidable, and Basu, Pollack, and Roy [6] give an algorithmic treatment.
Hence one can determine whether both tests hold.

The search terminates. Indeed, Lemma 6.8 proves (6.14) for every sufficiently large admissible N. The
derivation of (6.10) uses only > ;"9 A(H¢;u) >0, p—n; > 0, and 0 < y, < p°/120, so it applies uniformly
to all m, y satisfying the hypotheses in part (2). It gives the required localization as follows. Recall from
(6.11) that oy = ., — Jo/n" = O(N27"). If Uy (u, p,m,y) > Jo/n", then
3 5.7

iar’an <IN Fenp’sree. (6.15)
Suppose that p > 2/n. Then V, > (p—1/n)? > p?/4, whereas 6 /p? = O(N*~") and exp®/p? = O(NS~").
Since 7 > 8 and «;.,, is bounded away from zero, this contradicts (6.15) for all sufficiently large N. Hence
p<2/n.

It follows that the last term in (6.15) is O(N'~") and hence V, = O(N2~"). In particular, V,, = O(N?~")
and s =1 — p > 1/2. The implicit constants depend only on (m, ¢iag, 20, 7, fiyp). Moreover, n; > 0 and
> mi < pimply 0 < n; < p. The coefficient-bound extension in Lemma 6.6 therefore applies uniformly
throughout this domain and proves (6.13), including its strict form.

Finally, npole = O(N), the three Baranyai decompositions contain arbitrarily many perfect matchings,
and Jy > 0 eventually. Thus every candidate test holds for all sufficiently large divisible N. The first
accepted candidate supplies N, the three decompositions, and all selected perfect matchings. Every datum
used by the search depends only on (m, ctag, 20,7, ltyp), never on 3 or on the unknown value <I>:g,. |

For reference, Table 3 separates the finite data fixed once and for all from the choices made after the
uniformity and the input word are supplied. In particular, the real-closed-field tests select root-frame
data before [ is known; they do not query or approximate the weighted optimum ®7.

Fix an arbitrary r > rum and the first accepted remaining parameters and systems of perfect matchings
for this r. For the proof, specialize the class Cs in (6.2) to these choices. We suppress its dependence on
r; all choices are independent of 5.

We now prove the theorem stated near the beginning of the section. The upper bound completes an
admissibly rooted r-graph, balances its root weights, types its data vertices, and then applies (S3). The
reverse bound uses (S4) to realize record values approaching 7.

Proof of Theorem 6.3. We prove the upper bound. Fix G € Cg and an arbitrary probability weighting x
of G. Choose an admissible partial rooting p witnessing that G € Cg, and apply Lemma 6.2 to (G, ). Let
(G, 1) be the resulting admissible completion and let @ be the zero extension of . Put Valeomp = A(G; &).
Since completion only adds edges and assigns weight zero to its new vertices, Valgomp > A(G; ). For the
remainder of the upper-bound proof, suppress the hats, and let X = X,,, be the record system declared
by the completed rooted r-graph. If Valcomp < 17, the desired bound follows because ®% > zy and the
map z — T7 is nondecreasing. Suppose instead that Valecomp > T3, = Jo /n’.

Let n; be the total type-i weight, and put y, = Ao (X;x). Distinct types have disjoint vertex sets, so
>imi < p, and (6.1) gives 0 < y, < p°/120. Parts (2)-(3) of Lemma 6.9 therefore apply to the root
weights u, the total data weight p, the type weights 7, and the record values y. They give p < 2/n and
s > 1/2, and make the root weights uniform without decreasing the Lagrangian value.

Lemma 6.7 now makes every data vertex typed, again without decreasing the Lagrangian value. By (S3),
the identity ) .(p — 7)) = (m — 1)p, and the uniform values associated with the perfect matchings, the
resulting Lagrangian value is at most T%(s) < TE’E' This proves the upper bound for every G € Cg and

every probability weighting on G.

For the reverse inequality, fix s € [0,1] and 0 < & < 5. By (S4), take a finite fully typed record system
satisfying RecAdmg with probability weights and record value exceeding @} — . Scale its weights by
1—s, add a total root frame with every root weight s/, and include all completion edges. The resulting
uncolored r-graph belongs to Cg, and its displayed probability weighting has Lagrangian value at least
T%,E(s). Letting € | 0 and then maximizing over s proves A(Cg) > ng. |
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Object Depends on Effective construction or status

U, d, T, Fixed universal machine Finite normalization, relation-path and d-regular

M, Ctag, 20 and construction rail construction, and record-tag enumeration.
Fixed once and independent of both r and .

Toum Fixed data Search the explicit rational inequality (6.9);

Ttyp =T — 1, Tree =7 — 5,
and ftyp

N, nhole, Jo and the
selected
Baranyai matchings

T =rlJo/(N 4+ 1)"

K*,T

P, bg, Ag,
Fr8

@5

Fixed data and the chosen
7 2 Thum

Fixed data, r, and £y

The preceding r-dependent
data

The preceding r-dependent
data

[ and the already fixed
r-dependent data

B

monotonicity supplies a certified bound valid for
every larger 7.

The first two are explicit. Choose the first integer
Leyp satisfying the finitely many displayed rational
inequalities.

Enumerate admissible divisible N. For each
candidate, find the finite Baranyai decompositions
by exhaustive search and decide the two polynomial
certificates by quantifier elimination over real closed
fields.

An exactly computable rational; it is independent of
5.

Complete the fixed empty-mark baseline record
system and apply the finite rooted compiler to
obtain a preliminary template. Compute its fixed
positive rational optimal weighting and take the
corresponding integer blowup in canonical edge-list
form. This construction is effective from r and
independent of 3.

Finite local-obstruction expansion, bounded-root
elimination, and enumeration of pair-covering
extensions. These are the input-dependent outputs.
Weighted supremum used to prove correctness. It is
not an input to any parameter search, and no
algorithm for computing it is assumed.

Table 3: Dependencies and effective choices in the direct construction.

By Theorem 4.1 and Lemma 6.8, the exact identity implies that A(Cg) = 7./r! when U does not halt on
B, and A(Cg) > 7,-/r! when U halts on .

7 From rooted classes to Turan density

The construction in Section 6 encodes the computation in the class Lagrangian of a monotone class Cg of
uncolored r-graphs. Two tasks remain before this becomes an ordinary Turan problem. Membership in
Cp is defined by the existence of a suitable partial placement of the root labels, and the class Lagrangian
is not yet the Turdn density of an explicitly given finite forbidden family.

We handle these tasks in two steps. First, every unsuccessful partial rooting has a bounded obstruction
that remains an obstruction until a new root is placed inside it. Since there are only finitely many root
labels, a finite search tree gives a uniform bound on minimal unrooted obstructions. Enumerating all
hypergraphs up to this bound produces a finite family Az with Cg = Forb(Ag).

Second, following Mubayi’s extension method [52], we replace each member of Ag by all of its bounded
pair-covering extensions. Pair covering prevents vertices of a forbidden configuration from collapsing into
one vertex class of a blowup. Conversely, the support of a minimum-support optimal weighting covers
pairs. These two facts give an exact identity between the class Lagrangian and the Turdn density of the
resulting finite family.

Accordingly, once Ag has been constructed, put

Frp = |J Ext(J).
JeAp
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The two steps below establish the complete conversion chain

Cg =Forb(Ag), and w(F,5)=A(Cs)= r!ng.

We next verify the bounded-witness hypothesis of Proposition 2.8 for the resulting class.

Lemma 7.1. For a partial [N]-rooting p of an r-graph G, let Admg(G, p) mean that (G, p) is admissible
in the sense of Section 6.2. With the explicit local-obstruction bound bg from (5.1), the predicate Admg
has the wg-bounded-witness property for wg = rmax{2,bg}. It is decidable uniformly in f3.

Proof. Fix an inadmissible partial rooting (G, ). By the definition of admissibility, one of the following
three alternatives occurs.

1) An edge A is not permitted. Take F}, to be the one-edge subgraph with edge A.
N

(2) Two permitted unary edges declare different types for the same data vertex. Take their union for
E,.

(3) The typed record system contains a copy of some @ in the finite list P from Lemma 5.4. For
every type or raw-record requirement in this copy of @, choose one edge of G that supplies it, and
let F}, be the union of the chosen edges. By the support assertion in Lemma 5.4, every vertex of @
is typed and occurs in a raw-record requirement. The chosen edges therefore contain every vertex of
the copy.

In case (3), the obstruction has at most b requirements. The witnesses in cases (1), (2), and (3) use at
most 7, 2r, and rbg vertices, respectively, and hence always at most wg vertices.

We prove persistence. Suppose F,, € H C G and v 2 pu, and no newly used root label is mapped into
V(F,) \ im p. For every witness edge A € F),, each vertex which was rooted under p retains the same
root label under v, and no vertex which was data under p becomes rooted under v. Consequently, A has
the same root support under v as under u, and its data set satisfies

A\imv = A\ im p.

Whether A is permitted and any declaration it makes depend only on its root support, its data set, and
the fixed lists of perfect matchings. Since these data are unchanged, every witness edge has the same
permitted status and declaration under v as under p.

It follows in case (1) that A is still not permitted, and in case (2) that the two conflicting type declarations
remain. In case (3), the support assertion just cited ensures that every vertex of the copy lies in V(F},).
Hence none becomes rooted under v, and the displayed persistence condition preserves every declaration
selected for the copy. The declared record system of (H,v) therefore still contains that copy of Q.
Thus (H,v) is inadmissible. Taking the contrapositive gives precisely the persistent witness condition in
Definition 2.7.

Finally, whether an edge is permitted is decided by the fixed finite lists of perfect matchings, and 3%“’ is
computed by Lemma 5.4. On a finite input there are only finitely many edges and injective maps from
these obstructions, so Admg is decidable uniformly in f. |

Combining Lemma 7.1 with Proposition 2.8 gives an effective forbidden family.

Lemma 7.2. There is an algorithm which, on input B, produces a finite family Ag of r-graphs such that
Cs = Forb(Ag). Every member of Ag has an edge, and Cg contains an r-graph with an edge.

Proof. The class Cg is monotone. Indeed, if H C G and p witnesses G' € Cg, restrict 1 to the root labels
whose image vertices lie in V(H). Every root of a surviving edge also survives, so its root support,
permitted status, and declaration are unchanged. Deleting other edges only deletes declarations, and
avoidance of the raw local-obstruction list #7;* is preserved under taking subgraphs.

Lemma 7.1 and Proposition 2.8, applied with the root-label set [N] and w = wg, now give the asserted
finite obstruction family. Explicitly, every minimal obstruction has a subobstruction on at most Bg :=

wg Z;\[:O(N wg)? vertices. Enumerating all r-graphs through order Bg, checking every partial injective
NJ]-rooting, and retaining those r-graphs with no admissible rooting computes Ag.
g g g g B
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Every edgeless r-graph belongs to Cg: use the empty rooting, for which there are no edges that are not
permitted, declarations, or local obstructions. Hence every r-graph retained in Az has an edge.

It remains to note that the class is not edgeless. The matchings H, ..., Hn,,,. Were selected from the
fixed Baranyai decomposition 2,.. The strict inequality npoe < (121:11) imposed in the proof of Lemma 6.9
leaves a member of B,. unselected. Every edge of that member belongs to none of the selected matchings.
Root one such edge by its r labels and use it as the sole edge. It is a permitted root-only edge, creates no
type or raw-record declaration, and hence is admissible. |

The finite-root elimination in Lemma 7.2 and the pair-covering transfer in Lemma 2.9 now complete the
proof of the main theorem.

Proof of Theorem 1.1. Compute . as in Lemma 6.9, and fix an arbitrary input r > rpum. Select
the remaining parameters for this r by that lemma; they do not depend on . Lemma 6.8 computes
7 € QN (0,1). Given 8, compute the finite obstruction family Ag by Lemma 7.2, and then compute
Fr.p =Usea, Ext(J). The pair-covering transfer in Lemma 2.9 and Theorem 6.3 give 7(F;5) = Ar(Cg) =
T!T&;E, while Theorem 4.1 gives ®% = zp exactly in the nonhalting case and ®} > zo in the halting case.

The calibration satisfies Y5 = Jo/(N +1)", and Lemma 6.8 gives Y3 > Y% for every z > zg. Thus the
two alternatives have the stated values. ]

Part 11
Structural universality

By Theorem 1.1, m(Fg) = Thase When U() does not halt, whereas m(F3) > Thase When it halts. This
part converts these two density alternatives into a classification of the full extremal limit space of a
different finite-family Turdn problem. We first set up the limit-space and stability framework and
describe the combinatorial gadget that will carry the two possible phases. We then isolate the weighted
one-phase/two-phase mechanism, realize this mechanism by a finite ordinary forbidden family, and prove
the required structural and stability properties.

The diagram below summarizes the five stages of the structural construction.

Input
target r > rsir
base k-graph family 7

1. Phase optimization
outer maximizers:

one neutral or two pure-sign

2. Weighted compiler
completed weighted models
fixed statistic Sep,.

5. Limit transfer
weighted optimizer space
equals the ordinary

4. Stability upgrade
symmetrized stability and
vertex extendability

l

3. Ordinary family G,. 3
pair-covering extensions

and star blockers

extremal limit space — degree stability

Figure 11: The structural proof chain for r > rg,. The ordinary forbidden family G, g is computed from
the target uniformity r and the edge list of the base family F3 = Fj g of k-graphs. The value zg = w(F3)
enters only the optimizer analysis and is never queried by the compiler.

8 Structural framework and weighted optimizer spaces

We begin by fixing the limit-space and stability terminology used throughout this part. We use the
homomorphism-density formulation of dense hypergraph limits. For r = 2, Lovasz and Szegedy [48]
constructed graphon limit objects, and Borgs, Chayes, Lovasz, S6s, and Vesztergombi [9, Definition 2.1]
called convergence of all homomorphism densities left convergence. For general r, Elek and Szegedy [14]
developed an ultraproduct construction of hypergraph limits, Austin [1] gave an exchangeability-based
account, and Zhao [75, Section 1.4] gave a regularity-based construction and recorded compactness in the
homomorphism-density topology.
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Fix an integer r > 2. For finite r-graphs F' and G with v(G) > 0, let

hom(F,G)

t(F,G) = FEIGE

A sequence (Gy,) of finite r-graphs with v(G,,) — oo is convergent if t(F, G,,) converges for every finite
r-graph F. Identifying sequences with the same limiting homomorphism densities gives a compact
metrizable space 2J,.. We equip 20, with the homomorphism-density topology, in which W,, — W exactly
when t(F,W,) — t(F,W) for every finite r-graph F. For W € 28,., put dens,.(W) := t(K,ET),W). If
G,, — W, then dens, (W) = lim,, |Gn|/(”((i")).

For a finite family F of r-graphs, its extremal limit space is
EF)={W e, t(F,W) =0 for every F € F and dens, (W) =n(F)}.

This is a nonempty compact set. A sequence (G,,) of F-free r-graphs is asymptotically extremal if
v(Gp) — oo and |Gn\/(”(f")) — 7(F). Conversely, every W € E(F) is the limit of an asymptotically
extremal F-free sequence. Indeed, approximate W by finite r-graphs. The homomorphism density of
every F' € F in these approximants tends to zero, so the hypergraph removal lemma (see Gowers [25] and
Rodl and Schacht [61, Theorem 3]) allows us to remove all copies of the finitely many members of F by
deleting o(n") edges. This does not change the limit.

For two r-graphs on the same vertex set, put edit(G, H) = |GAH|. If €, is a class of n-vertex r-graphs,
write edit(G, €,) := mingee, edit(G, H). A finite family F of r-graphs is edit stable with respect to a
construction class € = (¢&,,) if, for every € > 0, there are 6 > 0 and ng such that every F-free G on n > ng
vertices with |G| > ex(n, F) — dn" satisfies edit(G, €,) < en’.

Following the graph-algebra terminology in Lovasz [47, Chapter 6], a quantum r-graph statistic is a finite
real linear combination of homomorphism densities. Such a statistic defines a continuous function on 23,..
Induced densities are also quantum-graph statistics, by Boolean M&bius inversion.

We now define finite profiles and give precise formulations of the five notions used in Corollary 1.3. We
then introduce the weighted optimizer spaces used in the construction.

A finite r-profile is a pair P = (a, Mp), where a = (a1,. .., a) satisfies a; > 0 and ) ;_,a; =1. In an
n-vertex realization, type i receives a;n + O(1) vertices. The set Mp is a collection of multisets of size r
on the type set [s].

For each n, first take n; = |a;n], and then add one to the coordinates with the largest fractional parts,
breaking ties by type index, until ), n; = n. For every labeled n-element vertex set V, let Bp (V) contain
all r-graphs obtained from ordered partitions V = V; U---UV; with |V;| = n;. An r-set is an edge exactly
when the multiset of the types of its vertices belongs to Mp. We write Bp(n) when the ground set is
clear. Thus all valid labeled type partitions are included, and the construction class does not depend on
a distinguished labeling.

Every sequence B, € Bp(n) has one common homomorphism-density limit, denoted by Wp. Indeed,
for each fixed r-graph F', expand a uniformly random map V(F') — V(B,,) according to the types of its
images. Assignments involving a zero-proportion type have total weight o(1), while, conditional on any
assignment to positive-proportion types, the probability of a collision among the finitely many sampled
vertices is Opp(n~!). On the remaining maps, every edge indicator is determined solely by Mp. Thus
t(F, By,) converges to a quantity depending only on P. Since all ordered partitions with the prescribed
class sizes give isomorphic r-graphs, the limit is independent of all labeling choices.

Fix r > 2 and a continuous quantum r-graph statistic Sep,.. For a finite family F of r-graphs, we define
the following properties of its extremal problem.
(i) It has a unique extremal limit if |E(F)| = 1.
(if) It has a connected extremal space if E(F) is connected as a subspace of 20,.
(iii) It exhibits Sep,.-symmetry breaking if there are W, W_ € £(F) with Sep,.(Wy) > 0 > Sep,(W_).
)

It has a Sep,.-separated two-phase decomposition if, for some n > 0, every W € E(F) satisfies either
Sep,. (W) > n or Sep,. (W) < —n, and both alternatives occur.

(iv

(v) Tt has Erdds—-Simonovits stability if there is one finite r-profile P, with limit We € E(F), such that
every asymptotically extremal F-free sequence satisfies edit (Gn, EBP(U(Gn))) = O(U(Gn)’“).
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We next introduce the weighted models used in the construction. The optimization is first carried out on
finite weighted r-graphs, whereas the structural conclusions concern the limit space 20,. The following
definitions explain how to pass between the two settings.

Fix r > 2. Finite weighted r-graphs form a convenient dense family of representatives in 20,.. A weighted
r-graph is a pair G = (G, ), where G is a finite r-graph and & = (2,),cv (@) is a probability vector. For

a finite r-graph F', define
tFG) = > IT zow I teoercor-
¢: V(F)=V(G) ueV (F) e€F

Here, the sum is over all maps ¢: V(F) — V(G), but the product of indicators is one precisely when ¢ is

a homomorphism. If two vertices of an edge of F' receive the same image, the corresponding indicator is
zero because G has no repeated-vertex edge. For the one-edge r-graph Ky(,r), define

dens, (G) == t(K", G) = r!\(G; z).
When the weighted r-graph is displayed through its two components, we abbreviate
t(F,G,z) =t(F,(G,x)), and dens.(G,z) = dens,.((G,x)).
Thus \.(G) = max, dens,. (G, ), where the maximum is over all probability weightings of G.

The following elementary invariance will be used whenever a weighted vertex is split into clones.

Lemma 8.1. Let (G, x) be a weighted r-graph, and let (G', &) be obtained by cloning v € V(G) into a
clone class C. Suppose that ), = x,, for every u € V(G)\ {v} and that the vertices in C' have nonnegative
weights summing to x,. Then t(F,G',a&’) = t(F,G,x) for every finite r-graph F. The same conclusion
holds for every iterated cloning when weights are split in this way at each step.

Proof. Project every member of C back to v and group the weighted maps ¢: V(F) — V(G') by their
projected map ¢: V(F) — V(G). If an edge of F contains two vertices projected to v, then its image is
not an edge in G; after cloning it is also not an edge, even when the two vertices choose different clones,
because no host edge contains two members of C'. Otherwise each edge uses at most one preimage of v,
so all clone choices have the same edge indicator. Summing their weights replaces every factor z¢ by
(2_yec y)® = x5 Thus the total contribution of every projected map is unchanged. Iteration proves the
final assertion. |

For completeness, every finite weighted r-graph represents a well-defined point of 20,.. Fix G = (G, x),
choose rational probability weightings ) — @, and let D; be a common positive denominator of the
coordinates of 7). Choose integers m; — 00, and form the blowup B; of G whose vertex class over

v € V(G) has size mijJ;gj), omitting a class when this number is zero. Then v(B;) = m;D; — oc.
Grouping homomorphisms to B; by their projection to G gives, for every finite r-graph F,

t(F,B;) = t(F,G,zY)) — t(F,G, z).

Thus (B;) is convergent and represents a point determined by the weighted densities of G, independently

of the rational approximations and multipliers. Taking F = KﬁT) shows that its one-edge density is
dens, (G) = r!A(G; x), with the normalization used above.

Enumerate the finite r-graphs as Fy, Fs, ... and put
dhom(W7 W/) = Z 27i|t(Fia W) - t(Fla W/)|
i>1

The density results of Elek and Szegedy [14] and Zhao [75] show that this metric induces the topology
already fixed on 2U,.. Since the ordinary graphs in any defining sequence, equipped with their uniform
weightings, converge to the same limit, finite weighted r-graphs are dense in 20,.. We use dens, for the
one-edge density of both weighted r-graphs and limit objects.

For a class C of finite r-graphs containing an r-graph with nonempty vertex set, let 23(C) be the closure
of all weighted members (G, z) with G € C. By the definitions of A, and dens,, we have

A, (C) = max {dens,(W): W € 25(C)} = r! sup A\(G),
GeC
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and define the optimizer space

L(C) ={W e W(C): dens, (W) =A,(C)}.
Compactness gives the maximum and shows that £(C) is nonempty and compact whenever C contains an
r-graph with at least one edge.

We will use the following compactness observation several times to pass from a classification of the exact
maximizers to a corresponding statement for near-maximizers.

Lemma 8.2. Let X be a compact metric space, let f: X — R be continuous, and put f* := maxx f and
Xmax = f1(f*). Then, for every e > 0, there is § > 0 such that every x € X satisfying f(x) > f* -6
also satisfies dist(z, Xmax) < €. Consequently, every sequence with f(x,) — [f* has distance tending to
zero from Xax-

Indeed, the compact set {x: dist(z, Xmax) > €} is disjoint from X,ax, so the maximum of f on it is
strictly smaller than f*.

Applied to X = 25(C) and f = dens,, this gives the near-optimal assertions in Theorem 11.1 once the
optimizer set has been classified.

9 The phase gadget and its analytic mechanism

Recall the fixed notation k& = rqum, 3 = Fi, 3, and Tpase = T from the Introduction.
Every member of F3 has no isolated vertices, by the definition of the pair-covering extensions used to
construct Fg. Hence F§ = Fg. Apply the finite homomorphic closure from Lemma 2.4 and set

Ciﬁn = FOI‘b(Q(fﬁ)), and g = Ak(Clﬁn) = W(fﬁ). (91)
Then zg = Tpase in the nonhalting case and zg > Thase in the halting case. The inner class C’iﬁ’ﬂ is blowup
closed; this property is used when data vertices are split in Section 10.

The rooted construction will encode two signed copies of the inner problem and reduce their interaction
to a symmetric three-variable optimization. We first analyze that optimization abstractly in Section 9.1;
its finite rooted realization is constructed in Section 10.

9.1 The abstract phase objective

We now isolate the real-variable optimization underlying the gadget of Section 9. Here u is the total data
weight, a and b are the total weights of the two sign classes, and z is the optimum of the inner Turan
problem.

Fix an integer k > 3, a real number 7 € [0,1), and a nonempty compact interval I C (0,1). Let
Phase, @,7: I — R extend to C? functions on an open interval containing I, with a(u),y(u) > 0 there.
Put

Qr ={(u,a,b):uel, a,b>0, and a+b < u}.

Thus the two sign classes together use at most the total data weight. For z > 7, define ®,: Q; — R by
D (u, a,b) = Ppase (1) + () (z — 7)(a* + b*) — y(u)(a + b)FHL. (9.2)
Since €1 is compact and ®, is continuous, its maximum exists; write

®r = max P,(u,a,b).

(u,a,b)eQr
For z € [r, 1], define
Lk a(u)k+1
J(u) = — (z— )t
W= e S

Lemma 9.1. Suppose that ®pase has a unique mazimizer ug on I. Let U C I be a proper closed interval
that is a relative neighborhood of ug in I, and assume that the following conditions hold.

(A1) There is p > 0 such that @y

base

(u) < —p for every u € U.
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(A2) We have sup,c; 1] Supyes J=(u) < 2 (Prase(u0) — maxp\ing, v Phase) -
(A3) We have sup,c(, 1) Sup,ep |7 (v)| < p/2.
(A4) We have ka(u)(1 —7)/((k + 1)y(u)) < u for every u € U.
Then, for every z € [1,1], the mazimizers of ®, on Qr are as follows.
(i) If z = 7, the unique maximizer is (ug,0,0).
(ii) If z > T, there is a unique u, € int; U, and the maximizers are exactly (u,,t,,0) and (u.,0,t,),

where t, == ka(u,)(z — 7)/((k + 1)y(uz)) > 0.

Proof. Put t = a + b. Strict convexity of z + z* gives a¥ 4+ bF < t*, with equality for ¢t > 0 exactly at
(a,b) = (t,0) or (0,t). For fixed u, the scalar function

Ju2(t) = a(u)(z — T)tk _ ’y(u)tk‘H

is uniquely maximized at t = 0 when z = 7. When z > 7, its unique positive critical point on [0, c0) is
t.(u) = ka(u)(z —7)/((k + 1)y(u)). Thus the maximum over the constrained interval [0, u] is at most
J.(u) for every u € I. If w € U, then condition (A4) makes ¢,(u) feasible, so the constrained maximum
equals J,(u).

We localize the maximizers by comparing @, outside int; U with its value at the neutral point (ug, 0, 0).
If w € I\ int; U, then condition (A2) gives

max ®.(u,a,b) < Ppase(u) + J2(u) < max Ppase +sup J2(v) < Ppase(uo) = P2 (uo, 0,0).
a,b>0 I\int; U vel

a+b<u
Hence every maximizer lies in int; U. On U, conditions (Al) and (A3) give (Ppase + J2)” < —p/2, so
D50 + J, is strictly concave there. If z > 7, it has the unique maximizer u,, and t, = t,(u,); the equality
case of the convexity bound above gives the two sign choices in part (ii). When z = 7, J, = 0, so the
outer maximizer is ug and ¢t = 0. |

The two alternatives in Lemma 9.1 are illustrated schematically below.

(a) Zero gap: z=T71 (b) Positive gap: z > 7

_tz tz

Figure 12: The one-phase/two-phase transition for @, (u, a,b) = ®pase(u) +a(u)(z —7)(a® + %) — y(u)(a+
b)*+1. Each curve gives the largest value of @, (u, a,b) when the difference d = a — b is fixed. (a) At the
baseline z = 7, the unique maximizer is the neutral point (ug,0,0). (b) When z > 7, this maximizer splits
into two symmetric choices, (u,,t,,0) and (u,,0,t,), corresponding to the positive and negative phases.

By Lemma 8.2, for each fixed z € [, 1], every sequence in 2; whose ®,-values tend to ®} has distance
tending to the corresponding set of maximizers described in the lemma.
For later edit estimates we record a quantitative consequence for each fixed positive gap.

Lemma 9.2. Under the hypotheses of Lemma 9.1, for every fized z > T there are c,,n, > 0 such that
every (u,a,b) € Qr satisfying . (u,a,b) > ®% —n, also satisfies

F — @, (u,a,b) > cx((u—u.)? + (a+b—t.)* + ab).

z

Proof. By Lemma 8.2 and the phase classification, after reducing 7, every point under consideration
lies in a fixed small neighborhood of one of the two pure maximizers. In particular, u lies in a compact
interval U’ C int; U containing u., and ¢t = a + b lies near ¢,. On U’ the positive scalar critical point is
feasible by condition (A4). Recall that

fu,z(t) = a(u)(z — T)tk - 'y(u)tkH, and J,(u) = ma_xu fu,z(8).
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For every such feasible (u,a,b), we have

O — P, (u,a,b) = (((I)base + J2)(uz) = (Ppase + JZ)(U))
+ (Jo(u) = fuz (1) + alu)(z —7)(tF — a* —bF).

All three terms are nonnegative. Strong concavity of ®n.ee + J, gives a positive quadratic lower bound
for the first term near u,. The positive maximizer t,(u) = ka(u)(z — 7)/((k + 1)y(u)) is C* on U’, and

I (t2(u) = —(k + 1)y(u)t.(uw)*~* < 0. Consequently, in a sufficiently small neighborhood of (u.,t.),
the second term is bounded below by a positive multiple of (¢ —¢,(u))?. Since t.(-) is C! on the compact
interval U’, there is L, < oo such that |t,(u) —t,| < L,|u — u.|. Let a, > 0 be a quadratic lower-bound
coefficient for the first term and let b, > 0 be one for the second term. Decrease b,, if necessary, so that
b,L? <a,/2. Using (A— B)? > A?/2 — B? with A=t —t, and B =t,(u) — t,, we obtain

(t—ta(u)? = S(t —t)* — L2(u — uz)*.

N | =

It follows that the sum of the first two terms is at least (a./2)(u — u.)? + (b./2)(t — t.)2.
Finally, we have
k-1
AN
th—ab - =>" ( ,)aﬂb’f—ﬂ > kab(a"2 + b"72).
: J
j=1

When t is close to t, > 0, at least one of a,b is at least t./4; hence a*~2 + b*~2 is bounded below by a
positive constant depending only on z. Combining the three estimates gives the asserted bound locally.
The feasible domain is compact and the maximizer set consists of the two pure points, so the loss has a
positive minimum on the complement of this local neighborhood. Decreasing ¢, and 1, completes the
proof. |

10 Finite rooted realization of the phase function

We now realize the phase function by a finite rooted r-graph construction. The goal is to preserve its
optimizer space while making all parameters effective. Write the rational threshold in lowest terms as
Thase = P/q, where p,q € N, 0 < p < ¢, and ged(p, ¢) = 1. We fix the number of translation orbits in the
penalty design by

dp = 8kq. (10.1)

Once k and the reduced fraction p/q are fixed, so is dp, independently of 8. The remaining structural
data will depend effectively only on these parameters and the target uniformity r.

10.1 The root frame, support designs, and rooted edge types

The frame and the support designs have different roles. Asymmetry will later recover the individual root
labels, while pair coverage prevents edgewise-injective homomorphisms from identifying vertices that
must remain distinct. Regularity makes the equal-root vector stationary, and the orbit counts give the
coeflicients « and +y in the scalar phase function.

The padding parameter ¢ > 4 will be chosen sufficiently large in terms of &, p, ¢, and we put r := k + c.
For a uniform hypergraph S on a finite root-label set M, we use A\(S;y) for the same edge polynomial as
in Section 2. The uniformity of S will always be clear from context.

For positive integers h,m, an h-set A C Z,,, and t € Z,,, put A+¢:={a+t (mod m): a € A}. The
translation orbit of A is {A+t: ¢t € Z,,}. We call this orbit full if A+t = A only for ¢ = 0, or equivalently
if it contains exactly m distinct h-sets. Every full orbit is h-regular. Indeed, translation symmetry gives
every vertex the same degree, and counting incidences shows that this degree is h.

Lemma 10.1. One can effectively compute an integer cdes = Cdes(k, P, q) such that, for every ¢ > cges
(with r = k + ¢), one can effectively construct a root set M of order m, an r-graph J C (1\7/[), pairwise
disjoint c-graphs 24, Z_, T+, T—, Daisp < (M

c

), and a (¢—1)-graph P C (Cfﬁfl) with the following properties.

(i) The hypergraph J is 2-regular and asymmetric, and every pair of root labels is contained in an
r-set outside J. On the box 0 < y; < 2/m, we have ||[D*X(T;Y)|lop < 2(r — 1)(2/m)"~2. At every
constant root vector y = t1, we have (VyA(J;t1),h) =0 for every h € 1-+.
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(ii) One has r(r+4)/2 <m < r(r+5)/2.

(iii) Each of the five c-graphs is a union of full translation orbits on Z,,, while P is a union of dp full
(¢ — 1)-orbits. The numbers of c-orbits assigned to Z4,Z_,Ty,T_, and Dasp are ¢,¢,p,p, and 1,
respectively. Consequently, all these designs are regular, and | 24| = |Z_| = qgm, |Tx| = |T-| = pm,
|Daisp| = m, and |P| = dpm.

(iv) The labeled neighborhood designs B4 = Daisp U T- U Z4 and B_ = Dgisp U T+ U Z_ are distinct.

We call the members of J the frame holes, because the root-only frame used below has precisely the
complementary edge set (Af ) \J.

Proof. We first choose the asymmetric frame with a controlled number of roots. Baron and Imrich [5,
Satz 2, p. 140] proved that, for every integer r > 6, the minimum order of an asymmetric r-regular graph
is r + 4 when 7 is even and r + 5 when r is odd. Put

r+4, reven,
r+5, rodd,

and choose an asymmetric r-regular graph G on [n]. This choice is effective. Enumerate the finitely
many labeled graphs on [n], test r-regularity, and retain a graph precisely when the identity is its only
automorphism, as can be checked by testing all n! vertex permutations; take the lexicographically first
retained graph. The cited theorem guarantees that this finite search succeeds for every r > 7.

Let J be the hypergraph dual of G. Put M = G, viewed as the edge set of G, and, for each v € V(G),
let the set of the r graph-edges incident with v be an edge of J. Thus J is r-uniform and every root has
degree two.

The hyperedges of J are the distinct vertex stars of G. Two such hyperedges intersect if and only if the
corresponding graph vertices are adjacent. Hence the intersection graph of the hyperedges of J is exactly
G, and every automorphism of J induces an automorphism of G. Since G is asymmetric, every hyperedge
of J is fixed. Each root is the unique intersection of the two hyperedges corresponding to its endpoints
in G, so every root is fixed as well. Therefore J is asymmetric. Moreover, we have m = |M| = nr/2,
which gives the stated interval. Two distinct roots, viewed as two edges of G, lie in at most one common

vertex star. Since (”'7) > 1 for r > 7, every pair is contained in an r-set outside 7.

On the box 0 < y; < 2/m, every row of D?\(J;y) has nonnegative entries and row sum at most
2(r — 1)(2/m)"2, because every root has degree two in J. The operator norm is at most the maximum
row sum. Moreover, 2-regularity makes all coordinate derivatives equal at a constant root vector, so the
gradient is parallel to 1. This completes the proof of part (i).

Identify M with Z,,. We give an explicit orbit system. For h € {¢,c — 1} let s. := 2¢+ 2p + 1 and
Se—1 = dp, and, for 1 < j < sp,, define the integer h-set A, ; = {0,1,...,h — 2} U{2h + j}. After
increasing ¢ we may assume m > 4c¢ + 2max{s., s.—1} + 10. Hence every Ay, j embeds in Z,, without
wrap-around. Its cyclic gap sequence has h — 2 consecutive unit gaps, one gap of length i+ j+ 2, and one
gap of length m — (2h+j); by the preceding inequality, the last gap is the unique largest gap. A translation
preserving Ay, ; must therefore fix the successor of this largest gap, namely 0, and is the identity. The
same gap sequence also shows that Ay, ;j and Ay, ; are translates only when j = j'. Consequently the
full translation orbit {Ap ; +t: t € Z,,} has m distinct edges, and these orbits are pairwise disjoint for
fixed h. Every such orbit is h-regular, because each of its m edges has size h and the translation action is
transitive.

Allocate disjoint ranges of the s. many c-orbits, with ¢ assigned to each of Z; and Z_, p to each of T
and 7_, and one to Dgisp. Allocate the dp many (¢ — 1)-orbits to P. The five c-uniform families are
pairwise disjoint by construction, and the two neighborhood designs are distinct because, for example,
Z, C By \ B_. This proves parts (iii)—(iv).

Claim 10.2. Let S be the union of s full translation orbits of h-sets. Then every root has degree sh in
S, and on the box 0 < y; < 2/m we have |[D*X(S;y)|lop < sh(h —1)(2/m)"~2. In particular, at every
constant oot vector y = t1, the gradient of A(S;y) is parallel to 1, so its restriction to the tangent space
1+ is zero.
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Proof of the claim. Every root has degree sh in S. The row of D?\(S;y) indexed by i has nonnegative
entries, and

Do 0ASiy) < 2/m)" 2 Y IS\ {i}] = sh(h —1)(2/m)" 2.

j#i SeS: ieS

The operator norm is at most the maximum row sum. Finally, regularity makes all coordinate derivatives
equal at a constant vector, so the gradient is parallel to 1. |

It remains to obtain one lower bound that works for every larger ¢. The frame construction works for
every r > 7, and the orbit construction works whenever r(r +4)/2 > 4c 4+ 2max{2q + 2p + 1,dp} + 10.
The left side is a quadratic polynomial in ¢ because r = k + ¢, whereas the right side is linear. Thus
one can compute cges by increasing ¢ > max{4,7 — k} until this inequality holds and its difference has
positive forward difference; it then holds for every larger ¢. For each such input ¢, the finite graph search
above followed by the displayed orbit formulas constructs all the required objects. This proves both the
uniform lower bound and its effectivity. |

Fix the root-label set M, the frame-hole r-graph 7, and the support designs Dqisp, 2+, 22—, T+, T—, and P
supplied by Lemma 10.1. Fix an r-graph G together with a partial M-rooting p, and put U = V(G) \im p.
We call the vertices of U data vertices. Relative to u, the rooted edge type of an edge is its category in the
following list, with the sign ¢ included for raw record and threshold edges. An edge is permitted if it has
one of these rooted edge types.

Frame edges.
A root-only r-set is permitted exactly when its root support does not belong to J. Every edge
consisting of one data vertex and r — 1 distinct roots is permitted.

Dispersion edges.
For D € Dgjgp, every edge X U D with X € (g) is permitted.

Raw record edges.
For o € {+,—} and Z € Z,, every edge X U Z with X € (g) is a raw o-record edge. Its data set
X is a o-record.

Threshold edges.
For o € {+,—} and T € T, every edge X UT with X € (g) is permitted.

Penalty edges.

For P € P, every edge Y U P with Y € (kJUrl) is permitted.

Note that the rooted edge type of every permitted edge is unique. Indeed, the numbers of data vertices
are respectively 0, 1, k, and k + 1 for a root-only frame edge, a one-data frame edge, a k-data edge, and a
penalty edge. These numbers are distinct because k > 3. Among the k-data edges, the pairwise disjoint
support designs Daisp, 2+, Z—, T+, and T_ determine the edge type uniquely.

For o € {+, —}, the a-projection is the k-graph G, on the data vertex set U whose edges are the data
sets of the raw o-record edges. Equivalently,

GU::{XE(g):XUZGGforsomeZéZg}.

Put U, = UXGG(, X. Thus U, is the set of data vertices that occur in raw o-record edges. A rooted
r-graph whose edges are all permitted is admissible when it contains none of the following forbidden
configurations.

(V1) A data vertex in Uy NU_.

(V2) A threshold edge X UT with T' € 7, and X C U,.

(V3) A penalty edge YUP with Pe PandY CU, UU_.

(V4) A copy of a member of Q(F3) in G,, for either o € {+, —}.

Here membership of a vertex in U, is witnessed by one raw o-record edge containing that vertex, and a
copy in (V4) is vertex-injective. More explicitly, a witness for (V1) consists of two raw record edges of
opposite signs meeting in a designated data vertex. A witness for (V2) consists of the offending threshold
edge together with one raw o-record edge through each of its data vertices. A witness for (V3) consists of
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the offending penalty edge together with, for each of its data vertices y, a choice o, € {4+, —} and one
raw oy,-record edge covering y. A witness for (V4) consists of a vertex-injective projected copy and, for
every edge of that copy, one raw record edge of the relevant sign realizing the projected edge. There are
only finitely many overlap types among the auxiliary data vertices in these witnesses, and the frozen-root
identifications described below form a finite effective list. Thus each of (V1)-(V4) has a finite edge
witness, each sign projection is Q(F3)-free, and the resulting witness catalogue is finite and effective
because the support systems and Q(F3) are finite.

Define
Ds = {G: G is an r-graph admitting an admissible partial M-rooting} .

To pass from these rooted admissibility conditions to a finite unrooted obstruction family for Dg, we
must also detect violations when some auxiliary vertices coincide in the host. A rooted configuration
consists of a finite r-graph on named vertices, specified root labels on some of these vertices, and finitely
many requirements x # y between named vertices that must remain distinct even when they do not lie
in a common edge. A frozen-root identification is an equivalence relation on the named vertices which
fixes all root names, never identifies a pair required to be distinct, and never identifies two vertices of one
edge. Applying it replaces each equivalence class by one named vertex and merges repeated image edges.
There are finitely many such identifications, and they can be enumerated. We include every resulting
configuration that remains injective on each displayed edge and preserves every required distinction.

Let (G,p) be an admissible partially M-rooted r-graph, and put U := V(G) \ imp. An admissible
structural-completion of (G, 1) is an admissible totally M-rooted r-graph (G, fi) satisfying the following
conditions.

(i) The graph G contains G as a subgraph, fi extends y, and V(@) \ V(G) = f(M \ dom p). Thus the
only new vertices are those carrying the previously missing root labels.

(ii) For every B € (Af) \ J, one has ji(B) € G. For every v € AU and B € (r]\—41>7 one has i(B)U{v} € G.
For every D € Dyisp and X € (g), one has 4(D)U X € G.

(iii) For every 0 € {+,—}, T € 7,, and X € (%) with X ¢ U(,A7 one has A(T)UX € G. For every P € P
and Y € (1#1) with Y ¢ UL UU_, one has g(P)UY € G.
(iv) For every o € {+,—-}, X € G,, and Z € Z,, one has i(Z) U X € G.

(v) If G, and U, denote the o-projection and its covered vertex set determined by (G, i), then Gy = G,
and U, = U, for every o € {+, —}.

Throughout this part, we abbreviate admissible structural-completion to admissible completion. Whenever
a weighting on V(@) is carried to an admissible completion, we extend it by zero on the new vertices
ﬂ(M \ dom u); in particular, the extended vector is again a probability weighting.

The next lemma passes from these finite rooted conditions to the unrooted class and records the completion
used in the subsequent optimization.

Lemma 10.3. The class Dg is monotone and has an effectively computable finite obstruction family
A%"Ot. Moreover, every admissible partially M -rooted r-graph has an admissible completion.

Proof. We first prove monotonicity and the bounded-witness property. If a partial rooting (G, ) is
inadmissible, then either some edge of G has no permitted rooted edge type or one of (V1)—(V4) fails. In
the first case, take that edge as the witness. In the second case, take the union of the edges in one of the
listed forbidden rooted configurations witnessing the failure. The list contains all configurations obtained
by frozen-root identifications and is finite and effective, so the orders of these witnesses are bounded by
an effectively computable constant w.

Suppose that F), is such a witness, Fj, € H C G, and v D p assigns no new root label to a vertex of
F,, that was unrooted under p. Every vertex of the witness then retains its root or data status, every
witnessing edge retains its rooted edge type, and the same forbidden configuration remains present in
(H,v). Thus (H,v) is inadmissible, and the admissibility predicate has the w-bounded-witness property
of Definition 2.7.

To prove that Dg is monotone, let H C G with G € Dg, and restrict an admissible rooting ;1 of G to
the root labels whose image vertices lie in V(H). If this restricted rooting made H inadmissible, choose
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a witness F' as above. Restoring the omitted roots places no new root on F', since their image vertices
lie outside V(H). The same witness would therefore make (G, ) inadmissible, a contradiction. Hence
H e DB'

Admissibility is decidable from the finite support tables, the finite family Q(F3), and the finite tests
(V1)-(V4). Applying Proposition 2.8 gives the finite effective obstruction family Arﬁo‘“.

For completion, fix an admissible partially M-rooted r-graph (G, ). For every label in M \ dom p, add a
fresh vertex and map the label to it; this defines the total rooting ji. Starting with all edges of G, for
each sign ¢ complete every record in G, over all supports in Z,. Next add all frame and dispersion
edges, every threshold edge A(T) U X with X ¢ U,, and every penalty edge A(P)UY withY € U, UU_.

Denote the resulting r-graph by G.

The added record edges use only data sets already in G, and none of the other added edges is a raw
record edge. Hence Gy = G, and U, = U, for each sign o. It follows that (V1) and (V4) are unchanged,
while the subset conditions used to add the threshold and penalty edges ensure that (V2) and (V3)
remain false. Thus (G, 1) is admissible and satisfies all five conditions in the definition of an admissible
completion. |

A completed weighted model is a triple (D, u, x), where (D, i) is an admissible completion and « is a
probability weighting on V(D). We write A(D;x) for its Lagrangian value. The rooting remains part of
the model because it determines the root vector, the data vertices, and the two sign projections.

For a completed weighted model (D, u, x), let G4 and G_ be its two sign projections and let Uy and U_
be their covered vertex sets. We use the following notation throughout this part:

m = \M|, U:ZV(D)\imM, u::va, a = Z Ty, b= Z Ty,
vel veU4 velU- (10.2)
_ 1—u

yi = x,(; foreveryie€ M, Yy = (Yi)iem, o(u) = o y(u) = o(u)lyy.

Here U is the data vertex set, u is its total weight, and a and b are the positive-sign and negative-sign
weights. By (V1), U; and U_ are disjoint. The vector y(u) is the equal root-weight vector of total
weight 1 — u. The projected k-graphs inherit the data weights from «, and e;(S) denotes the elementary
symmetric polynomial evaluated at the inherited weights on a data vertex set S.

We can now state the optimizer classification for the rooted class.
Theorem 10.4. Let z5 be as in (9.1). The following statements hold.
(1) If 28 = Toase, the optimizer space of Dg consists of one fized finite-step limit Wy.

(i) If 23 > Thase, there are unique parameters ug and tg > 0 such that the optimizer space of Dg is the
disjoint union of two nonempty phases. In one phase, the total data, positive-sign, and negative-sign
weights of representing completed weighted models converge to (ug,tg,0); in the other, they converge

to (U5, 0, tg).

The classification also describes the internal structure of the two phases. Each optimizer in either phase
admits a representing sequence of completed weighted models whose root vectors converge to y(ug) and
whose normalized active projection converges to an optimizer of the inner class Ciﬁn. Conversely, every
inner optimizer is represented in both sign phases. Once the sign and the limiting inner optimizer are
fixed, the resulting limit represented by these models, including the limiting contributions of all edge
classes imposed by completion, is uniquely determined by the fixed edge-class tables.

We prove the theorem in four steps.
(i) Data cloning makes the individual data weights negligible without changing the represented limit.
(ii) Global localization and root averaging reduce the weighted problem to maximizing ®.,.

(iii) The effective parameter hierarchy verifies the hypotheses of the phase-roof lemma.

(iv) The reduced-realization lemma identifies the scalar maximizers with all optimizer limits.

We shall optimize over completed weighted models, so we first record that completion does not change an
extremal limit.

64



If G is obtained from a weighted r-graph G by adjoining zero-weight vertices, if necessary, and then

<

adding edges, and if dens,(G) — dens,(G) = n, then for every fixed r-graph F, we have
0 <t(F,G) —(F,G) < |Fln. (10.3)

Here 7 is the gain in normalized one-edge density, equivalently r! times the gain in A(G;). Indeed,
under a random weighted map of V(F'), use a union bound over the edges of F. More explicitly, let (G,,)
be any weighted sequence from Dg converging to an optimizer limit. For each n, choose an admissible

partial rooting and let G, be the resulting completion, with the weighting extended by zero on the newly
added roots. Since dens, (G,) — A,(Dg) and dens, (G,) < A,(Dg), the completion gains tend to zero.
Equation (10.3) then shows that t(F, G,) — t(F, G,) — 0 for every fixed F. Thus completion changes
every fixed homomorphism density by o(1) along an optimizing sequence. Every optimizer limit therefore
has a representing sequence of completed weighted models, and the scalar optimization below describes

the full optimizer space rather than merely its maximum value.

10.2 Data splitting and evaluation

The limiting scalar expression obtained after data splitting depends only on the total weights of the
data classes, whereas a finite weighted model may contain vertices of comparatively large weight. By
Lemma 8.1, cloning data vertices splits those weights without changing any homomorphism density. The
following lemma shows that cloning also preserves admissibility in the present rooted construction. When
a data vertex is cloned, the partial rooting is unchanged and every clone belongs to exactly the same sets
among U, and U_ as the original vertex.

Lemma 10.5. Cloning one data vertex of an admissible rooted r-graph preserves admissibility.

Proof. Let x be the data vertex being cloned. Every copied edge has the same rooted support and rooted
edge type as the old edge. All clones have the same membership in Uy and U_ as x. Hence a new
violation of (V1), (V2), or (V3) would collapse to the same violation before cloning.

Suppose that the cloned model contained a forbidden projected copy. Collapse all clones of = back to x.
No projected edge contains two clones, so the collapse is injective on each projected edge. The collapsed
copy is therefore an edgewise-injective homomorphic image of a member of Q(F3). Since Q(F3) is closed
under further edgewise-injective images, the old projection would already have contained a forbidden
member. ]

For a completed weighted model (D, p, x), use the notation from (10.2). The completion conditions give
the following decomposition:

)‘(D; .’1}) = er(y) - A(J,y) + uer—l(y) + A(Ddisp;y)ek(U) + Z >‘(777; y) (ek(U) - 6k(Ua))
oe{+,—}

+AP;y) (er+1(U) = ex1(Us UU-)) + MZ159) NG5 2) + M2 9) MG 2). (10.4)

The four groups of terms correspond, in order, to the frame and dispersion edge classes, the two threshold
edge classes, the penalty edge class, and the two sign projections. This decomposition is chosen so that
splitting data vertices and equalizing the root weights reduce it to the scalar upper envelope in (10.10).

The completed weighted models have the same optimum as Dg. More explicitly, the supremum ranges

over all admissible completions (D, 1) and all probability weightings « on V(D):

A(Dg) = sup{\(D;x): (D, u) is an admissible completion and « is a probability weighting on V(D)}.

Lemma 10.6. The following statements hold.

(i) Replacing a data vertex by two clones having the same membership in Uy and U_, distributing its
weight between them, and taking the admissible completion supplied by Lemma 10.3 cannot decrease
the Lagrangian and does not change either projection value.

(ii) If A(Daisp;y) > 0, replacing a data vertex of weight x > 0 by k equal clones and re-completing
increases the Lagrangian by at least \(Daisp; y)(x/k)".
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(iii) If there is no data vertex, take the constant sequence. Otherwise, repeatedly replacing a data
vertex of mazimum weight by k equal clones and re-completing produces a sequence whose largest
data-vertex weight tends to zero. For every data set S carried along by these clonings, we have

ej(S) — (ZUES z,)7 /! for j € {k,k+ 1}.

(iv) Let (D, p,x) be a completed weighted model in which every root has weight at least 1/(2(m + 1)),
and let € be its largest data-verter weight, with & =0 when D has no data vertex. Then

m (2(ml+1)) (i)k < A(Dy) — A(D: ).

Moreover, if (D', i/, &) is obtained from (D, u,x) by finitely many clonings of data vertices and
re-completions, then, for every fized r-graph F, we have

0 <t(F,D',x') - t(F,D,z) < |F|r!(A(Dg) — \(D; x)).

Proof. Clone a data vertex as in Lemma 10.5, give the clones the prescribed weights, and then take the
admissible completion. The projected inner class C}}‘ = Forb(Q(]-"g)) is blowup closed by Lemma 2.4.
Hence each sign projection is the corresponding blowup of the old one, so both projection polynomials are
unchanged. Completion deletes no edge and adds no new edge to either sign projection; it only restores
the unconditional bundles and the threshold and penalty bundles permitted by (V2) and (V3).

If a variable of weight « is split into 8z and (1 — 6)z, the increase of an elementary symmetric polynomial
in the re-completed model is §(1 — §)z?e;_o(the remaining variables). Every edge class in the first three
lines of (10.4) contributes a difference e;(U) — e;(S) with S C U, except for the positive dispersion term.
Because all clones have the same membership in U; and U_ as their ancestor, the splitting formula
shows that these differences do not decrease. The re-completion is essential here because it adds every
unconditional dispersion edge on a k-set of distinct clones. Thus replacing a vertex of weight x > 0 by
k equal clones creates the new dispersion monomial obtained by selecting all k£ clones, and the gain is
at least \(Daisp; ¥)(z/k)*. If there is no data vertex, there is nothing to split. Otherwise, repeatedly
splitting a data vertex of maximum weight into k& equal clones and re-completing preserves the total
weights and the sign projections and drives the largest data-vertex weight to zero. Indeed, if ) denotes
the sum of the squares of the data weights, splitting the chosen weight x into k& equal parts decreases )
by (1 — 1/k)a?; if the successive maximum weights failed to tend to zero, then @ would decrease by a
fixed positive amount infinitely often, which is impossible because @ > 0.

We now make the gap estimate explicit. If D has no data vertex, then £ = 0 and the first bound in
part (iv) is immediate. Otherwise, every root has weight at least 1/(2(m + 1)), and |Daisp| = m, so
A Daisp; y) > m(1/(2(m + 1)))°. Split a data vertex of maximum weight £ into k equal clones and
re-complete. The new model is admissible, so its Lagrangian is at most A(Dg), whereas the preceding
dispersion monomial increases the Lagrangian by at least the left side of the first bound in part (iv). This
proves the bound. Consequently, the largest data-vertex weight tends to zero along any sequence of such
models whose optimality gaps tend to zero.

Before re-completion, cloning preserves every homomorphism density by Lemma 8.1. We expand the
common-refinement argument used to control all of the intervening completions. Write the finite chain
as D =Dy — Dy — --- — Dy = D’ where each arrow either clones a data vertex or performs the
subsequent completion. Take a common refinement of all clone partitions occurring in the chain, and pull
every D; forward to a weighted rooted r-graph D; on this one refined vertex set. The weights of the final
clones sum to the weights of their ancestors. Pure cloning therefore preserves both the Lagrangian value
and every homomorphism density by Lemma 8.1.

These refined hypergraphs are monotone: ﬁo C ﬁl c ... C ﬁs. Indeed, every clone has the same
membership in Uy and U_ as its ancestor, and every clone-copy of an edge of the previously completed
model remains permitted. A cloning step gives equality after passage to the common refinement, whereas
a completion changes neither sign projection nor the sets U, ,U_; it adds edges and deletes none, by
Lemma 10.3. Consequently, if Z is the common refined weighting, then

0 < MDs; %) — A(Do; Z) = A(D'; ') — A(D; ) < A(Dg) — A(D; z).

Merge all new edges into the single set D, \lA)o. The corresponding increase in normalized one-edge
density is at most T!(A(DB) — X(D; a:)) Since cloning also preserves the two endpoint densities, one
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application of the union bound (10.3) gives
0<t(F,D,x')—t(F,D,z) =t(F, ﬁs,i) — t(F, ﬁo,ﬁ) < |F|7"!(A(Dﬁ) — )\(D;a:)),

which proves the second bound in part (iv).

Finally, if the variable family is empty, then the convergence in part (iii) is immediate. Otherwise, put
5=, %, and £ = max, x,. A union bound over a repeated pair in an ordered j-tuple gives the explicit
estimate 0 < s7 — jle;(x) < (3)€s7~*. This proves part (ii). [ |

10.3 Global localization and root balancing

Before reducing the weighted optimization to one variable, we must exclude weight vectors near the
boundary of the simplex. The dense frame term uniquely favors the balanced (m + 1)-part vector, and the
remaining support classes are too sparse to overturn that preference. The next lemma gives the required
uniform estimate.

For the lower comparison used below, let (Gpal, tina) be the edgeless totally M-rooted r-graph whose
vertex set consists of the m root vertices pnai(i), for ¢ € M, and one additional data vertex v. Since
Ghpal has no raw record edges, Uy = U_ = &. Let (Dya, ,ubal) be its admissible completion supplied by
Lemma 10.3, and let @y, assign weight 1/(m + 1) to every vertex.

Lemma 10.7. If ¢, and hence r = k + ¢, is sufficiently large in terms of k, p, q, the following statements
hold. For completed weighted models (D, u, @), we use the notation from (10.2).

(i) There is e, = o(m™2) such that all positive terms in (10.4) other than e,(y) + ue,._1(y) satisfy

)\(Ddlspa Z )\7}79 ek( )_ek(Ua))
176{+ -}
m+1 _r
AP; ) (ex1(U) —ern(Uy UU)) + > AZsiy)A Ga,$)<6r( , )(m+1) ;
oe{+,—}

(ii) Put 9, = (2m/r)/(m+1) = o(m ) For the completed weighted model (Dyal, fibal, Tbal) defined
above, we have (y,u) = (m+1)"'1,,11 and

r

A(Dvat; Tbal) = (m N 1) 2m) (m+1)7"=(1-46) (m: 1) (m+1)7"

(iii) If M(D;x) = A(Dg), then

_ 2
||(y7u) — (m+1) 11m+1H2 S 67‘+5r < m

iv) There is n,. > 0 such that if A\(D;x) > A(Dg) — ., then
(iv) 7 5) =1

1

_ 2
||(y7u) —(m+1) 11m+1||2 < Em2

Consequently, 1/(2(m+1)) < y; <2/(m+1) for everyi € M, and 1/2(m+ 1)) <u <2/(m+1).

Proof. We use a bounded-degree estimate. Let S be an h-graph on the roots, let its maximum vertex
degree be A, put Yoot = Y _; ¥i, and let d := r — h. For an edge S write ws = >, gv;. Weighted
AM-GM and } g s ws < Ayroot give

(S y) <h~ h Zw <h~ h maX'LUS Zws hhyroot
Ses Ses

Also e4(U) < u?/d!. Maximizing the product in the preceding bound under y,o0t +u = 1 yields

A(S: gea(U) < DL

—_— 10.
— dlrr (10.5)
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The same estimate applies to either projection polynomial, which is at most e, (U), and to every difference
of elementary symmetric polynomials by discarding the negative term.

The c-uniform designs have maximum degree Oy, , 4(c) and the (¢ — 1)-uniform design P has maximum
degree dp(c —1). Thus (10.5), summed over the fixed list of positive edge classes, is at most C p or/7".
The controlled frame construction in Lemma 10.1 gives r(r +4)/2 < m < r(r +5)/2. Since m + 1 <
r?, the product formula for (mjl) (m + 1) gives (mjl) (m +1)"" > ¢o/r! for an absolute ¢ > 0.
Stirling’s inequality then shows that the preceding sparse-term bound, divided by (mj'l) (m+1)"", is
Or.p.q(r3/2¢7") = o(m™2). This proves the first assertion. For the finite reference model Dy, the data
set consists of one neutral vertex, so ex(U) = ex41(U) = 0 and both projection polynomials vanish.
Hence every sparse term in (10.4) vanishes except the frame hole. Since |J| = 2m/r, its contribution is
(2m/r)(m + 1)~", which gives the stated value of Dy, and the exact formula for §,. The same product

estimate shows that d, = o(m~2).

It remains to localize. For (y,u) € Api1, put V = ||(y,u) — (m + 1)"11,,41||3. Maclaurin’s inequality
between e, and e, gives

er(y) +ue.—1(y) ~m+1
(mH) (m+1)-" = ( m

r

r/2
V> <1-YV,

because r > 4. We have A\(Dya); @pal) = (1 — 5r)(7'L:1) (m +1)~". On the other hand, every completed
weighted model (D, p, z) satisfies A(D; z) < e,(y) +ue,—1(y)+e&- (") (m—+1)"". Therefore an optimizer
satisfies V < &, + §,. Taking c large makes this smaller than 1/(50m?). The near-optimal assertion is
uniform and does not require a compactness argument over the varying finite data structures. Indeed, if
a completed weighted model (D, u, ) has V' > 1/(25m?), then the displayed Maclaurin bound and the

positive-term estimate give

whereas the optimum is at least (1 — d,) (mj'l) (m+1)~". Since &, + J, < 1/(50m?), every such point lies
at least (") (m+1)7"/(50m?) below the optimum. Thus one may take n, := (") (m +1)="/(100m?).

Every completed weighted model whose value is within 7, of the optimum has V' < 1/(25m?), uniformly
over all admissible completions and probability weightings. The coordinate bounds follow. |

Global localization places every optimizer in an interior box. We now show that, inside this box, the
root weights are exactly equal. For fixed u, the dense frame contribution satisfies e,(y) + ue,—1(y) =
er(Y1,- -, Ym|,u). Pair averaging gives a uniform quadratic gain unless the root weights are equal. The
sparse support polynomials have zero tangent gradient at the equal-root vector and a much smaller
Hessian, so they cannot offset this gain.

For the remainder of this part, put I :== [1/(2(m + 1)),2/(m + 1)].

Lemma 10.8. If ¢, and hence r = k + ¢, is sufficiently large in terms of k,p, q, the following statements
hold for all admissible completions (D, pu) and all probability weightings x on V(D).

(i) Ewvery optimizer of (10.4), and every sufficiently near-optimal point, has u € I and o(u)/2 < y; <
20(u) for everyi e M.

(ii) Under the notation of (10.2), let (D, p, ) be a completed weighted model with uw € I whose root
vector y satisfies the bounds in part (i). Define the probability weighting x4 on V(D) by 25 = x,
for every data vertex v € U and xzcéi) = o(u) for every i € M. Then A(D;x°Y) > A(D;x), with
equality if and only if y = y(u).

Proof. Part (i) follows from Lemma 10.7. Indeed, its near-optimal estimate gives |u — (m + 1)~ Jy; —
(m+ 1)~ < 1/(5m); for m > 3 these inequalities imply u € I and the asserted bounds on the root
coordinates. For part (ii), fix a vector y satisfying those bounds. We prove the asserted comparison
quantitatively. Average two coordinates y;,y; while keeping their sum fixed. The coeflicient of y;y; in

Er (y) + uerfl(y) is

m—2\ (1—u\""?
er—?(yM\{i,j}) + Uer—3(yM\{'i7j}) z (r — 2) ( 2m ) '
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Thus the increase in the dense frame term e, (y) + ue,_1(y) produced by averaging y; and y; is at least

(™) (0(w)/2)"~2(y; — y;)?/4, whereas the squared distance to g(u) decreases by (y; — y;)?/2. Repeated

pair averaging preserves the bounds in part (i) and converges to y(u). Telescoping therefore gives

e (0(0) + w1 (5(0) = €0 9) ~ wera(9) 2 v lly ~ 5@, vl =5 (") (1)
(10.6)

Let E,(y) be the sum of all remaining root-dependent terms in (10.4), with the data weights fixed. The
absolute values of their data coefficients are bounded by u* /k! for the c-supports and by u**!/(k + 1)!
for the (¢ — 1)-supports. The derivative bound for 7 in Lemma 10.1, together with Claim 10.2 for the
orbit supports, gives

”DzEu(y)hL llop < Er,

where

= gr 2y (2(r )+ (2¢+2p+1)e(c—1)  dp(c—1)(c— 2))

i LYY
The 2-regularity of J and the regularity of every orbit support make the gradient of each summand of
E, parallel to 1 at y(u). Hence the tangent gradient of F, vanishes there. Taylor’s formula along the
segment from y(u) to y now yields

(10.7)

Buly) ~ Eu@()] < =1y~ 53 (10.8)

The comparison is uniform in v € I. Indeed, 1 —u > 1/2 and (7:22) > ((m —2)/(r —2))"2. Together
with m > r(r +4)/2, this gives

= r—2
=, 32
il v (@) < Crpgr (T> =o(1).

infuer v (u

Choose ¢ so large that =, < inf;v,.. Combining (10.6) and (10.8) proves strict improvement unless
y = y(u). u

At the equalized root vector, regularity and part (iii) of Lemma 10.1 give
ANZ4+39(w) = AM2-5y(w) = gmo(w)®, and  A(Ti;y(w)) = A(T=;y(uw)) = pmo(u)*. (10.9)

By (V4), both sign projections G4 and G_ belong to Cg‘. The restrictions of  to Uy and U_ have
total weights a and b, respectively. Hence Lemma 2.4 and the k-homogeneity of the Lagrangian give
MGy ) < (z5/kDa* and M(G_;x) < (25/k!)b*. Conversely, since z5 = A;C(C},n)7 there are weighted
k-graphs (H,, w(")) whose underlying k-graphs belong to C}B“, whose weightings are probability vectors,
and for which k'\\(H,,; w™) — zg. Combining these bounds and approximating models with Lemma 10.6,
we obtain the following reduced upper envelope at fixed (u, a,b).

(I)base(u) + a(u)(zg - Tbase)(ak + bk) - 'Y(U)(a + b)k+1, (1010)
where (u)¢ p (w1
a(u) = %, and y(u) = P(k:gfl)!’ (10.11)

and the fixed zero-active polynomial is

Bunali) = (7)ot " Yy = 2 gty

(1+2p)m c k dpm c—1, k+1
+7kz! o(u)u +(k‘+1)! (w) .

(10.12)

Here | 7| = 2m/r because J is 2-regular. In particular, ®y,se is a fixed rational polynomial independent
of 8. The finite reference model Dy, used in Lemma 10.7 should not be confused with the limiting value
Dpase(1/(m + 1)). In Dy, the neutral data weight is carried by one vertex, so all positive sparse terms
vanish. By contrast, ®pase(1/(m + 1)) is the closed limiting value approached by splitting the same total
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data weight among arbitrarily many neutral vertices, and this splitting creates the positive correction
terms displayed above. The realization direction, including the placement of every positive-weight active
vertex in the appropriate set Uy, is proved in Lemma 10.10; it shows that (10.10) is the exact closed
supremum.

The four groups of edge terms that produce (10.10) are summarized below.

Contribution group Combinatorial role Contribution to the reduced
upper envelope

Input-independent The frame and dispersion edges, together with the The baseline ®pase(u).
terms all-data parts of the threshold and penalty bundles,
determine the baseline value of the neutral
construction.
Signed records Encode one inner k-graph on each of the positive +a(u)zs(a® + b*).
and negative data classes.
Missing threshold Remove the calibrated threshold contribution from  —a(u)7base(a® + b*).
edges a same-sign k-set contained in U,.

Missing penalty edges Remove the penalty contribution from a (k + 1)-set —v(u)(a + b)**!.
contained in Uy U U_, thereby penalizing the total
weight of this union.

Table 4: Combinatorial origin of the reduced one-phase/two-phase expression in (10.10). The functions «
and v are positive and are determined by the regular root-support designs.

With the penalty multiplicity fixed by (10.1), it remains to choose the root-padding parameter ¢ = r — k
sufficiently large. We require this choice to make ®p,4 strongly concave, to make the active correction a
smaller perturbation of the baseline, and to keep the active maximizer within the feasible region. The
following hierarchy makes all three requirements effective and independent of 3.

Proposition 10.9. There is an effectively computable integer rs, such that, for every integer r > rgr,
putting ¢ = r — k and using the designs from Lemma 10.1, the conclusions of Lemmas 10.7 and 10.8 and
the following statements all hold.

(i) There exist ug € intI and p, > 0 such that uy is the unique maximizer of Ppase on I and
oY (u) < —pp/2 for every u € 1.

base

(ii) For every z € [Thase, 1], the mazimized phase gain

k o(u
J.(u) = (k"'kw(z - Tbasc)lHlL

satisfies ||J || Lo (1) < pr/4. Consequently ®Ppase + J. has a unique mazimizer u. € int I.

(iii) For every u € I and z € [Thase, 1], the optimal total active weight

ka(u) (= = Thase)
(k + D (u)

lies in the feasible interval [0, u]; in fact, t,(u) < u/2.

t.(u) =

The threshold rg, depends only on k and Thase = p/q. Once r > ry, is fixed, all auxiliary parameters and
root-support designs can be computed from k, Thase, and r, without using 5 or zg.

Proof. We prove the proposition directly from explicit estimates that hold for every sufficiently large r.
All constants below are rational and computable from k, p,q. We first obtain uniform lower bounds for
global localization and root equalization, then control the curvature and phase gain, and finally take the
maximum of these bounds.

First consider global localization. The product inequality [[,(1 — ;) > 1 — )", ; for 2; € [0,1] and the
lower bound on m give

<m7"+1>( 7 :H< m+1> = (r+54)r!' (10.13)
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Put ) ( )k+1
k k+1
Cloc =14+2p+2¢)— +dp———-——
loc ( +p+ Q)k'+ P (k—‘rl)'
Summing (10.5) as in the proof of Lemma 10.7, and using r!/r" < 2717/2] gives the following rational
bound for g,. The exact evaluation of Dy, in that lemma gives the bound for d,.; thus

T
SMQ—U‘/QJ, and 5T:2m7/1r§2r 2 :
5 (") d

For the last inequality, use (mjl) >((m—r+2)/r)",m—r+2>r?/2 and 2m/r <r+5 < 2r. Since
m < r(r+5)/2, it follows that

Er

50m2 (Er + 67") S q)loc(r)7
where

5 2\"
Proc(r) = 5 Clocr™(r + 4)(r + 5)* 2772 4 100, (T) : (10.14)

Both parity subsequences of the first summand are strictly decreasing for r > 32, since its ratio under
r— 7+ 2is at most (1 +2/r)%/2 < 1. The second summand is decreasing there, with successive ratio at
most 2/r, and both terms tend effectively to zero. Let ri. be the first integer s > 32 for which ®1o.(s) < 1
and Ppc(s + 1) < 1. The two parity subsequences then give ®j,.(r) < 1 for every r > 7. This is
precisely the uniform estimate required in Lemma 10.7.

Next consider root equalization. Since o(u)/2 > (4m)~! for every u € I, while m —2 > r?/2 and ¢ < r,

define ®.4 and obtain
2+ 2p+1 dp , (167
P, =212 — ,
a(r) ( R +(/~:+1)!>’" ,

—_
—
fl

T <D (r), 10.15
infuervp(u) — a(r) ( )

where the inequality follows from (10.6)—(10.7). The successive ratio of the right side is at most 16/r for
r > 3. Thus the first r > 32 for which ®¢,(r) < 1 gives an effective lower bound req for Lemma 10.8.

It remains to make the concavity and phase-gain estimates effective. Write

Bo(u) = (T) o(u)" +u(rT 1) o)™, Cp = (T)m_r, and b, T DAL

m-—r+1

Then By(u) = C,.(1 —u)""1(1 + bru), and direct differentiation gives

—B{(u) = Cr(r —1)(1 — u)" " (2b,(1 — u) — (r — 2)(1 + byu)). (10.16)
Define
_r(r—1) _ 2F(142p)  2Fldp _ Kk ((k + 1))k gh+t
L, = o+ Ol Car =2+ A CED and Cj:= (k+ )R (BT gk,

Using (10.11), the phase gain has the exact form

Jz(u) = CJ(Z - Tbase)k+1mQ(U)r~ (1017)
For r > 8, formula (10.16) gives
—B{(u) > L,  forevery u € I. (10.18)

Indeed, C,. > r!=1(1 —r(r — 1)/(2m)) > 5/((r + 4)r!), and Bernoulli’s inequality gives (1 —u)"~3 >
1—-2(r—3)/(m+1) >1/2. Moreover, b.ru < 4, so the final bracket in (10.16) is at least r — 4 > r/2.
Multiplying these three bounds gives the slightly stronger lower bound 5r(r — 1)/(4(r + 4)r!).

For j = 0,1,2, direct differentiation of mo(u)"u, where h + d = r, gives

[(@base — Bo)P || L1y < Dy = Car*m/*17",  and [SUP ] 1T | ooy < Q) = Cyr®m*~".
2€|[Thase,1
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The required Leibniz expansion is

dj -7 —a —a —Jj+a
o) <m0 (1) o))t
aﬁgé?éifd

Substitute o(u) < 1/m, u < 2/m, m >r?/2, and j < 2. For j = 2, the three surviving summands, after
division by 29r2m3~", are at most 1/4, 1/m, and 1/m?, respectively; the cases j = 0,1 are smaller. The
frame-hole term and its first two derivatives are bounded by 2r?m/+!=". This proves the first displayed
bound with the stated value of Ca. The formula (10.17) gives the second bound directly.

Put uy :==1/(m + 1) and Uyoot == [tx — 1/(8(m + 1)), usx + 1/(8(m + 1))]. Then Uyoor C I. The following
four rational inequalities imply the required concavity, localization, and phase-gain bounds.

L, L, L, L,

D — — D _— d _ . 10.19
2 < 47 Q2< 47 1+Q1<64(m+1)7 an Q0<2048(m+1)2 ( )

They give 1. < —3L,/4 and (Ppase + J2)" < —L,/2. At u, = 1/(m+ 1), the identity B{(u.) = 0 gives

base
| D100 (Us)| < D1 and |(Phase + J2) (us)| < D1 + Q1. The third inequality in (10.19), together with the
two curvature bounds, gives opposite derivative signs at u, = 1/(16(m + 1)). Thus Ppase and Ppage + J.
each have a unique critical point within 1/(16(m + 1)) of u, and the required derivative signs at the
endpoints of I. In particular, ug € int; Uyeor. Therefore, for every u € I with |u —u,| > 1/(8(m + 1)), we

have
3L,

<I)ase _(I)ase Z R
base(10) = Poase () 2 557er =7y

The last inequality in (10.19) shows that sup J, is less than one third of this gap, and hence less than
half of it, while the second gives the Hessian bound. Thus conditions (A1)—(A3) hold on U,xor with the
parameter u = L, /2. Equivalently, parts (i) and (ii) hold with the rational choice y, = L,.

After multiplying the first two inequalities in (10.19) by 4/L,., the third by 64(m + 1)/L,, and the fourth
by 2048(m + 1)?/L,, the bounds for D; and Q;, together with m + 1 < 2m and 1/L, < 3r!, show that
every resulting left side is at most 24576(Ca + C;)r?r!lm3~". Thus all four inequalities follow when this
quantity is less than 1. Using r! < 7" and m > 72/2, it is at most

D0t (1) = 3072(Ca + Cy)r® (i) : (10.20)

Its successive ratio is (2/7)(1 4 1/r)7~" < 2/r for r > 8. Hence the first 7 > 8 with ®,,0¢(r) < 1 gives an
effective lower bound 7,4 for the phase-roof estimates.

Finally, feasibility needs no additional lower bound on 7. By (10.1) and (10.11), we obtain

1—-u 1 1 U
<—< — < —.
8m ~ 8m ~ 4(m+1) — 2

t.(u) <

This proves part (iii). It also verifies condition (A4) on Useof, so all four hypotheses of Lemma 9.1 are
instantiated with U = U,oor and p = L. /2. Let rqes = k4 cqes be the effective lower bound for the designs
from Lemma 10.1, and define

Tstr = MAX{Tdes, Tocs Teqs Mroofs 32} - (10.21)

Every comparison used to compute this integer is between rational numbers, and the monotonicity just
proved shows that every r > rg, passes the same tests. This proves the asserted effective lower bound
and completes the proof. |

To compute 74y, obtain k = rpym and Thase = p/q from Theorem 1.1 using the fixed input S, compute
the four lower bounds listed below, and take their maximum as in (10.21).
Note that none of the lower bounds in Table 5 depends on .

For the remainder of the structural construction, fix an arbitrary target uniformity r > rg,, put c =r —k,
and choose the lexicographically first frame in the finite search of Lemma 10.1, together with the displayed
orbit supports. Since the target uniformity r is now fixed, we omit it from the notation for objects
constructed at that uniformity, writing ArBOOt, Dg,Gg, Wo, Sep, Py, and By for their r-indexed versions.
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Lower bound Definition and source Dependence Conclusion

Tdes k + Cdes, Where Cqes is k,p,q For every r > 74es, the asymmetric
computed in Lemma 10.1. frame and all support designs can be

constructed effectively.

Tloc The first s > 32 with k,p,q For every r > max{rdes, I'oc}, both
Dioc(s) < 1 and Pioc(s+1) < 1; parity classes are controlled and
see (10.13)—(10.14). Lemma 10.7 holds.

Teq The first s > 32 with k,p,q For every r > max{rdes, I'oc, T'eq }, the
Deq(s) < 1; see (10.15). sparse Hessian is smaller than the

root-averaging gain and Lemma 10.8
holds.

Troof The first s > 8 with k,p,q For every r > max{Tdes, rroof }, the
Do (s) < 1; see four inequalities in (10.19) give
(10.18)—(10.20). parts (i) and (ii), with u, = L,, and

conditions (A1)—(A3).

Tstr max{Tdes, Toc, Teq, T'roof, 32}; The four For every r > rstr, the designs, global
see (10.21). preceding lower localization, root equalization, and all

bounds three conclusions of Proposition 10.9

hold simultaneously. The lower bound
32 also covers the later size
inequalities involving the uniformity.

Table 5: Effective lower bounds in the structural construction.

The r-index is restored in the final statements. By contrast, Fg = Fy, g, CiB“7 23, and Thase are determined
by the fixed base k-uniform problem and do not depend on the target uniformity .

The scalar optimization in Lemma 9.1 and Proposition 10.9 determines the extremal value, but the main
theorem requires a classification of all extremal limits. We must therefore prove two directions: every
extremal limit yields a maximizer (u,a,b) of ®., together with the corresponding inner extremal limits,
and every such choice can be realized by a sequence of completed weighted models. The next lemma
establishes these two directions. In particular, it removes positive-weight isolated vertices from an inner
optimizing sequence before raw record edges are added to place the remaining active vertices in U or
U_. With v, (u) and E, defined in (10.6) and (10.7), respectively, put

v, = irelf}(yr(u) — ET/Z) > 0.

Lemma 10.10. Foru € I and a,b > 0 with a+0b < u, use the phase function ®_,(u,a,b) from (9.2), with
T = Thase, With o and v defined in (10.11), and with Pv,se defined in (10.12). The following statements
hold.

(i) Every optimizer limit of D has a representing sequence of completed weighted models for which
the root vector is o(1) from y(uy,) and the largest data-vertex weight is o(1). Along every sub-
sequence on which its total data, positive-sign, and negative-sign weights (un, Gy, by) converge to
(u,a,b), this limit mazimizes ®.,. If, for example, a > 0, then, along that same subsequence,
distdhom((GJﬁn,w(")/an)72(CiB")) — 0, and the analogous assertion holds for the negative sign
when b > 0.

(ii) Conwversely, let W, W_ € S(C}g“) and let (u,a,b) be as above. There is a sequence of completed
weighted models whose roots have weights y(u), whose positive, negative, and neutral data classes
have total weights a,b,u—a—0b, whose largest data-vertex weight tends to zero, and whose normalized
positive and negative sign projections tend to Wi and W_, respectively, whenever the corresponding
weights a and b are positive. The sequence converges in every r-graph homomorphism density, and
its Lagrangian values tend to ®.,(u,a,b).

(iii) Once (u,a,b) and the normalized limit of each sign class of positive weight are fized, the completion
rules uniquely determine the resulting limit. If a = b = 0, neither W, nor W_ contributes, and the
result is the same finite-step limit for every 5. If a > 0 and b = 0, only W remains relevant; if
a =0 and b> 0, only W_ remains relevant.
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Proof. Start with an optimizing sequence of completed weighted models (D, fin, :c(")). For the model
indexed by n, use the notation from (10.2) with subscript n. By Lemma 10.7, all sufficiently large terms
lie in the localized box. Let :cég) be obtained from (™ by leaving the data weights unchanged and
replacing the root weights by the equal vector y(u,). The comparison in (10.6)—(10.8) and the fact that
no completed weighted model has Lagrangian exceeding A(Dg) give

0 <,y — 9(un) 3 < MDn; aly)) = A(Dns &™) < A(Dg) = A(Dys z™) = 0(1).

Hence the root vectors are o(1) apart in ¢? and, because the fixed number of roots is m, also in ¢!. For
two weightings x, x’ of the same finite model, maximal coupling of the sampled vertices gives

[t(F, D, @) — t(F, D, )| < v(F)|l — /|

Thus root equalization changes every fixed homomorphism density by o(1) and preserves the represented
limit. By Lemma 10.6, every completed near-maximizing sequence in the localized box may then be split
and re-completed so that its largest data-vertex weight tends to zero, without changing its represented
optimizer limit; relabel the resulting sequence as (D, jtn, ™).

If a,, > 0, put 24 5, = k!)\(G+,n;w("))/aﬁ < zg; equivalently, this is k! times the value obtained after
normalizing the inherited weights on Uy to sum to one. The inequality follows from Lemma 2.4. Put
Zy.n =0 when a,, = 0, and define z_ ,, in the same way, with value zero when b,, = 0. Part (iii) and the
equal-root identities (10.9) show that A\(D,,;x(™) differs by o(1) from

<I)base(un) + a(un)((ZJr,n - Tbase>a§l + (Zf,n - Tbase>bf;) - 'y(un)(an + bn)k+17

where a term corresponding to a class of weight zero is read as zero. Replacing z,, by 2z can only
increase this expression. It follows that every subsequential parameter limit is bounded above by the

corresponding value of @, .

We next prove the converse. Together with the limiting expressions in part (iii), it shows that the
preceding upper envelope is the exact closed supremum at fixed (u, a,b). Choose weighted k-graphs H, ,,
whose underlying k-graphs belong to C};“, which converge to W, and which satisfy dens;(Hy.n) — 23.
Such sequences exist by the definition of £(C/i8“). They may be assumed to have no isolated vertex. Indeed,
if s, is the total weight of the isolated vertices and H_ , is obtained by deleting them and renormalizing,
then

densy(Hy ) = (1 — 5,)" densy (H ,,) < (1 — sn)F2p.

Here 2g > Thase > 0, so s, — 0. Coupling the original and conditioned vertex samples shows that, for
every fixed k-graph @,

H(Q, Hon) — H(Q, Hy )| < 0(Q)sn = o(1).

Thus deleting the isolated vertices preserves W,. Apply iterated cloning until the largest normalized
vertex weight tends to zero; by Lemma 8.1, this preserves all inner homomorphism densities exactly.

Scale the positive and negative inner weights to sum to a and b, respectively, and split the remaining
weight © — a — b among neutral vertices whose largest weight tends to zero. Give the roots the weights
y(u). For each o € {+,—}, insert the raw o-record edges prescribed by Hy ,, and then perform the
admissible completion of Lemma 10.3. Because the inner k-graphs have no isolated vertex, every positive
vertex belongs to U, and every negative vertex belongs to U_. The sets U; and U_ are disjoint, their
projections are Q(Fg)-free, and completion adds threshold and penalty edges according to the subset
conditions in (V2) and (V3). Hence the resulting rooted models are admissible.

Part (iii), the convergence densy(Hy.,) — 23, and (10.9) now give convergence of their Lagrangian values
to ®.,(u,a,b). They also converge in every homomorphism density. To see this directly, fix an r-graph F'
and expand t(F,-) over the finitely many role assignments

w: V(F) — MU{+,—,0},

where 0 denotes the neutral data class. For a fixed w, the root weights and the frame, dispersion,
threshold, and penalty indicators are determined by the class weights and the fixed edge-class tables. For
each sign o, collect the k-sets of formal vertices which occur as the data part of a raw o-record edge
under . These sets form a finite projected k-graph F , on the formal vertices assigned sign o; vertices
which occur in no such set are retained as isolated vertices.
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Ignoring maps in which two formal data vertices are sent to the same data vertex, the contribution of w
therefore has the form ¢ t(Fo 4, Hy )t (Fo,—, H_ ,,), where ¢ is the product of the relevant root and
class weights, multiplied by a zero—one compatibility factor determined by the fixed edge-class tables.
A factor belonging to a sign class of weight zero is omitted; assignments using that sign already have
coefficient zero. Let &, be the largest data-vertex weight. The total weight of maps with a repeated data
vertex is at most (”(2F )) ey 22 < (”(QF ))gn. Thus the factorization has an Op(§,) error, uniformly over
the finitely many role assignments. Every term consequently converges, and its limit depends only on
(u,a,b, W, W_) and the fixed tables.

The upper bound already proved and this converse imply

A(Dp) = @:B = x_ &, (u,a,b).

ma.
u€el, a,b>0
a+b<u

Fix a subsequence on which (uy,, an,b,) — (u,a,b), and put
Ri = Ppase(tin) + a(tn) (240 — Toase)ak + (20 — Thase)bE) — V() (an + by)* 2.
The estimate A\(D,; (™) = R,, + 0(1) and the optimizing assumption give
0<A(Dg) — R, =0(1), and R, < ®.,(un,an,b,) < A(Dg).

Consequently, we have
0 < a(un) (@b (25 = 24.0) + b5(25 = 2-0) ) = @2y (U, @, ba) = R = 0(1).

If @ > 0, then eventually a,, > 0, and the positive continuous function « is bounded away from zero
on I. Hence a(uy)ak(z5 — 24 ) = o(1) implies z; ,, — z5. The normalized positive projections are
weighted members of C}gn, and their normalized one-edge densities are exactly z; ,. Compactness stability
in %(C};‘) therefore proves the asserted convergence. The same argument, along this same subsequence,
applies to the negative projection whenever b > 0. This proves parts (i) and (ii). The finite expansion in
the preceding paragraph proves part (iii). When a = b = 0, precisely the m root roles and one neutral
data role remain, whereas a pure-sign limit retains precisely the corresponding inner optimizer. |

11 The order parameter and weighted phase construction

The two optimizer phases are defined using rooted signs, but the final extremal limits carry no root labels.
We therefore need one quantum-graph statistic, fixed before the input is known, that records the sign
after the labels have been forgotten. For every finite r-graph F', the map W — ¢(F, W) is continuous.
These functions distinguish any two distinct r-graph limits, include the constant function 1, and satisfy
t(Fy, W)t(Fo, W) = t(Fy U F5,W). Their finite linear span, which consists of the quantum r-graph
statistics, is therefore an algebra of continuous functions that contains the constants and separates points.
The Stone—Weierstrass theorem shows that any two disjoint compact subsets of 2, can be separated
by such a statistic. This abstract existence statement is insufficient here because the separator must be
independent of the input. We instead construct an explicit induced statistic: the sparse asymmetric root
frame pins the labeled root roles, after which the statistic reads the two fixed distinct regular support
designs.

We construct, for each sign, a partial induced pattern that recognizes the k-sets belonging to that sign
projection after the root labels have been forgotten. Fix o € {+, —} and take the formal vertex set AU M,

where A = {aq,...,ax}. On the root vertices prescribe the exact frame, so an r-subset of M is an edge
precisely when it does not belong to J. For every S € (Ac/[), prescribe AU S to be an edge precisely when
S € By for 0 = +, and precisely when S € B_ for 0 = —. No condition is imposed on the remaining
r-sets.

Boolean M&bius inversion over the finitely many prescribed nonedges turns this partial induced pattern
into a quantum r-graph, denoted by Q,. If Q@ = Y, cygH is a quantum r-graph, define its value
on a weighted model by t(Q; D, x) := >, cyt(H; D,x). This definition is independent of the chosen
presentation because it is the linear extension of the homomorphism-density functional. Equivalently,
t(Qs; D, x) is the weighted density of maps realizing the prescribed frame and the corresponding exact
sign-neighborhood pattern.
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Define the fixed quantum-graph statistic
Sep(W) i= H(Q, W) — H(Q_, W). (1L.1)

The main result of this section is the following weighted compiler.

Theorem 11.1. There is a total algorithm which, on input r > 2 and 3, outputs a finite family ;,Ogt of
r-graphs. For every r > re, there are a fized finite-step limit Wy, and o fived continuous statistic Sep,.,
independent of 8, with Sep,(Wy ) =0, such that, with D, g := Forb( ﬁogt), the following hold.

(i) If U does not halt on S, then £(D, g) = {Wo,}.

(ii) If U halts on B, then £(D,p) = £, +(8) U L, _(B), where the two sets are nonempty and compact
and, for some ¢, 3 >0, Sep,. = ¢;.3 on £, +(B) and Sep, = —c, 3 on £, _(8).

(iii) Let G, = (G, x™) with G, € Dy p. If NG 2™) — A (D, g), then the dyom-distance from
G, to £(D, ) tends to zero.

The proof has two ingredients.
(i) The first lemma evaluates @+ and @)_ exactly on every completed weighted model.

(ii) The second uses this formula to show that Sep vanishes on the neutral optimizer and has opposite
signs, bounded away from zero, on the two active phases.

Lemma 11.2. Let (D, p,x) be a completed weighted model, and use the notation from (10.2). Then

t(Qy;D,x) = (H y> EINGy;x), and t(Q_;D,x)= (H yi> kNG x). (11.2)

ieM ieM
Proof. The proof has three steps.
(i) The required edges force injectivity on the formal vertices.
(ii) The asymmetric frame recovers every root role.
(iii) The neighborhood of the active k-set identifies its sign projection.

We first check that the required-edge system covers every pair of formal vertices. Two formal roots lie
together in a required frame edge because (ZX[ ) \ J covers pairs. Given a formal root ¢ and an active
vertex a;, regularity and nonemptiness of Dy;sp provide a set D € Dgjsp containing 4, and the required
edge AU D contains both. Finally, any one set D € Dqssp gives a required edge AU D containing every
pair of active vertices. Consequently every nonzero occurrence of @, is injective on the full formal vertex
set. Identifying any two formal vertices would collapse a required edge in the host r-graph. In particular,
the active images form a genuine k-set.

We next recover the roles in such an occurrence. No two formal roots can occupy the same root role.
Each root role consists of one distinguished root vertex, whereas the occurrence is injective.

Let S C M be the set of formal roots whose images are data vertices, and write s := |\S| and Mmoot = m—s.
We claim that s = 0. Suppose first that s > 2 and mo0t > r—2. Consider the r-sets containing exactly two
vertices of S. Their number is (3) ("*°5*). This number is larger than [ 7| = 2m/r. Indeed, 2m/r < r+1.
If s > r, then (;) > (g) >r+4+7>2m/rforr >32;if 2 <s <r, then Mmoot >m—r+1>r+7>2m/r
and ("T“j;‘) > Myoot- Thus one of these r-sets lies outside J. It is a prescribed edge whose image has
exactly two data vertices, contrary to the fact that the available data multiplicities are 0,1, %,k + 1 and

k> 3.

If s > 2 and myoot <7 —2, then s >m—7r+2>r+7>2m/r. Since s > r and (i) > s, we have
(f,) > |J|, so some r-subset of S lies outside J. Its image has r data vertices, again an unavailable

multiplicity because r = k + ¢ > k + 4. We have proved s < 1.

If s =1, let ¢ be the unique formal root mapped to data and choose a hole J € J containing ¢, which
exists because J is 2-regular. The formal set J is prescribed to be a nonedge, whereas its image has one
data vertex and r — 1 vertices in distinct root roles; it is therefore a one-data frame edge required by the
completion. This contradiction proves s = 0.
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Consequently the formal roots occupy all m root roles and induce a permutation of M. The prescribed
edges and nonedges on the root set say that this permutation preserves [J. As J is asymmetric, the
permutation is the identity.

Every active formal vertex is data. Indeed, Dyjsp is regular of positive degree. If a; occupied root role 1,
choose S € Dyisp containing i. The required edge A U S would then contain two formal vertices with the
same image, contradicting the injectivity of the occurrence.

The root roles are now fixed. Suppose first that the data k-set A is an edge of the positive projection. The
completion rule supplies Ag U Z for every Z € Z,. Every vertex of Ay belongs to Uy, so no Ap UT with
T € T is present. By (V1), none of these vertices belongs to U_, and hence every negative-threshold edge
on Ay is present. Dispersion edges are always present, and no other c-support defines a permitted k-data
edge. Thus the exact root neighborhood of Ag is B4. Conversely, the occurrence of every Z,-support in
that neighborhood says exactly that Ay belongs to the positive projection. The negative statement is
symmetric.

It follows that, after the root images have been chosen, the active ordered k-tuple contributes exactly
when its underlying set is an edge of G,. The root choices have total weight [], y;, and the ordered active
tuples contribute kK!A(G,; ). This proves (11.2). |

Lemma 11.3. The statistic Sep is continuous, independent of 8, and satisfies Sep(Wy) = 0. Suppose
that zg > Thase. Bvery optimizer W in the positive phase, represented by a sequence of completed weighted
models with (Un, an, by) — (ug,ts,0), satisfies Sep(W) = Q(Uﬁ)mzlgtg > 0. Fvery optimizer in the negative
phase, represented by a sequence with (U, an,by) — (ug,0,ts), satisfies Sep(W) = —g(u5)m25tg < 0.
Consequently, for every fixed halting input 3, |Sep| is bounded away from zero on both optimizer phases.

Proof. Continuity follows because Q1 — Q_ is a finite quantum graph. At Wy both sign projections have
zero weight, so (11.2) gives Sep(Wy) = 0. Let W lie in the positive phase and choose a representing
sequence of completed weighted models with (uy,an,b,) — (ug,ts,0). The root vectors converge to
y(ug), the normalized positive projections converge to an optimizer of Ciﬂn, and the negative projection
has limiting total weight zero. Hence KI\(G ;™) — zﬂtg and kIN(G_ ;™) — 0. Substitution in
(11.2), followed by continuity, gives the asserted positive formula. The negative case is symmetric. Since
o(ug), zs, and tg are positive for every fixed halting input, the final assertion follows. |

The sign formula in Lemma 11.3 now completes the rooted phase classification stated in Theorem 10.4.

Proof of Theorem 10.4. Fix W € £(Dg) and choose an optimizing sequence of completed weighted models
converging to W. For the model indexed by n, use the notation from (10.2) with subscript n. By part (i),
every subsequential limit of (u,,an,,b,) maximizes ®.,. The conclusions and effective estimates in
Proposition 10.9 verify all hypotheses of Lemma 9.1.

If 23 = Thase, the phase function ®,, has the unique maximizer (ug,0,0). Part (iii) therefore shows
that every optimizing sequence has the same finite-step limit Wy, independent of 8. Part (ii) realizes this
point, so the optimizer space is exactly {Wy}. This proves part (i).

Suppose that zg > Thase. The one-phase/two-phase lemma gives exactly the two maximizers

ka(“ﬁ)(zﬂ - Tbase)
(k+1)v(up)

where ug is the unique maximizer of ®pase + J 5 Choose a subsequence on which (uy,, a,, b,) converges.
Its limit is one of the two displayed triples, so this subsequence is pure-sign in the limit. The root vectors
converge to y(ug) by part (i). The convergence asserted in that part and compactness give an inner limit
in E(C};’) along a further subsequence. This further subsequence still converges to W, and its normalized
active projections converge to the chosen inner limit. Thus it is a representing sequence of the form
asserted in the theorem.

(ug,t3,0) and (ug,0,t3), where tg=

>0,

Conversely, part (ii) realizes every member of E(Ciﬁn) in either sign. The two displayed triples and the
limiting root vector are unique. Part (iii), proved by the finite homomorphism-density expansion, shows
that the sign and inner optimizer determine the resulting limit represented by completed weighted models,
including the limiting contributions of all edge classes imposed by completion. Lemmas 11.2 and 11.3
show that a positive representation and a negative representation cannot determine the same unlabeled
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limit. This proves part (ii). The phase-sensitive edit-stability argument in Proposition 15.3 uses the
quantitative estimate in Lemma 9.2. |

The two lemmas now supply the fixed sign detector required in the weighted compiler.

Proof of Theorem 11.1. For 2 < r < rg,, output the empty forbidden family. Given (r, 8) with r > ry,,
put ¢ = r — k, compute the canonical frame and orbit supports fixed in Proposition 10.9, and compute
Fp = Fi,p from Theorem 1.1. Enumerate Q(F3) and construct the finite rooted conditions of Section 10.
The algorithm in Lemma 10.3 outputs Aﬁf’gt. Every step is a finite operation uniform in (r, 8), so the
map is total computable. The canonical choice of frame and supports shows that Wy, and Sep, depend
only on 7, not on 3, and Lemma 11.3 gives Sep, (Wy ) = 0.

By Lemma 2.4, the phase function is ®.,, where z3 = 7(F3). In the nonhalting case this parameter
equals Tpase, and Theorem 10.4 gives the singleton optimizer Wy. In the halting case it is larger than
Thase, 50 Theorem 10.4 gives two pure-sign optimizer types with total data weight ug and active-sign
weight tg > 0. Put ¢, g == Q(u,@)m25t§ > 0, the common magnitude given by Lemma 11.3, and define

€+ (8) = £(Drp) NSep, ({erp}), and L (B) = L(Dy5) NSep; ' ({—crp}).

The rooted phase classification and Lemma 11.3 show that these sets are nonempty, disjoint, and cover
the optimizer space. Since Sep,. is continuous, they are closed subsets of the compact optimizer space and
are therefore compact. The near-optimal assertion is Lemma 8.2. |

12 Canonical models and finite star blockers

We now transfer the weighted optimizer space of Ds to an ordinary finite-family Turdn problem. We first
define the ordinary models generated by the rooted construction and then construct a finite obstruction
family controlling which vertices can be added to them.

We begin with the ordinary models obtained by completing the rooted constructions and then blowing up
their root vertices.

Definition 12.1. Start with a totally rooted admissible r-graph, clone data vertices arbitrarily many
times, and complete the resulting rooted r-graph as in Lemma 10.3. Replace each root i € M by an
arbitrary vertex class V;. For every edge e of the completed rooted r-graph and every choice of one vertex
v; € V; for each i € e M, include the ordinary edge (e \ M) U {v;: i € eN M}; each data vertex remains
a singleton. The resulting ordinary r-graph is a canonical completed model. A canonical model is any
subgraph of a canonical completed model. Empty root classes are allowed. Let €3 denote the class of all
canonical models.

Lemma 12.2. The class €g defined in Definition 12.1 is monotone. It contains every ordinary blowup
of every member of Dg.

Proof. The first assertion is built into the definition. For the second, choose an admissible partial rooting,
add the missing roots as new vertices, delete any data vertices whose desired blowup multiplicity is
zero, and clone every remaining data vertex according to its desired multiplicity. Deleting data vertices
preserves admissibility, and Lemma 10.5 shows that the subsequent clonings do as well. Complete the
resulting rooted r-graph and blow up its root vertices. The original ordinary blowup is a subgraph of the
resulting canonical completed model. |

To recognize these models inside a host with a specified role partition, we use the following rooted
compression.

Suppose an r-graph H has a partition V = (U, (V;);ep) with V(H) = U U UieMV;' An edge is
root-transversal if it meets every V; in at most one vertex. For each root-transversal edge e, form
(enU)U{i e M:enV; # @}. The rooted compression Comp,,(H) is the rooted r-graph on U U M
formed by these edges. Every i € M is retained as a distinguished root, even when V; is empty or no edge
of H meets V;. We say that H belongs to €g through V when H is a subgraph of a canonical completed
model whose canonical partition is V.

This compression exactly detects membership through the fixed partition. If H is a subgraph of a
canonical completed model with partition V), then compressing its root classes shows that every edge of H
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is root-transversal and that Comp,,(H) is admissible. Conversely, if these two conditions hold, complete
the admissible rooted compression, replace each root label ¢ by the class V;, and retain every data vertex
as a singleton. Every edge of H then expands from an edge of its rooted compression, so H is a subgraph
of the resulting canonical completed model. We record this equivalence for later use.

Fact 12.3. For a fized partition V = (U, (V;)ienm), the following are equivalent.
(i) H belongs to €5 through V.
(ii) Every edge of H is root-transversal and Compy,(H) is an admissible totally rooted r-graph.

Canonical models come with a role partition, whereas an ordinary forbidden family cannot refer to that
partition. We therefore build finite configurations that recover the roles and certify the failure of every
possible placement of one new vertex. The asymmetric frame fixes the root roles in the host partition,
the pins fix the witness roles, and the star blockers combine one failed extension for each tentative role.

Introduce one formal data role x and set R,o10 '= M U {x}. Define the role frame

B = ((Af)\j)u{{*}us;SE <TM1)}.

Lemma 12.4. Let ¢: Ryole — M U{data} be a role assignment, where ¢(x) = i means that x is assigned
root role i, and ¢(x) = data means that x is assigned the data role. Suppose that, for every edge of %,
the roles assigned to its vertices can occur on a permitted rooted edge. Then ¢(x) = data and ¢(i) =i for
every 1 € M.

Proof. The frame covers pairs. Hence two formal frame vertices cannot map to the same root role, since
an edge containing them would repeat that root role. Let S := ¢~!(data). Since |Role] = m + 1 and
there are only m root roles, S is nonempty.

Suppose |S] > 2. If [Ryo1e \ S| > r — 2, choose an edge containing formal x and exactly two members of S.
If x € S, use one further member of S and r — 2 vertices outside S; if x ¢ S, use two members of S and
r — 3 further vertices outside S. Every r-set containing formal x is an edge of Z#. Its image has exactly
two data vertices, impossible because the available data multiplicities are 0,1,k,k + 1 and k > 3.

If |Riole \ S| < 7 — 2, then the bound m > r(r 4+ 4)/2 implies |S| > r. If x € S, choose an r-set in S
containing *; if x ¢ S, choose formal x and r — 1 members of S. The image has respectively r or r — 1
data vertices. Since r = k + ¢ with ¢ > 4, neither multiplicity is available. Thus |S| = 1, and ¢ is a
permutation of the m + 1 roles. After representing the data role by *, every permitted rooted edge with
zero or one data vertex has a role set belonging to £, so the hypothesis gives ¢(Z) C Z; equality follows
because ¢ is a permutation.

The degree of x in Z is ( ml). Since J is 2-regular, every root role has degree (mfl) + (mfl) —2= ( m ) —2.

r— r—2 r—1 r—1
Hence x is fixed. The induced permutation of M preserves (Jy ) \ J, and hence preserves J. As J is
asymmetric, it is the identity. ]

Fix formal frame vertices r; for i € M and a distinguished formal data vertex d. For another vertex y, put

Pin,(y) = {{y}U {ri:ieS}: Se < M >}, (12.1)

r—1
and, for i € M,

Pin; (y) = {{y,d} U{r;:j€S}: Se (]\f \_{;}> } . (12.2)

Once the frame roles are fixed by Lemma 12.4, these edge systems determine the role of y. If Pin,(y)
is present and y has root role j, choosing S 3 j in (12.1) produces an edge that repeats root role j. If
Pin;(y) is present and y has the data role, each edge in (12.2) contains the two data vertices y and d. If
instead y has a root role j # 4, choosing S 3 j in (12.2) again produces an edge with a repeated root role.
The intended assignments are possible because the corresponding edges have one data vertex and r — 1
distinct root roles and are present in every canonical completed model. We record the conclusion for later
use.

Fact 12.5. Once the frame roles are fized by Lemma 12.4, the edge system Pin,(y) forces y to have data
role x, while Pin;(y) forces y to have root role i for everyi € M.

79



12.1 Centered one-vertex certificates

We now convert a rooted extension failure into an ordinary finite configuration. A role-labeled centered
configuration is a triple (C, v, w¢), where C' is a finite r-graph, vg € V(C) is its distinguished center,
and we: V(C) — Ryole assigns a role to every vertex. A map from C to a canonically partitioned
ordinary r-graph is role respecting if role 7 is mapped into the root class V; and role * is mapped into the
data class U. We always require the map to be edgewise injective.

Fix a tentative role ¢ for a new vertex v. We separate invalid edge profiles from the four admissibility
violations. Let E be an r-set of distinct formal vertices. For a role assignment w: E — Role, put
l(w) = |w~ (%) and call w(E) N M its root support. We call the role profile specified by w permitted
when no root role is repeated and one of the following holds.

(a) ¢(w) = 0 and the root support lies in (ITVI) \J;

(b) Uw) =1;

(c) £(w) =k and the root support lies in Dyisp U Z1 U Z_ U T4 U T_;
(d) ¢(w) =k + 1 and the root support lies in P.

All other role assignments are invalid. For every invalid assignment with a distinguished formal vertex of
role t, regard its r formal vertices as one r-edge, designate the distinguished vertex as the center, and
retain the full role assignment. This is an invalid one-edge t-certificate. In particular, if a through-v edge
contains another vertex in the same tentative root class, the corresponding certificate has two distinct
formal vertices carrying the same root role; the repeated role is not collapsed in the formal edge.

Suppose now that every edge through v is root-transversal and has a permitted role profile. Compressing
these edges under the tentative role partition gives the finite rooted conditions of Section 10. Since the
previous rooted compression is admissible, failure of the extension has one of the following forms.

(F2) a (V1) double-sign certificate;

(F3) a (V2) threshold certificate;

(F4) a (V3) penalty certificate;
) a

(F5) a (V4) realization of some Q) € Q(Fp) in one sign projection.

For uniformity of notation we call the invalid one-edge certificates (F1). In each of (F2)—(F5), a witnessing
rooted configuration uses at least one edge of the extended compression that is not present in the
previous admissible compression; otherwise the same violation would already occur there. Every such
new compression edge has an ordinary preimage through v under the tentative partition.

Every member of Q(F3) has no isolated vertices, so every data-variable class in an (F5) certificate occurs
in a displayed raw record edge. Hence a new data class represented by the center in an (F5) witness gives
a nonempty center incidence.

The five labels (F1)—(F5) give an exhaustive classification, but several violations may occur simultaneously.
We make the classification disjoint by using the displayed order. For a tentative role ¢ whose placement
fails, first test whether a through-center edge has an invalid role profile. If not, test (V1), (V2), (V3),
and (V4), in that order, and assign the failed placement to the first violated condition. If none of these
five tests fails, then every edge is root-transversal with a permitted role profile and the extended rooted
compression is admissible. By Fact 12.3, the placement succeeds, a contradiction. Thus every failed
placement has a uniquely determined first failed test; the particular witness for that test need not be
unique, and the catalogue retains every possible witness.

Fix a rooted violation certificate @ and a tentative role t. A legal center-incidence choice for (Q,t) is
defined as follows. If t = x, it is one data-variable class of @) that occurs in at least one displayed edge. If
t =1 € M, it is a nonempty set of the displayed occurrences of root label i in @), containing at most one
occurrence from each displayed edge.

For each rooted violation certificate of type (F2)—(F5), tentative role ¢, and legal center-incidence choice,
define its mazimal ordinary role lift as follows. The center is assigned role t. Every data-variable class of
the certificate is represented by one role-x vertex, with the selected class represented by the center when
t = %. For every displayed edge e and every root-label occurrence ¢ in e, use the center when ¢ = ¢ and
this occurrence was selected; otherwise use a fresh role-i vertex private to the pair (e,4). No additional
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identifications are made. A frozen-root identification never identifies two vertices of one edge, and a
legal center-incidence choice uses the center for at most one vertex of any displayed edge. Hence every
displayed edge of the lift has r distinct formal vertices.

Case First failed condition Catalogue member Property retained once the frame,
pins, and center role are fixed

(F1) A through-center edge is not  The invalid one-edge certificate ~ Edge injectivity preserves these

root-transversal or its role with the offending role distinct vertices, while the frame
profile is not permitted. assignment on its r distinct and pins preserve their roles.
formal vertices.

(F2) No (F1) failure occurs, but A maximal lift of the two The two disjoint sign-support
(V1) fails at a data vertex in  record-edge witnesses of opposite families and their common
U,nuU-. signs. displayed data vertex remain

visible.

(F3) Neither earlier case occurs, but A maximal lift of the threshold  The threshold support and the
(V2) fails at a threshold edge. edge and one same-sign witnesses placing all k data

record-edge witness for each of  vertices in the same set U,
its k data vertices. remain visible.

(F4) No earlier case occurs, but A maximal lift of the penalty The penalty support and the
(V3) fails at a penalty edge. edge and one signed-record witnesses placing all k + 1 data

witness for each of its k + 1 data vertices in U+ U U— remain
vertices. visible.

(F5) No earlier case occurs, but A maximal lift of a realization of The projected image is a further
(V4) fails in one sign some @ € Q(Fp) in one sign edgewise-injective image of @ and
projection. projection. hence remains in Q(Fg).

Table 6: The ordered catalogue of one-vertex extension failures.

The frozen-root identifications and maximal lifts divide the possible coincidences as follows. Coincidences
between different host edges are handled by an edgewise-injective homomorphism, whereas vertices
within one invalid role profile are never identified. An actual invalid through-center edge is therefore the
role-respecting image of its invalid one-edge certificate.

Lemma 12.6. For every t € Rrole there is an effectively computable finite family €3 of role-labeled
centered configurations, consisting of invalid one-edge certificates and maximal role lifts. There is also a
computable constant Bgit with the following property.

Suppose that H — v belongs to €g through a canonical partition V = (U, (V;)iem), but H ¢ €. For
t € Ryole, let VE be the tentative partition obtained by placing v in U when t = x and in V; when t € M.
Simultaneously for all t € Ryole, one can choose C; € €3, and an edgewise-injective homomorphism
Y2 Cp — H, role respecting with respect to V*, such that ¢, (vg,) = v and ¢y (V(Cy)\{vg, }) € V(H)\{v}.
Moreover, these choices satisfy |Ut6Rr01e U (V(Cy) \ {vgt})| < By™.

Proof. Fix any canonical partition V through which H — v belongs to €3. No tentative partition V*
succeeds, for otherwise Fact 12.3 would put H in €3. Fix t € Ryole and apply the ordered tests in Table 6.
If (F1) is the first failure, the actual offending edge, with the roles supplied by V!, is the role-respecting
edgewise-injective image of its invalid one-edge certificate.

Suppose that (F1) does not occur. Then all edges through v are root-transversal with permitted role
profiles, so V! has a well-defined extended rooted compression. Since the placement does not succeed,
at least one of (V1)—(V4) fails. Choose a witnessing configuration for the first failed condition. This
configuration contains at least one displayed edge of the extended compression that is not present in the
previous compression, since otherwise it would already contradict the admissibility of H — v. For each
displayed edge of the previous compression choose an ordinary preimage in H — v, and for each displayed
new compression edge choose a preimage through v. Recording every data class or root occurrence
represented by v selects a nonempty retained center-incidence choice. The maximal-lift construction
then gives the required role-respecting edgewise-injective map to H, and all noncentral vertices map into
H—w.

It remains to verify finiteness and effectivity. For (F1), there are only finitely many role assignments on r
formal vertices, and invalidity is decidable from the fixed support tables. For (F2)—(F4), the violation
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templates, frozen-root identifications, support choices, and center-incidence choices are finite. For (F5),
the extra choice is a member of the finite family Q(F3). Include every invalid one-edge certificate and
every maximal ordinary lift in the enumeration.

Each catalogue is nonempty. Since r = k+ ¢ > k + 1, the all-data assignment is an invalid (F1) profile for
t = %, while an assignment repeating root role ¢ is invalid for ¢ € M. Since r is fixed throughout this part,
we continue to suppress it from the notation and define the computable bound

Byt .— —1).
5 Juax (V) -1)
tERrole

For any simultaneous choice of the maps 1, the union of their images outside v has order at most Bgit.
Every list and test is computable from the edge lists of Q(Fg) and of the support systems. ]

12.2 Star blockers and image persistence

We now combine the failure certificates for all tentative roles at one common center. A shared role
frame and complete pins will ensure that an edgewise-injective homomorphic image preserves the role
contradiction. After defining this construction, we delete isolated vertices and take the homomorphic
closure Q, as in Section 2.

For every tuple (C})ier,,. With C; € @3, identify their centers to one vertex v and keep every other
formal vertex distinct. Add a fresh disjoint copy of the role frame, with frame vertices r; for ¢ € M and a
distinguished data vertex d. For every noncentral vertex y of every Cy, add the complete pin Ping, (y) (y).
The resulting finite r-graph is a base star blocker.

Put Kg = Q({B°: B is a base star blocker}).

The role-selection mechanism behind the shared-center construction is shown in Figure 13. The blocker
contains every branch simultaneously; the highlighted branch is the one indexed by the role eventually
assigned to the image of the center.

(a) Every possible center role has one branch (b) The image of the center selects one branch

YW o)

@6 ® 6 6 ol oo | o

6(d) | é(ri) | o(ry) 6(rig) $(rm)

asymmetric role frame

Figure 13: Why a base star blocker has no edgewise-injective homomorphic image in a canonical completed
model. (a) The configurations C, one for each tentative role ¢ € M U {x}, share only the center v. The
highlighted branch C;, shows three representative noncentral vertices; the dashed connectors stand for
complete pin systems, not individual edges, and every omitted noncentral vertex is pinned similarly.
(b) The diagram depicts the case tyg € M; the gray bottom points are the displayed frame images. If
¢(v) € V4, the role frame and pins force the vertices of Cy, into their prescribed classes, so the rooted
violation survives. If ¢y = %, replace Vi, by U. The blue segments group the displayed vertices into ¢(C},)
and do not represent individual r-edges.

Lemma 12.7. There is no edgewise-injective homomorphism from a base star blocker to a canonical
completed model. Consequently no member of Kg embeds in a canonical completed model.

Proof. Suppose that ¢: B — My is an edgewise-injective homomorphism from a base star blocker to
a canonical completed model. Assign each frame vertex the role of its image under ¢ in the canonical
partition of My. Since every formal frame edge maps to an actual edge of My, the roles assigned to
that edge can occur on a permitted rooted edge. Thus this role assignment satisfies the hypothesis of
Lemma 12.4; the pair-covering property of the frame and edge injectivity also make the formal frame

82



vertices distinct in the image. Hence r; has role i for every i € M, and d has role x. By Fact 12.5, every
noncentral witness vertex has its prescribed role. The center has some role tg € R,ole in the canonical
partition. If it is identified with any other blocker vertex, that vertex necessarily has the same role tg;
an identification with a differently pinned or framed role is already impossible. Consider the selected
certificate Cy,.

We check the five failure types.

(F1) The catalogue member is one edge on r distinct formal vertices. Edge injectivity preserves the r
distinct image vertices, while the frame roles identified above and the pins preserve the complete
role assignment. The repeated root role, or the other reason that the role profile is not permitted,
therefore remains.

(F2) The images of the two record edges retain root supports belonging to the two disjoint typed support
families Z, and Z_ and still share the displayed data vertex; hence that vertex belongs to both U,
and U_.

(F3) The threshold edge keeps its k distinct data vertices, and the image of each designated record-edge
witness places its displayed vertex in the same set U,. Thus (V2) persists.

(F4) The identical argument with k + 1 data vertices proves persistence; here the chosen sign may vary
from one data vertex to another, exactly as in (V3).

(F5) Let @Q € Q(Fp) be the displayed projected copy. The restriction of ¢ to every record edge is injective,
so the induced map from @ to the corresponding sign projection of My is edgewise injective. Its
image @' is therefore an edgewise-injective homomorphic image of Q. Since Q(Fjp) is closed under
further edgewise-injective images, Q' € Q(Fp). That sign projection of the canonical completed
model My would contain @', contradicting (V4).

Thus the image of C;, always gives a rooted violation in the rooted compression of My, a contradiction.
If a member of K3 embedded in My, composition with the edgewise-injective homomorphism defining it
would give precisely the excluded edgewise-injective homomorphism from a base star blocker. |

13 The final ordinary forbidden family

The final family has two complementary components. The pair-covering extensions Ext(A) and their
fixed distinguished cores were defined in Section 2; they force the projected base to avoid the rooted
obstruction family. The star blockers exclude a vertex that cannot be assigned any canonical role.

Define Gg := Q ((U Ac oot Ext(A)) ) UK. For the arbitrary fixed target uniformity in force, the global
notation for this family is G, g == G3.

The point of this construction is the following exact transfer from the weighted rooted class to the ordinary
forbidden family.

Proposition 13.1. One has 7(Gg) = A(Dg).
Its proof uses the following two properties of the final forbidden family.

Lemma 13.2. (i) The family Gg is finite and effectively computable, and Forb(Gg) is closed under
ordinary blowups.

ii) Fvery r-graph in €z is Gg-free.
B B

Proof. For part (i), a finite hypergraph has finitely many edgewise-injective homomorphic images, so the
family is finite and effective. If a blowup of H contains F' € Gg, projection to the blowup vertex classes is
edgewise injective and produces an edgewise-injective image F’. Since the family is closed under such
images, F’ € Gg and F’ embeds in H.

For part (ii), star blockers are excluded by Lemma 12.7. Suppose a canonical completed model contained
an edgewise-injective image of some @) € Ext(A). Every pair of vertices in the fixed distinguished A-core
14,0(V(A)) lies in an edge of ). Hence neither the map defining this image nor projection to the canonical
root vertex classes can identify two core vertices. Their composition with ¢4 o would embed A in the
admissible base r-graph, contradicting A € Agmt. The assertion for subgraphs follows. |
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The two parts of the lemma now prove the density identity.

Proof of Proposition 13.1. For each j > 1, choose a weighted member of Dz whose normalized value is
at least A, (Dg) — 1/4, fix an admissible partial rooting, and add zero-weight vertices for the missing root
labels. Perturb its probability vector by a sufficiently small rational amount so that every existing data
coordinate is strictly positive, every root coordinate is nonnegative, and the normalized value remains at
least A, (Dg) —2/j. Such vectors are dense in the finite probability simplex. The perturbation changes
neither the rooted edge set nor the sets Uy and U_. A zero root weight is allowed and will give an empty
root vertex class.

For this rational weighting, clone each data vertex according to the positive numerator of its weight,
complete the resulting cloned rooted r-graph, and realize the root weights by vertex-class sizes. Choose
a sufficiently large common multiple of the denominators so that the resulting order is at least j and
the difference between r!|N|/v(N)" and \N|/(”(iv)) is at most 1/j. By Lemma 8.1, the cloning preserves
every weighted homomorphism density, in particular the original Lagrangian value, while completion only
increases the Lagrangian value and cannot exceed the class optimum. The resulting canonical completed
model is free by part (ii) of Lemma 13.2. Taking these models for j = 1,2,... gives orders tending to
infinity and ordinary densities tending to A,.(Dg). Thus 7(Gg) > A, (Dg).

For the reverse inequality, the identity map is edgewise injective and every member of Ext(A) has no
isolated vertices, so (J, Ext(4) € Q ((U, Ext(A))°) € Gs. Following Mubayi’s extension method [52], we
use the minimum-support argument. If H is Gg-free, choose a minimum-support Lagrangian-maximizing
weighting and let D be its positive support. Then D covers pairs. Otherwise the weights on an uncovered
pair can be moved to one endpoint without changing the value, contradicting minimal support.

If D contained some A € Ago"t, take the union of the A-copy and one covering edge for every pair of its
vertices, retaining only vertices which occur in this union. Every edgeless r-graph belongs to Dg, so each
obstruction A has an edge and in particular at least two vertices. The resulting extension has no isolated
vertex, has order at most the bound in the definition of Ext(A), and is therefore a forbidden member of
Ext(A). Hence D € D and A\(H) < A(Dg). Applying the uniform weighting to H and letting its order
tend to infinity gives 7(Gg) < A, (Dg). [ |

14 Symmetrized stability and vertex extendability

The symmetrization method goes back to Zykov [76]; for hypergraphs we use the terminology of Liu,
Mubayi, and Reiher [42, pp. 38-39]. For v € V(H), its link is

Ly(v)={Ae€ (V(fﬂ\l{”}): Au{v} e H}.

Two vertices u,v € V(H) are equivalent, written u ~g v, if Ly (u) = Ly (v). An r-graph H is symmetrized
if every pair of non-equivalent vertices is contained in a common edge.

The following standard observation is recorded, for example, by Liu, Mubayi, and Reiher [42, p. 49, proof
of Lemma 4.2].

Fact 14.1. Every symmetrized r-graph H is a blowup of an r-graph D that covers pairs; the blowup
classes are precisely the equivalence classes of ~p.

The degree-stability criterion applied in the next section requires two concrete inputs: symmetrized
stability and vertex extendability. We verify them here. The first proposition gives the symmetrized
statement. The general marginal estimate that follows turns near-optimal weighted value into the
vertex-degree control needed for the extension argument.

Proposition 14.2. Every symmetrized Gz-free r-graph belongs to €3.

Proof. By Fact 14.1, write H as a blowup of an r-graph D that covers pairs. If D ¢ Dg, then D contains
some A € Afﬂo"t. For every pair of vertices in this copy choose an edge of D containing the pair, and take
the union on exactly the vertices occurring in the copy and the chosen edges. As in the reverse-inequality
proof of Proposition 13.1, this is a no-isolated A-pair-covering extension of the bounded order used in the
definition of Ext(A), so it embeds in H, contradicting Gg-freeness. Thus D € Dg. By Lemma 12.2, every
blowup of D belongs to €g. |
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The second main conclusion of this section is the required one-vertex extension property.

Proposition 14.3. There are (g > 0 and ng such that the following holds. If H is a Gg-free r-graph on
n > ng vertices with §(H) > (A.(Dg)/(r — 1)! = (s)n" " and H — v € €4 for some v, then H € €g.

Its proof has three ingredients.

(i) We first bound every coordinate derivative at a near-optimal weighting.

(ii) Exact compression then converts this bound into an ordinary vertex-degree estimate.
(iii) Finally, the witness catalogue turns any failed extension into a forbidden star blocker.

The following estimate is independent of the construction. After compression, its coordinate derivatives
become normalized ordinary vertex degrees.

Lemma 14.4. Let C be a class of r-graphs. If G € C and a probability weighting x satisfies \(G;x) >
A(C) —n, then for every i € V(G), we have

ONG:w) <A@+ - 8_”2)!. (14.1)

Proof. Put h = e; —x and g(t) = A\(G; (1 — t)x + te;). Since (1 — t)x + te; is a probability weighting on
the same r-graph, ¢g(t) < A(C) for 0 <t < 1. Euler’s identity gives

7' (0) = G\ G; ) — rA(G; ). (14.2)

For every probability vector z, we have
2

DG )b < g | Sl | <

Let A=¢'(0). If A <0, (14.1) follows from (14.2). If A > 0, then A < 9, \(G;x) <1/(r —1)! < B, so
t = A/B € [0,1]. Taylor’s inequality gives

2

AC) 2 g(t) > 9(0) + At — 21> = g(0) + =

Thus A < /2B, and (14.1) follows from (14.2) and A\(G;z) < A(C). [ |

Let My be a canonical completed model on N > 1 ordinary vertices, and fix one presentation of My by a
completed rooted graph D and root classes (V;);car. Give root ¢ weight |V;|/N and every data vertex
weight 1/N; denote this probability weighting by @. The presentation map 7: V(My) — V(D) sends
every vertex of V; to root i and fixes every singleton data vertex. The full graph D remains part of the
presentation: when V; = @, its edges containing 7 need not be recoverable from My, but every such edge
has zero weighted contribution.

Lemma 14.5. For every finite r-graph F', we have
t(Fa MO) = t(Fa Da :I?), (143)

where My carries its uniform vertex weighting. In particular, A\(D;x) = |My|/N". For every ordinary
vertex y € V(My), we have
degy, (y)

0, \(Di) = St

. (14.4)
Proof. Group the maps ¢: V(F) — V(M) by the presented map ¢ = 7o ¢. If some edge of F has two
vertices sent by ¢ to the same root, its edge indicator is zero in D; every lift also has indicator zero
because canonical edges are root-transversal. Otherwise the edge indicators of all lifts agree with those of
é. There are |Vi|‘¢’71(i)‘ independent lifts over root ¢, while a data coordinate has one lift. If V; = & and
$»~1(i) # @, both this lift count and the corresponding weight are zero. After normalization by N*(F),

the total lift weight is therefore
V| l6~ ()] 1\l @l
11 N 11 N ’
€M velU
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which is exactly the weight of ¢ in (D,z). Summing over ¢ proves (14.3). Taking F to be one r-edge
gives the second assertion of the lemma. Differentiating the corresponding edge monomials deletes the
coordinate of y and counts precisely the ordinary edges containing y, proving (14.4). |

Combining (14.3) with Lemma 11.2 shows that the identities in (11.2) also hold for every canonical
completed ordinary model after compression, and hence, by continuity, on limits of such models.

We can now prove vertex extendability. Suppose that adjoining one vertex destroys canonicality. The
witness catalogue then supplies a bounded failure for every tentative role. We complete the old canonical
r-graph and choose frame representatives at random; the minimum-degree hypothesis makes it possible
to realize all required frame and pin edges simultaneously, producing a forbidden star blocker.

Proof of Proposition 14.3. Put Hy == H — v and N := n — 1. Choose a canonical partition of Hy and
complete it, on the same ordinary vertex set, to a canonical completed model My O Hy. For every old
vertex y, we have

n—2 A.(D _
degn, () 2 degalv) — (172 2 (2228~ 6o —om)) 5, (145)
Summing (14.5) over all N old vertices and using >_, degy, (y) = r|Ho| gives |Ho|/N" > A(Dg) —
¢g/r — o(1). Compression makes M, a weighted member of Dg, so |My|/N" < A(Dg). Therefore, with
A == My \ Hy, we have |[A| < ({g/r + 0o(1))N". The compressed completed model is near optimal. By
Lemma 10.7, after (g is chosen sufficiently small there is a constant c.s > 0, depending only on the fixed
construction, such that

|Vil > casN  for every i € M, and |U|> casN, (14.6)

where U is the data class of the canonical partition.

Apply Lemmas 14.4 and 14.5 to C = Dg with n = (g/r + o(1). Equations (14.1) and (14.4) give

degMo (y)

A,(Dp) | [8(Gs/r+o(1))
Nr—1

(r— 1) r—2)0

<

Subtracting the lower bound (14.5), and decreasing (s so that (s < 1, gives, for every old vertex y,

degyy, (y) — degy, (y) < ((1 + ,/M) Vs + 0(1)> N (14.7)

Assume for a contradiction that H ¢ €g. For every role t € Ryole, choose C; € €3+ and an edgewise-
injective map ¢ as in Lemma 12.6. Let Vi be the union of their old image vertices, so |Voxc| < B[‘;m.
The common center is v ¢ V(Hy), while Voxe € V(Hp) contains every other vertex used by any witness

map, including coincidences between different witness images.

The vertex classes (V;);enr and U are pairwise disjoint. We choose one new representative from each class
outside Vixc, so the frame representatives and the distinguished data representative are mutually distinct
and avoid all noncentral witness images. Independently choose

7 €EVi\ Vexe foreveryie M, and de€U\ Vi, (14.8)

uniformly. By (14.6), these choices are well defined for all sufficiently large N.

Let Xy count required edges of the role frame which are missing from Hy. Every such edge is present in
M. A selected frame edge uses r prescribed vertex classes, each of size at least ¢ sV — Bgit. Hence every
fixed edge of A is selected with probability at most (cqsN — BB’“)*”. Its role profile determines at most
one formal frame edge, both for a root-only frame edge and for a one-data frame edge. Consequently, we
have

EXg < |Al(casN — BE™) ™" < Cp,1¢5 + o(1).

Now fix a noncentral formal vertex y in one of the chosen C}, and write § := ¢,(y). Let X, count missing
edges in its complete pin. Every pin edge is present in My and contains y. Once y is fixed, the remaining
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r — 1 vertices are chosen from prescribed vertex classes of size at least cqsN — Bgit. An edge of M
incident with y but missing from Hj realizes at most one formal pin edge, because its role profile uniquely
determines the subset of frame roles used in (12.1) or (12.2). Thus (14.7) gives

EX, < (degyy, (§) — degg, (9)) (casN — BE™) ™Y < Cpa1/Cs +o(1).

The total number of formal noncentral vertices over all chosen catalogues is bounded by a constant
depending on 8. Therefore we have

E|Xn+ Y Xy| < Csis+ Cs\/Cs +o(1).

Y

Choose (g > 0 so small that the right side is eventually below one. The random variable is a nonnegative
integer, so some choice in (14.8) makes it zero.

Use the maps ¥; on the witness lifts, send the formal frame to the selected representatives, and send
every pin to the corresponding selected vertices. The maps agree at the common center v and are already
edgewise injective on every witness edge.

The selected frame vertices and the distinguished data representative lie outside the bounded witness
core and in pairwise disjoint prescribed vertex classes. A root-only frame edge uses distinct root roles, a
one-data frame edge uses the distinguished data representative and distinct root roles, a Pin,-edge uses
its pinned data vertex and distinct roots, and a Pin;-edge uses its role-: vertex, the distinguished data
representative, and roots whose roles avoid i. Hence no frame or pin edge suffers an identification. We
therefore obtain an edgewise-injective homomorphism from a base star blocker into H. Its image is a
member of Kg C Gg, contradicting the assumed freeness of H. |

15 Degree stability and ordinary edit stability

We first recall the degree-stability criterion to which Propositions 14.2 and 14.3 will be applied. Recall
that a family F of r-graphs is nondegenerate when 7(F) > 0, and call it blowup invariant if every blowup
of an F-free r-graph remains F-free. By Lemma 2.1, blowup invariance is equivalent to the formulation
in Liu-Mubayi-Reiher in which every F-free r-graph is F-hom-free.

The hereditary-class form used below also appears explicitly in work of Hou, Li, Liu, Mubayi, and
Zhang [30, Theorem 6.2], Zhang, Hou, and Li [74, Theorem 18], and Liu [39, Theorem 2.3]. Subsequent
work strengthened and extended this framework. Hou, Liu, and Zhao [31, Theorem 1.1] showed that edge
stability together with vertex extendability implies degree stability, thereby covering families beyond the
blowup-invariant or vertex-stable settings of the original framework. Chen and Liu [11, Theorems 1.6
and 1.7] extended vertex extendability to general extremal problems on hypergraphs and gave axiomatic
criteria for degree stability based on symmetrization or edge stability.

The stability theorem is stated for a hereditary construction family ), with “contained in £)” meaning
“is a subgraph of a member of $”. Every target class used in this work is monotone, so containment is
equivalent to membership. We record the resulting specialization used here.

Let € be a monotone family of F-free r-graphs closed under isomorphisms. We say that F is strongly
symmetrized-stable with respect to € if every symmetrized F-free r-graph belongs to €. This condition
implies the symmetrized-stability hypothesis of Liu—-Mubayi—Reiher. The family F is vertex-eztendable
with respect to € if there are n > 0 and ng such that every F-free H on n > ng vertices satisfying
§(H) > (n(F)/(r — 1)! —n)n"~! has the property that H — v € € for some vertex v implies H € €. It is
degree-stable if the same minimum-degree condition alone implies H € €.

Degree stability is supplied by the following hereditary-class specialization of the theorem of Liu, Mubayi,
and Reiher.

Theorem 15.1 ([42, Theorem 1.7]). Let F be a nondegenerate blowup-invariant family of r-graphs, and
let € be a family of F-free r-graphs closed under isomorphisms and taking arbitrary subgraphs. If F is
both strongly symmetrized-stable and vertex-extendable with respect to €, then F is degree-stable with
respect to €.

The construction-specific hypotheses of Theorem 15.1 are supplied by Propositions 14.2 and 14.3; the
remaining basic hypotheses are recorded in the proof below. Thus degree stability follows, and we
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then use the standard implication from degree stability to edit stability. Only the further passage to a
near-extremal completed canonical model requires an argument specific to our construction.

Theorem 15.2. The following statements hold.

(i) There are eg > 0 and no(B) such that every Gg-free r-graph H on n > ng(B) vertices with
§(H) > (A(Dg)/(r — 1)! —eg)n" "1 belongs to €ga.

(ii) For every e,m > 0 there are 6 > 0 and ngy such that every Gz-free r-graph G on n > ng vertices with
|G| > ex(n,Gg) — dn" is within en” edges of a canonical completed model N on the same vertex set
satisfying |N| > ex(n,Gg) — nn”. In particular, if (G;) is an asymptotically extremal sequence and

n; = v(Gj), then its edit distance from the canonical completed model class is o(nj).

Proof. For part (i), the hypotheses of Theorem 15.1 hold as follows.
(a) By part (i) of Lemma 13.2, the forbidden family is blowup invariant.

(b) The finite reference model Dy, from Lemma 10.7 has positive frame density, and hence A, (Dg) > 0.
By Proposition 13.1, m(Gg) = A.(Dg), so the family is nondegenerate.

(c) By the definition of €5, Lemma 12.2, and part (ii) of Lemma 13.2, the target class is closed under
isomorphisms and taking subgraphs and consists of Gg-free r-graphs.

(d) Symmetrized stability is Proposition 14.2.
(e) Vertex extendability is Proposition 14.3.
Therefore Theorem 15.1 applies and proves part (i).

For part (ii), fix £,7 > 0. For completeness, we prove the standard consequence of degree stability noted
by Liu, Mubayi, and Reiher [42, Section 1.1 and Fact 2.5]. We claim that for every £ > 0 there are §y > 0
and ng such that every Gg-free G on n > ng vertices with |G| > ex(n,Gg) — don” has a set Z C V(G)
satisfying |Z| < ¢n and G — Z € €g.

To prove the claim, put a = 7(Gg)/(r — 1)! > 0. By Proposition 13.1, the threshold in part (i) is
(a —eg)g" ' Set v := min{eg/2,a/2} and let ny = ng(B) be as in that part. Since a — v > a — €5,
every Gg-free r-graph J on ¢ > ny vertices with §(J) > (a — v)¢" ! belongs to €5. Fix £ > 0, put
p = min{&, 1/2}, and choose

8o < %(1—(1—@7’).

Starting from G, whenever the current graph has order ¢ and contains a vertex of degree less than
(a — v)g"1, delete such a vertex. Suppose that the process makes k := [pn] deletions, and let G’
be the remaining graph and m = n — k. Since ex(q,Gg) = a¢”/r + o(¢"), m/n =1 — p + o(1), and

Z?:m.H j7 L= (n" —m")/r +O(n""1), we have

n

|G'| — ex(m, Gg) > ex(n,Gg) — ex(m,Gg) — don” — (a — ) Z gt
Jj=m+1
_ (%(1 —(1=p)") = +o(1)) n >0
for all sufficiently large n, contradicting the definition of ex(m,Gg). Thus the process stops after fewer
than k deletions. If Z is the deleted set and ¢ = n — |Z], then ¢ > (1 — p)n, the graph G — Z is still
Gp-free, and 6(G — Z) > (a—)q"~'. After increasing ng so that ¢ > ny, part (i) gives G — Z € €5, while
|Z] < k < pn < &n. This proves the claim.

Choose £ > 0 and 0 < ¢ < §p so that § + 26 < e and 0 + £ <. Let G satisfy the hypotheses of part (ii).
Adjoin the vertices of Z to G — Z as isolated data vertices, obtaining an n-vertex canonical model M.
Indeed, choose a canonical completed model witnessing G — Z € €g. In its rooted construction, adjoin the
vertices of Z as neutral data vertices before completion, and retain only the edges of G—Z after completing
the enlarged rooted model. This realizes M as a subgraph of a canonical completed model. Then |G|—|M |
is at most the number of edges meeting Z, and hence |G| — | M| < |Z|(7TL:11) < ¢én". Complete M to a
canonical completed model N on the same vertex set. By part (ii) of Lemma 13.2, the r-graph N is Gg-free,
so |[N| —|M| < ex(n,Gg) — M| < (6 +&)n". It follows that edit(G,N) < |G| — |M| + |N| — |M| < en”,
while |[N| > |M| > ex(n,Gg) — (6 +&)n” > ex(n,Gg) — nn”. The final assertion follows by taking € and 7
to zero along an asymptotically extremal sequence. |
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Ordinary edit stability places a near-extremal r-graph close to the whole canonical class. We now refine
this conclusion by distinguishing the zero-active construction from the two pure-sign constructions. We
begin by introducing the scalar parameters and completed phase classes needed to state this refinement.

The same ordinary canonical completed model may admit more than one rooted presentation, and empty
root classes need not be recoverable from its edge set. In this section, a presented canonical completed
model consists of the ordinary graph together with one witnessing completed rooted graph and its
canonical partition. All compression and scalar notation below is relative to this chosen presentation, and
every estimate is valid for every such presentation. When a phase class is regarded as a class of ordinary
graphs, membership means that the graph admits a presentation satisfying the displayed conditions.

If N is an n-vertex presented canonical completed model, let (Dy,xy) be its presented rooted graph
with the weighting from Lemma 14.5. Edges of Dy meeting an empty root class have zero weight, so
both exact identities in that lemma remain valid for the complete presented rooted graph. Write u(N) for
its total data proportion and y;(N) for its root proportions. Let G, (N) be the o-projection of Dy, let
Uy(N) be its covered vertex set, and write a, () for the total proportion of U, (N), for o € {4, —}. If
as(N) >0, put 25 (N) == kI\(Go(N); zn)/as(N)F, and put z,(N) := 0 when a,(N) = 0. By Lemma 2.4,
0 <2z, (N) < z5.

Let & be obtained from xx by replacing its root weights by the equal vector y(u(N)) and leaving its
data weights unchanged.

We now define the completed phase classes. In the zero-gap case 2g = Thase, let ug be the unique maximizer
of ®p,se on I supplied by part (i) of Proposition 10.9. The derivative-sign argument based on (10.19) in
the proof of that part isolates ug in the rational interval

15 17
(16(m+1)’ 16(m+1)> cl

Hence uy is algebraic and effectively specified as the unique zero of the rational polynomial ®;_ ., in this
computable interval. Fix an ordering of the type set M U {x}, where x denotes a neutral data vertex, and
define a, = uy and a; == o(ug) for every i € M. For a set S C M, write »/ W S for the multiset consisting
of j copies of x and one copy of each element of S. Let

Mo={S:Se M\ JIu{xwS:Se (M)IU{x"WS:S€Dasy UTL UT_}U{x"*1wS: S eP}.

The finite profile Py := ((a¢)terrufs}, Mo) therefore encodes exactly the completed zero-active model;
with the uniformity index restored it is denoted Py ,.. For every n, use the largest-fractional-parts rounding
fixed in Section 8 simultaneously on all m + 1 types. Let Py be the fixed finite-profile construction class
whose n-vertex members form Bp,(n), including all labeled realizations of its prescribed type partition.
With the suppressed index restored, write this class as B,

Suppose now that zg > Thase- Let ug and tg > 0 be the parameters supplied by Theorem 10.4. Call
a presented canonical completed model N pure-+ if U_(N) = &, and pure-— if Uy (N) = @. For
o€ {+,—}and n > 0, let P ,(n,n) consist of the ordinary underlying graphs of pure-c presented
canonical completed models N on n vertices satisfying

[W(N) = ugl+ > [4i(N) = o(ug)| + lag(N) —tg| <n, and 2 (N) > z5 — 1. (15.1)
ieM
The completed o-phase is represented by these classes as n — oo and n | 0.

The phase classes defined in (15.1) yield the following phase-sensitive refinement of part (ii) of Theo-
rem 15.2.

Proposition 15.3. Let (G;) be an asymptotically extremal Gg-free sequence, and put n; = v(G;).
(1) If 25 = Thase, then edit(G;,Po(n;)) = o(nj).
(ii) If 25 > Toase, then there are signs o; € {4, —}, numbers 1; | 0, and P; € Pg 5, (n;j,1;) such that
edit(Gy, Pj) = o(n}).
Its proof uses two estimates. The first compares a finite canonical completed model with the closed scalar

envelope @ ; the only error comes from repeated data vertices and is O(n=1).
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Lemma 15.4. Uniformly over all n-vertex presented canonical completed models N with w(N) € I and
root vector satisfying the bounds in part (i) of Lemma 10.8, write u := u(N). The following statements
hold.

(i) We have

ADN; EN) = Prase(t) + (1) Y (20(N) = Thase)ao (V)
oe{+,—} (15.2)

= y(u)(a+(N) +a-(N)** + Oppgr(n™").
(ii) In particular, we have
ADn; &) < @2y (u(N), a4 (N),a—(N)) + Ok pg.r(n™), (15.3)
where @, is the function defined in (9.2) with z = zg.

(iii) Moreover, comparing the equalized and original compressed weightings gives

A(Dn;&n) = MDysen) > v, > (i(N) = o(u(N)))?, (15.4)
ieM

where v, > 0 is the constant fized before Lemma 10.10.

Proof. Every compressed data vertex has weight 1/n. If S is any set of data vertices of total weight s
and j € {k, k + 1}, then the total weight of ordered j-tuples with a repeated coordinate is at most

@) (Zx2> $2 < (;) sj;.

veES

Consequently, 0 < s7 — jle;(S) < (J)n~!. At the equal root vector, all support polynomials have the
exact values in (10.9), while A\(G,(N);zn) = 2, (N)a, (N)*/k! by definition. Substituting the preceding
bound into the Lagrangian decomposition (10.4) gives (15.2); the error is uniform because the number of
edge classes and their coefficients are fixed. The upper bound (15.3) follows from z,(N) < zz. Finally,
(15.4) is exactly the difference estimate obtained by combining (10.6) and (10.8). |

The second estimate is the following local form of the completion rule.

Lemma 15.5. Let N1 and Na be presented canonical completed models on the same vertex set with
the same canonical partition V = (U, (V;)iem). For g € {1,2} and o € {+, -}, let G and UL be the
o-projection and its covered vertex set in the completed rooted graph belonging to the chosen presentation
of Ny. Suppose that there is a set S C U such that G,(Tl)[U \ S] = G [U\ S] and Ut \ S = ul? \ S for
both signs . Then an r-set has different edge status in the ordinary underlying graphs N1 and Ny only if
it meets S.

Proof. Fix an ordinary r-set disjoint from S. Its vertices have the same role profile in the common
partition for both presentations. If this profile is not permitted, the set is absent from both graphs.
Root-only and one-data frame profiles, as well as dispersion profiles, are unconditional. For a raw

((;1)

o-record profile with data set X, the set is an edge of IV, exactly when X € G5 ’, and this membership is

independent of ¢g. For a threshold profile with data set X, it is an edge exactly when X ¢ Uéq); for a
penalty profile with data set Y, it is an edge exactly when Y ¢ UJ(FQ) UUY. Since the data set is disjoint
from S, these subset conditions are also independent of q. These are all the permitted profiles, so the
fixed r-set has the same edge status in Ny and Ns. |

Proof of Proposition 15.5. By part (ii) of Theorem 15.2, replace G; at a cost o(n}) by a canonical
completed model N; whose extremal gap is o(ng), and retain the witnessing presentation produced by
that completion. Let (Dy;,xy;) be its presented weighted rooted graph. Then A(Dy,;zn,;) — A(Dp).
By Lemma 10.7, for all large j its total data weight belongs to I and its root vector satisfies the bounds
in part (i) of Lemma 10.8, so Lemma 15.4 applies.

Since root equalization does not decrease the Lagrangian value and no weighted member of Dg can exceed
A(Dg), we have
A(Dg) — o(1) = A(Dn;izn;) < AM(Dnji2n,) < A(Dp). (15.5)
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By (15.4), the root imbalance satisfies >, ,,(yi(N;) — o(u(N;)))* — 0.

Assume first that 23 = Tpase. Formula (15.3) and (15.5) show that the scalar parameters form a maximizing
sequence for ®,, . The zero-gap part of Lemma 9.1, or equivalently compactness plus the strict concavity
of ®pase and the negative penalty term, therefore gives u(N;) = up and a4 (N;) 4+ a—(N;) — 0. Together
with the root-imbalance convergence in (15.4), this yields y;(N;) — o(ug) for every ¢ € M. Let
S; = U4 (N;) UU_(N;) be the set of active vertices, so |S;| = o(n;). Reclassify the vertices of S; as
neutral by deleting their raw signed-record declarations. Let al?) be the resulting vector of root and neutral
proportions, and let a® be the fixed target vector defining Po. These limits give |[a’) — a®||; = o(1).

The largest-fractional-parts rounding changes each prescribed class size by at most one, so the vertices
can be repartitioned by moving a set T with

n; ;
73] < Sl = a®ll + 0:(1) = o(ny).

Every raw o-record edge has all its data vertices in U,. Delete all raw signed-record edges from the
presented rooted graph of N;, complete through the same partition, and denote the resulting ordinary
graph by N]’-. The old and new sign projections and covered sets agree outside .S, so Lemma 15.5 shows
that N; and N] can differ only on edges meeting S;.

Now move the vertices in T; and complete through the resulting target partition, obtaining B;. Both N J’
and B; have empty sign projections. If an r-set is disjoint from 7}, every one of its vertices has the same
root or data role in the two partitions. A direct check of the fixed rooted edge types then gives the same
edge status in both completions: frame and dispersion edges are unconditional, threshold and penalty
edges see the same empty covered sets, and no raw record edge occurs. Hence N ]’ and Bj; can differ only
on edges meeting 7. It follows that

edit(Nj,Bj) < |Sj U Tj| (T’njl> = O(TL;)

The graph B; belongs to Bo(n;), proving part (i).

Now suppose zg > Thase- Again, (15.3) and (15.5) make the scalar parameters a maximizing sequence for
®.,. Apply the quantitative phase-separation estimate in Lemma 9.2. For each j choose o; € {+, —} so
that the corresponding pure maximizer is the closer one. Then u(N;) — ug, y;(N;) — o(ug) for every
i€ M,aqs,(N;j) —tg, and a_,,(N;) — 0.

It remains to check the inner condition (15.1). If, along a subsequence, z,,(N;) < zg — ¢ for some fixed
€ > 0, then (15.2), the preceding convergences, and z_, (N;) < 25 give

k
A(Dx,iEn,) < 0%, — a(ug)e (gﬁ) +o(1),

a contradiction to (15.5). Hence z,, (N;) — z3.

Finally, let S; := U_,,(N;) be the set of minority-sign vertices. Since a_,,;(N;) — 0, we have |S;| = o(n;).
Reclassify S; as neutral by deleting the minority-sign raw record declarations, and complete the resulting
pure-o; model to obtain P;.

By (V1), no dominant-sign record edge meets S;, whereas every minority-sign record edge has all its
data vertices in S;. The dominant sign projection, and hence its value z,,, is therefore unchanged,
and the two assignments agree outside S;. By Lemma 15.5, every edge whose status changes meets 5.
Quantitatively, edit(N;, P;) < |Sj\(T"_jl) = o(nf). Choose 7; | 0 to dominate the errors in the preceding
convergences and in z,; (N;) — 25. Then P; € Bg o, (n;,7;) and edit(Nj, Pj) = o(n}). Together with the
initial replacement of G; by N;, this proves part (ii). |

16 Extremal limit transfer and the structural theorem
It remains to show that the weighted and ordinary constructions have the same extremal limits. Edit

stability and compression give one inclusion; rational approximation, cloning data vertices, and root
blowups give the reverse inclusion.
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Theorem 16.1. The extremal limit space of the final family equals the weighted optimizer space. In
symbols, £(Gg) = L£(Dg).

Proof. Fix first W € £(Gg). By the removal observation in Section 8, choose an asymptotically extremal
Gs-free sequence (Gy) converging to W, and put n; := v(G¢) — co. By part (ii) of Theorem 15.2, there
are canonical completed models N, on the same vertex sets such that edit(Gy, N;) = o(n}). Fix one
witnessing presentation for each Ny. For every fixed r-graph F', a union bound over the edges of F' gives

r! edit(Gg, Ng)

[t(F, Go) = t(F, Ne)| < |F]| T
14

=o(1).

Thus (Gy) and (Ny) have the same limit points. Give the presented rooted graph of N, the weights
determined by its root-class sizes and retain every data vertex as a singleton. By Lemma 14.5, including
its zero-weight observation for empty root classes, the resulting weighted members (Dy, xy) satisfy

T‘!)\(Dg; :135) =

M — A (’Dﬁ)

L
Equation (14.3) shows that compression preserves every homomorphism density exactly. Hence (Dy, x¢) —
W. Each compressed model is a weighted member of Dg, so the definition of the closed space 20(Dg)

gives W € 20(Dg). Moreover, continuity of the one-edge density and the preceding display give
dens, (W) = A.(Dg). Thus W € £(Dg), proving the first inclusion in the asserted equality.

Conversely, fix W € £(Dg) and use the enumeration Fy, Fy, ... fixed in Section 8. Put

1
j (1 + r! maxlgigj |Fz|) ’

€j =

Because W is an optimizer limit, for each j we may choose a weighted member (D, 2l )) of Dg, together
with an admissible partial rooting witnessing this membership, such that simultaneously

dhom((Djvm(j))a W) < €j7
ma§,|t(Fi,Dj7w<J’>) —t(F, W)| <y, (16.1)

1<i<y

rIN(Dj;29)) > A (Dg) — ;. (16.2)

Indeed, take a weighted sequence converging to W and use the continuity of the one-edge density and of
the first j density coordinates. We include (16.1) explicitly because the weighted-metric condition alone
would introduce a factor depending on 1.

Let Ej be the completion relative to this chosen rooting, with /) extended by zero on every newly
added root vertex. Its gain in normalized one-edge density is at most A,.(Dg) — rIA(D;;2)) < &;. Thus,
by (10.3), for every ¢ < j, we have

0 < i(F;, Dy, ®") = t(F;, Dj, &) < |Fje;. (16.3)

On this fixed completed rooted r-graph, choose a rational probability vector CCEQ for which every data
coordinate is strictly positive and every root coordinate is nonnegative, and such that
|PIA(Dy; w(j)) —rINDj; a:(j))} < gj,

rat

max [¢(F, Dj, xl)) — t(F,, Dj, 2%)| < ¢;. (16.4)

1<i<) rat

Rational vectors with all data coordinates positive are dense in the finite probability simplex, so continuity
gives this perturbation. It changes only the weighting, not the underlying admissible rooted r-graph, its
sign projections, or the sets Uy and U_. Combining (16.2) with the Lagrangian perturbation bound gives

0 < An(Dg) — rIA(Dj;2l) < 2¢;. (16.5)

Take a common denominator for zcg)t Multiplying that denominator and all numerators by an arbitrary

positive integer does not change the vector, so we may choose a denominator n; > j; in particular,
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nj — oo. Write each data weight as a,/n; and each root weight as b;/n;. Replace the data vertex v by
a, singleton data clones of weight 1/n;. Data cloning preserves every density by Lemma 8.1. Complete
the cloned rooted r-graph before the root blowup. By (16.5), its gain in normalized one-edge density is
at most 2¢;, so, for every 1 < i < j, the corresponding increase in ¢(Fj, -) lies between 0 and 2|F;le;.

Finally replace root i by a vertex class of size b;. If b; = 0, this is an empty root vertex class, which is
allowed in Definition 12.1. The root blowup preserves every weighted homomorphism density exactly, by
the exact compression identity (14.3). We obtain an ordinary canonical completed model N; of order n;,
free by part (ii) of Lemma 13.2. Combining (16.1), (16.3), (16.4), and the bound 2|F;|e; for completing
the cloned rooted graph, for every i < j we have the explicit bound

[t(F;, N;) — t(F;, W)| < (2 + 3|F])e;.

Moreover, (16.5) and the fact that the second completion only adds edges give

rl|N;
AT(Dﬁ) — 2€j < TJ‘ < AT(D,@).
J
Since n; — oo, it follows that |N;|/("7) — A.(Dg). For each fixed 4, the right side of the preceding

explicit bound tends to zero once j > i. Thus N; — W, and every weighted optimizer limit is an ordinary
extremal limit. ]

With the extremal limit spaces identified, we can now complete the proofs of the structural theorem and
its undecidability corollary.

Proof of Theorem 1.2. The integer 7y, is effectively computable by Proposition 10.9. For 2 < r < rg,,
define G, g to be the empty family. Given (r,3) with r > rg,, the weighted construction computes
.Ai,?gt. The witness catalogues, star blockers, pair-covering extensions, and edgewise-injective closures in
Sections 12 and 13 are finite operations uniform in . Hence (r, 8) — G, g is total computable.

Now fix an arbitrary r > rg, and suppress its index as in the structural construction. The objects W
and Sep,. are the locally denoted Wy and Sep; they depend only on r and are independent of 3. The
finite quantum graph in (11.1) defines Sep,., and Lemma 11.3 gives Sep, (W) = 0.

By Theorem 16.1, the extremal limit space is exactly the weighted optimizer space classified in Theo-
rem 11.1. This proves the singleton and two-phase statements, including compactness and separation by
Sep.

The edit assertions are exactly Proposition 15.3. For an asymptotically extremal sequence (G,), the
proposition gives o(v(G;)")-closeness in the nonhalting case to the integer realizations of the fixed profile
Py ., namely the construction class By ,, whose members converge to Wy ,.. In the halting case it gives
o(v(G;)")-closeness to the union of the two completed pure-sign phase classes. The selected sign o; may
depend on j, while the total data and sign-class proportions converge to the unique phase optimum and
the dominant inner projection converges to its extremal value. |

Proof of Corollary 1.5. Fix an arbitrary r» > rs, and map the input word 3 to the finite family G, 3.
Write Wy = Wy, and Sep = Sep,. locally. If U(5)1, then the extremal space is the singleton {W;} and
Sep(Wy) = 0. Hence uniqueness, connectedness, and Erdds—Simonovits stability hold, while the two sign
properties fail.

If U(B)J, then the two nonempty compact phase sets are disjoint and are separated by Sep. Thus
uniqueness and connectedness fail, while both sign properties hold. Erdés—Simonovits stability also fails.
If both phases were edit-close to integer realizations of one fixed profile P, then sequences from both
phases would converge to the uniquely defined profile limit Wp and therefore have the same value of the
continuous statistic Sep, a contradiction.

An algorithm deciding any one of the listed properties would therefore decide whether U(3) halts. W
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Part 111

Godel-Rosser incompleteness

The proofs in Parts I and II are ordinary mathematical proofs carried out in the usual ZFC foundations.
The purpose of this part is not to repeat those arguments. Instead, we isolate the finite certificates carried
by the numerical compiler and record the uniform set-theoretic equivalences needed for the Gédel-Rosser
substitution.

Fix r > rpum and the corresponding input-independent compiler data. The numerical target, whose
components are defined below and in Appendix A, is the uniform formula

ZFC b Vd VeV f (ValidpR(d) A CodeFam™™ (d, e, f) — ([AllpR(d, ¢) <= TuranEq, (f)] A Base,( f))).

Once this formula is available, numerical incompleteness follows by the standard Rosser substitution.
The structural argument uses the same input together with an analogous coded truth table for the five
properties in Corollary 1.3.

The detailed arithmetizations, proof codes, typed compiler ledgers, and structural limit-space formulas are
given in Appendices A and B. The main text retains the certificate argument and the logical composition.

Formalization scope. All assertions of ZFC-provability below are conventional metamathematical for-
malizability statements. The appendices specify the formulas and finite proof transformations; no
proof-assistant formalization is claimed.

Throughout this part, fix » > rnum and abbreviate F3 := F,. g and 7, := 7.. These are the data supplied
by Theorem 1.1. For the fixed compiler interface, also used in Part IV and Appendix A, put 7y =7 — 5,
write Ny¢ for the number of root labels, and put spnys := 16, the number of physical types on one rail.
We retain M for the marked five-ary relation of the direct compiler. All input-independent data are
computable from r. Claims below that a compiler is primitive recursive are made after this r-dependent
setup has been fixed.

17 Finite certificate normal form

The main result of this section is the fixed-template normal form in Theorem 17.6. Its technical core is
Theorem 17.5: part (i) turns a finite halting trace into a balanced improvement witness, while part (ii)
recovers a bounded halting trace from every such witness. Thus the certificate mechanism runs in both
directions:

finite halting trace — periodic reset tableau — balanced improvement witness,

balanced improvement witness — closed relation component — bounded halting trace.

17.1 Balanced improvement witnesses

We first record the input-independent baseline template supplied by the direct construction.

Lemma 17.1. There is a total algorithm which, on input v > rhum, constructs a finite r-graph K, ,
whose uniform weighting is optimal and whose balanced blowups have limiting density 7. In particular,
M (Kyr) = 7. For every input word B:

(i) K., is Frp-hom-free, equivalently every blowup of K, , is F, g-free;

(ii) If U halts on B, then there exists a finite F, g-hom-free r-graph G with A.(G) > A\ (K. ).
Proof. Take the input-independent baseline realization from Lemma 3.5 and Theorem 4.1, with M = &,
equal rail weights, and all relation matchings perfect. The exact record and rooted translations in
Lemma 5.2 and Theorem 6.3 give a finite template K° with a positive rational weighting of normalized

value 7,.. The same realization is admissible for every input 3, so every blowup of K° is F,. s-free. Applying
the nonhalting equality to the fixed word fo, = 0 gives

M(K°) < 7(Frp) = 70
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The displayed rational weighting attains 7,., so K is optimal. Clearing the rational weights produces
K., whose uniform weighting attains 7,.. If U(8) halts, the positive branch of the same construction
gives a finite F, g-hom-free template with strictly larger value. The effective choices and the canonical
edge-list construction are recorded in Section A.3. ]

For an F-hom-free finite template K, we say that K is asymptotically optimal for F if \.(K) = = (F).
Thus K, , is asymptotically optimal for Fpg exactly when U(3) does not halt, while halting is equivalent
to the existence of a better finite blowup template.

We next replace optimized real weightings by uniformly weighted finite templates. For a finite r-graph H
with v(H) > 0, allowing |H| = 0, define its balanced blowup value by Apa1(H) = r!|H|/v(H)". This is the
value at the uniform weighting and the limiting edge density of the balanced blowups of H.

Write the fixed rational threshold in lowest terms as 7. = ay /b, where a,, b, € N and b, > 0. For a finite
family F of r-graphs and a finite 7-graph H, let Improve_ (F, H) be the assertion that H is F-hom-free
and

brl|H| > axv(H)". (17.1)

Define BalSharp,. (F) to mean VH —Improve,_ (F, H). The predicate inside the universal quantifier is
primitive recursive because hom-freeness is checked by enumerating finitely many vertex maps and (17.1)
is an integer inequality. Thus this is a literal TIY sentence, with no quantification over real weights and
no appeal to quantifier elimination. The following lemma both replaces optimized real weights by one
uniformly weighted finite hypergraph and identifies the absence of such an improvement witness with
sharpness of the fixed baseline.

Lemma 17.2. Let F be a finite family of r-graphs and let ¢ € Q. Then w(F) > q if and only if there
is a finite F-hom-free r-graph H with Apai(H) > q. In particular, BalSharp, (F) holds if and only if
w(F) < 7. If, in addition, K, , is F-hom-free, then these conditions are equivalent to m(F) = 7. and to
the asymptotic optimality of K, , for F.

Proof. Suppose first that such an H exists. Every blowup of H is F-free by Lemma 2.1, and the balanced
blowups have edge density tending to Apa(H) > g. Hence 7(F) > q.

Conversely, suppose that 7(F) > ¢. By Corollary 2.5, there is a finite F-hom-free r-graph G with
A+(G) > q. Choose a probability weighting @ of G such that r!A\(G;x) > ¢. By continuity and density
of the rational points in the probability simplex, after deleting zero-weight vertices if necessary we may
take z; = ¢;/D, where ¢; € Nyg and ), ¢; = D, and still have r!\(G; ) > ¢. Replace vertex i of G by a
vertex class of size ¢;, and let H be the resulting blowup. Projection to the vertex classes shows that H
is F-hom-free. Moreover, |[H| =Y . [];c. ¢i and Apai(H) = r!|H|/D" = rI\(G;x) > q.

Taking ¢ = 7. shows that BalSharp,_ (F) is equivalent to 7(F) < 7.. If K, ;. is F-hom-free, its blowups
give m(F) > A\.(K, ) = 7x. The remaining equivalences follow. [ |

17.2 The certificate-preserving compiler

For a binary word 8 and ¢ € N, define Tracey(3,t) to hold if the computation of U on § halts within
t steps. This is a primitive recursive predicate, and a complete halting transcript can be recovered by
bounded simulation. We separate the total computation of the r-dependent setup from the primitive
recursive maps obtained after that setup is fixed.

Proposition 17.3. The compiler has the following two uniformity properties.

(i) The map (r,B) — (Frp), extended by a fived default value on invalid inputs, is total computable.
The corresponding map from (r,d,e) to the canonical code of the family associated with a primitive
recursive predicate code d and a parameter e is also total computable.

(if) After r and all input-independent compiler data have been fized, the maps 5 +— (Frp) and (d,e) —
(Fr.ae) are primitive recursive.

Proof. As r varies, the terminating parameter searches in Lemma 6.9 compute the finite Baranyai
decompositions and all other input-independent data. The remaining compiler operations are finite, so
the resulting maps are total computable. Once r and these data are fixed, the retained bounds on local
obstructions, root elimination, and pair-covering extensions make every enumeration primitive recursively
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bounded; canonicalization and specialization are bounded searches as well. The explicit bounds and
off-domain conventions are given in Section A.3. |

Lemma 17.4. Let G be a finite Fg-hom-free r-graph with A\.(G) > 7. Then there are integers W,p such
that ®, (cgw) = cagw, W +2 <o(G), and p < v(G). In particular, U(B) halts within v(G) steps.

Proof. Put n := v(G) and choose a minimum-support Lagrangian-maximizing weighting of G. Since G is
Fg-hom-free, it is in particular Fg-free. The certificate clause of Lemma 2.9 therefore gives a support
core D € Cg with A(D) = \(G) > 7./rl = T% .

Choose an admissible partial rooting of D and apply the completion, root-balancing, and typing-repair
operations from the proof of Theorem 6.3. None of these operations decreases the Lagrangian value.
They add only the fixed root set and introduce no new nonisolated data vertices. Let C' be the resulting
completed rooted graph, let y be its weighting, and let X be the corresponding fully typed record system.
Let s and p =1 — s be the total root and data weights, and let « be the data weighting. Parts (2)—(3) of
Lemma 6.9 give s > 1/2.

At the balanced root vector, the exact completed-polynomial identity, with the baseline record contribution
subtracted, gives

STrec

—1
Trec Nli"trec

)\(C, y) - Tzo (S) = (/\rec(x; w) - ZOP5)'

The left side is positive because A(C;y) > Y5 > T (s), and the coefficient on the right is positive
because s > 1/2. Thus the expression in parentheses is positive. If p = 0, then all data weights vanish
and Arec(X;x) = 0, a contradiction. Therefore p > 0.

Put 2x == Aec(X;2)/p°. Since A\(C;y) = Y., (s) > T,,(s) and the coefficient of z in Y,(s) is positive,
we have zx > 2g.

Let XT be the filler saturation of X, and let R be its projected matching system. This operation adds no
vertices, and Lemma 5.3 shows that it preserves record admissibility and does not decrease Aec. Part (i)
of Lemma 5.5 makes R legal, while Lemma 5.2 gives ®5(R, @) = Aec(XT52) > Aee(X;2) > 20p°. If
every coordinate of every M-tuple belonged to a grounded relation component, the homogeneous estimate
in Theorem 4.1 would give ®5(R, x) < zpp®, a contradiction. Thus some marked coordinate belongs to a
closed relation component.

Let h be the number of cell vertices in the corresponding logical relation component. The admissible
numerical-completion in Lemma 6.2 adds only root vertices and edges, and its zero extension assigns
weight zero to every new root vertex. Root balancing changes only weights, typing repair uses the
existing data vertices, and filler saturation adds records on those same vertices. Thus the cell vertices
of fR lie in the original support of D, and h < n. Part (iii) of Lemma 3.5 recovers integers W, p with
OV (cpw) =cgw, W+2<h<n,andp <h<n.

By the converse direction of Lemma 3.2, a return to cg w can occur only after the simulated computation
has halted. Each temporal CA step simulates at most one step of U, so the genuine computation before
reset has length at most p < n. |

The next theorem gives certificate transformations in both directions. Its first part turns a finite halting
trace into a finite improvement witness, while its second part recovers a halting-time bound from any
such witness.

Theorem 17.5. Using the fized canonical codes for binary words and finite r-graphs, there are total
primitive recursive maps

Build,: N> = N and Bound,: N> — N.

The first map takes a binary-word code and a halting-time bound and returns a canonical r-graph code.
The second takes a binary-word code and a canonical r-graph code and returns a halting-time bound.
These maps have the following properties.

(i) If Tracey(,t), then Improve,_ (Fg,Build,.(3,1)).

(ii) If Improve, (Fg, H), then U(B) halts within v(H) steps, and Bound, (3, H) is a valid halting time
bound.
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Consequently, U does not halt on 3 exactly when BalSharp, (Fp).

Proof. Assume Tracey(3,t). Bounded simulation up to ¢ recovers the complete finite halting transcript,
and the reset construction computes a periodic tableau. The positive construction in Part I turns it into a
rationally weighted admissible rooted r-graph of value strictly above the baseline; clearing denominators
gives the balanced witness Build,.(5,t). After r is fixed, every step is primitive recursive. The typed
implementation and its off-domain behavior are recorded in Section A.3.

Conversely, an improvement witness H satisfies A\,.(H) > Apa1(H) > 7. The bounded-recovery lemma
therefore shows that U(f5) halts within v(H) steps. Put Bound,.(8, H) = v(H) on legal graph codes and 0
otherwise, and use the fixed one-edge r-graph as the default value of Build, off the trace domain. Bounded
simulation recovers the corresponding transcript. Taking negations gives the final equivalence. |

The semantic alternatives and the two finite certificate transformations are collected in Figure 14. The
upper row records equivalent properties. The lower row records the explicit finite objects used to pass
between the two sides of the positive branch.

u(p)t ] BalSharp, (F5) ] w(Fg) = T« K is optimal for Fg
no balanced witness
finite halting trace periodic reset tableau witness H = Build,. (8, t)
Tracey (3, t) - PV (cgw) = caw - Improve, (Fg, H) m(Fp) > T

\

Bound,.: halt within v(H) steps

Figure 14: The finite certificate normal form for the fixed numerical compiler. The double arrows in
the upper row are semantic equivalences, with the fixed baseline template supplying the implication
from sharpness to equality. In the lower row, a finite halting trace builds a periodic reset tableau and
then a balanced improvement witness. Conversely, every such witness yields, through a closed relation
component, a halting-time bound of at most its order. Neither construction requires deciding whether U
halts on S.

We finally pass from the halting predicate of U to an arbitrary I1J predicate. Fix a decidable effective
syntax for primitive recursive predicates. Its decoder is total, with syntactically invalid strings interpreted
as the constant true predicate. We fix a set-theoretic formula Validpg (d) for validity. ZFC proves that a
valid code has a unique Boolean value on every input. This is a uniform definability convention, not an
assertion that there is a primitive recursive universal evaluator. For a binary primitive recursive predicate
R(e, n) presented by a chosen expression in this syntax, write "R for the natural-number Godel code of
that expression. For a fixed valid code d = "R, its evaluation is the primitive recursive predicate R(e,n).

The parameter theorem, also called the s-m-n theorem, says that fixed parameters can be compiled
effectively into a program index. It uniformly produces an index ldxiest(d,e) for a machine which
successively tests R(e,0), R(e,1),... and halts at the first failure. Put 8q. = trU(IdxteSt(d, e), O) and
Frde = Frp,.. After ris fixed and d =" R, write Fr e = F; 4. By Proposition 17.3, the joint map
(ryd,e) = (Fra.e) is total computable, while its dependence on (d, e) is primitive recursive after r is fixed.

The testing machine encoded by 4. fails to halt exactly when R(e,n) holds for every n. Combining the
certificate transformations in Theorem 17.5 with Lemma 17.2 identifies this condition with the absence of
a balanced improvement witness, equality with the fixed baseline value, and the asymptotic optimality of
K, . Together with the primitive-recursive compiler in Proposition 17.3, this gives the following normal
form.

Theorem 17.6. There is one fized finite template K, , such that, uniformly and primitive recursively
from (TR, e), one can construct a finite family Fr e satisfying the following equivalent conditions.

(i) Vn R(e,n).
(ii) BalSharp, (Fg.).
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(iii) 7(Fre) = A (K ).
(iv) K., is asymptotically optimal for FR.c.

Moreover, if the predicate ¥n R(e,n) fails, let ng be the least integer such that R(e,ng) = 0. From the
finite evaluations certifying that R(e,i) =1 for every i < ng and that R(e,ng) = 0, one can compute a
finite Fr o-hom-free r-graph H satisfying Apa1(H) > Ts.

Proof. Take K, from Lemma 17.1, put d := "R, and recall that Fr. = Fp, .. Since R is primitive
recursive, every test performed by the program with index ldxest(d, €) terminates. This program therefore
halts on input 0 exactly when R(e,n) = 0 for some n. By the defining property of try,

Vn R(e,n) <= U(Ba.e)T-

The final equivalence in Theorem 17.5 identifies the latter condition with BalSharp, (Fg..). Moreover,
Lemma 17.1 shows that K, , is Fg -hom-free and that A, (K. ,) = 7. Hence Lemma 17.2 makes balanced
sharpness equivalent to m(Fpr,e) = A-(K, ) and to the asymptotic optimality of K, ,. The uniform
primitive-recursive construction of Fg . follows from Proposition 17.3.

Now suppose that ng is the least integer with R(e,ng) = 0. The supplied evaluation certificates form
a finite bad run in the notation of Appendix A. The forward trace transformation in Lemma A.4
computes from this bad run a time bound ¢ satisfying Tracey(Bq.,t). Part (i) of Theorem 17.5 then gives
H := Build,(f4,¢,t) with Improve_ (Fg., H). By definition, H is Fg .-hom-free and Apai(H) > 7.. This
also proves the asserted effective construction from the finite evaluations. |

18 Internal ZFC bridges

The preceding section proves the certificate equivalence as an ordinary mathematical theorem in the
usual ZFC foundations. The purpose of this section is to record the same argument as one arithmetized
formula with a ZFC proof uniform in the input codes. Here and below, T ¢ means that ¢ has a formal
proof from the axioms of 7" in a fixed classical proof calculus, and T' ¥ ¢ means that no such proof exists.
A theory is computably axiomatized when an algorithm enumerates its axioms, and it is consistent when
it does not prove 0 = 1.

18.1 The numerical bridge

Fix the primitive recursive syntax and evaluation certificates described in Appendix A. The formula
Allpr(d, e) <= Vn Evalpr(d,e,n, 1)

says that every test encoded by d succeeds for the parameter e. Let CodeFam}"™(d, e, f) say that the

fixed-r numerical compiler returns the canonical family code f.

For a canonical family code f, write F for its filtered decode. Define Improveifde( f, H) to assert that H

is a legal finite Fy-hom-free r-graph satisfying b,r!|H| > a,v(H)", and put

BalSharp®4®(f) <= YH - Improve®®°(f, H).

Tx Tx

To express exact density arithmetically, put m. = v(K,,). For s > 1, let ms be the canonical multiple
of m, and let Ex;(f) be the corresponding finite extremal number defined in Section A.1. Then

TuranEq, (f) <= CanFam,(f) AVs > 1 [b.r1Exs(f) < axm} A a. (™) < boExs(f)].

Finally, Base,(f) says that f is canonical and K, , is Fy-hom-free. These four formulas are the public
interface of the numerical formalization. In words, the next proposition says that ZFC proves uniformly
that the compiled family has density 7, exactly when every test encoded by the primitive recursive
predicate succeeds, and that the fixed baseline template is admissible for every compiled family.

Proposition 18.1. Fiz r > rpu, and the corresponding compiler data. ZFC proves the following
statements.

(i) We have VdV¥e 3'f CodeFam;"™"(d,e, f).
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(ii) We have the following single formula:

VdVeVf (ValidpR(d) A CodeFam}"™(d, e, f)) — [ (AllpR(d, e) < BalSharpﬁfde(f))
A (BalSharpi‘:de( f) <= TuranEq,_(f)
A (Allpg(d, €) <= TuranEq, (f))
A Base,(f)].

(18.1)

(iii) We have the fized finite-dimensional identity A\, (K. ,) = 7.. Consequently, m(Fy) > 7. whenever
Base,(f) holds.

Proof. Part (i) of Lemma A.7 gives the totality and uniqueness of the compiler output. Under the
antecedent of (18.1), bad-run completeness and the two typed certificate maps give

- Allpg(d, e) <= InJu BadRun(d, e, n,u) <= 3IH Tmprove®®®(f, H).
Taking negations yields Allpgr(d,e) <= BalSharpi‘:de( f). The compiler invariant in Lemma A.5 gives
Base,(f), and the arithmetic interface in Lemma A.1 converts balanced sharpness into TuranEq, (f).
This proves all four conjuncts in (18.1).

The fixed algebraic certificates in Lemma A.2 prove that the uniform weighting of K, , attains 7, and that
no weighting has larger value. Its balanced blowups give the asserted lower bound under Base,.(f). W

18.2 Numerical Godel-Rosser incompleteness

Theorem 18.2. Let ryum be as in Theorem 1.1. There is a total algorithm which, on input an integer
7> Tpum and a natural number a, outputs a rational number 7, € QN (0,1), a finite r-graph K. ,, and a
finite family F. o of r-graphs. The first two outputs depend only on r, the uniform weighting of K, , is
optimal, and the balanced blowups of K, , have limiting density 7. In particular, A, (K, ;) = 7p.

Suppose that a indexes an algorithm enumerating the axioms of a computably axiomatized theory T,
extending ZFC. If T, is consistent, then the following statements hold.

(i) The theory T, proves that K, , is F, o-hom-free, that its uniform weighting is optimal with normalized
value 7., and hence that w(Fy ) > 7.

(ii) The equality m(Fy o) = 7r s true, so K, , is asymptotically optimal for F ,.

(iii) The theory T, proves neither n(Fr.q) = 7 nor w(Frq) > 7. Consequently, the asymptotic optimality
of K., is independent of Ty,.

Taking a fixed canonical index for an enumerator of the axioms of ZFC in Theorem 18.2 proves Theorem 1.4.
We use Rosser’s theorem [63] under ordinary consistency alone. In particular, we do not assume that
every arithmetical theorem of the theory is true in the standard natural numbers.

Proof of Theorem 18.2. On inputs with r < r,um, let the algorithm return a fixed default output triple.
Now let 7 > rhum- Run the parameter-selection algorithm in Lemma 6.9 and the rational calibration
in Lemma 6.8. This computes 7. and all input-independent compiler data. Then use Lemma 17.1 to
compute K, ,. These two outputs are computed before a is used and therefore depend only on 7.

Given the axiom-enumerator index a, the witnessed proof coding supplies the primitive recursive proof
predicate required by Rosser’s theorem. The effective syntactic diagonal construction used in that
theorem [63] computes from a a code d, = "R, of a primitive recursive predicate; see, for example,
Boolos, Burgess, and Jeffrey [8, Sections 15.1 and 17.1]. Let p, be the sentence Vn R, (0, n), the resulting
Rosser sentence for the theory enumerated by a.

Let ldxtest (da, 0) be the testing-program index from Theorem 17.6, and put S, = try (Idxtest(dm 0), 0)
and F, 4 = Frg,. The parameter theorem, the universal-machine translator, and the fixed-r compiler
are total. By Proposition 17.3, their composition with the total computation of the r-dependent setup is
total computable in (r,a). In particular, the algorithm does not test whether the enumerated theory is
consistent or whether it extends ZFC; these are hypotheses only for the correctness conclusion.

Now suppose that a enumerates a consistent theory T, O ZFC, and write T =T, and pr = p,. Rosser’s
theorem gives T' ¥ pr and T ¥ —pp. The concrete syntax code d, is valid, and ZFC verifies this primitive
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recursive fact. Since d, = "R, ', correctness of the evaluation predicate for this fixed primitive recursive
code also gives ZFC + (pT < Allpr(da, O))

Let frq == (Frq) be the compiler’s canonical family code. Then ZFC proves CodeFam}""™(d,, 0, fr4).
Freeze the already computed value of r and apply the first two equivalences in (18.1). They give
TH (AllpR(da, 0) <= TuranEq,, ( fr,a))~ Combining the preceding two equivalences yields T'+ (pT —

TuranEq, ( f,.,a)) .

The same instance of (18.1) proves Base,(frq), and hence in particular that f, , is a legal family code.
Part (i) of Lemma A.1 therefore proves in ZFC that the right-hand side is equivalent to the usual
set-theoretic sentence denoted by 7(F,,,) = 7. Hence T + (pr <= n(F,) = 7). A proof in T of the
equality or its negation would therefore prove pp or —pr, respectively, contradicting Rosser independence.

The same fixed-r ZFC verification proves that K, , is F, ,-hom-free and that its uniform weighting
attains A\, (K, ,) = 7,. Its balanced blowups are therefore F, ,-free and give the T-provable lower bound
7w(Fr.a) > 7r. Consequently, T proves that the negation of the equality is equivalent to the strict inequality.
Since the hom-freeness and baseline identity are also provable in T', it proves that the equality is equivalent
to the asymptotic optimality of K, .

Finally, under the standing assumption that 7" is consistent, pp is true for the usual natural numbers.
Indeed, if it were false, its negation would be a true %9 arithmetic sentence and hence would be provable
in Robinson arithmetic [8, Section 16.4]. ZFC proves the von Neumann interpretation of Robinson
arithmetic, so 7" would prove the translated sentence, contradicting T'¥ —pr. Since pr is the sentence
Vn R,(0,n), its truth implies that the testing program with index ldxest(da,0) does not halt on input
0. By the defining property of try and the definition of f,, it follows that U(8,)1. Since Fr o4 = Fr s, ,
Theorem 1.1 now gives m(F; ,) = 7. This final implication is external and uses no soundness assumption
onT. |

18.3 The structural bridge

The structural compiler uses the base uniformity k = r,um and the threshold 7y,5¢ = 7%, independently
of the target structural uniformity s. Appendix B defines, uniformly from a finite family code g, five
set-theoretic formulas Str; ;(g). They express, in order, uniqueness of the extremal limit, connectedness
of the extremal limit space, Sep,-symmetry breaking, a Sep,-separated two-phase decomposition, and
Erdos—Simonovits stability. The two computational branches of the structural compiler produce the
following alternatives. The set-theoretic predicates introduced below encode this table.

Simulated unique Sep,-symmetry Sep,-separated Erdés-Simonovits
computation extremal limit connected breaking two phases stability
ug)r yes yes no no yes

U(B)J no no yes yes no

For the Rosser input in the theorem, consistency places the actual family in the nonhalting row, although

the corresponding structural sentences cannot be decided in T'. Here TuranEq,, __, and Improvei‘sii &

denote the base-k specializations of the preceding numerical formulas. Write Thase = @base/Dbase i lowest
terms and define

Zeroy(f) = TuranEq,, . (f), Pos,(f) := 3H Improves®®® , (f, H).

Tbase7k
The two structural rows are

ZeroStrs(g) <= Str1,s(g) A Stra s(g) A —=Strs s(g) A =Stra s(g) A Strs s(9),
PosStr,(g) <= —Str1 s(g) A =Stra s(g) A Strs s(g) A Stra s(g) A =Strs s(g).

Let Lifts be the fixed primitive recursive postprocessing map from a numerical family code to the structural
output, and write CodelLifts(f, g) for its graph. Thus the synchronized structural compiler relation is

CodeFam®"(d, e, g) <= 3f (CodeFam};‘um (d,e, f) A CodeLifty(f, g))

The exact factorization and all typed structural formulas are given in Section B.4. Here E4(g) and Close
are the coded extremal space and profile-approximation predicate from Section B.1; B, (V) and w, denote
the corresponding profile class and limit vector. The following elementary obstruction is the only local
structural argument needed in the main text.
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Lemma 18.3. ZFC proves that if x,y € Es(g) and Sep,(x) > 0 > Sep,(y), then —Strs 4(g).

Proof. We use the coded removal, edit-density, and profile-limit facts proved in Lemma B.1; the proof
of that lemma is deferred to Appendix B. Suppose instead that p witnesses Strs s(g). By (B.1), choose
asymptotically extremal sequences GT and G~ converging to = and vy, respectively. The formula
Close,(p, GT) has the quantifier order

Ve >0 dN Vn > N 3B.

For each j, choose an index nj‘ > j, larger than the thresholds for ¢ = 1/i with ¢ < j, and then choose
the least canonical B;' € EBP(V(G:J_r)) satisfying
J

edit(G}r , Bf) < jflv(G:%r)s.

Thus U(B;-r) — 00. Equation (B.3) and convergence of the selected subsequence show that B™ converges
to x, while part (iii) of Lemma B.1 shows that it converges to w,. Hence = w,.

Apply the same diagonal choice to G~ to obtain y = w,,. This contradicts Sep,(x) > 0 > Sep,(y). Choose
each subsequence index as the least integer satisfying the displayed finite threshold conditions, and choose
each Bj[ from the nonempty finite set of canonical graphs on the selected ground set. These least choices
are definable in ZFC. |

Proposition 18.4. Fix s > rg, and put k = roum- ZFC proves the following statements.

(i) We have Vf 3lg Codelifts(f, g), and (B.4) agrees with the structural compiler on every numerical
compiler output.

(ii) We have the single coded bridge

Vf Vg (Basey(f) A CodeLift(f,g)) — [(Zeroy(f) <= ZeroStr,(g))

(18.2)
A (Posy,(f) <= PosStr,(g))].

Proof. The postprocessing map consists of the bounded basis-completion, witness-catalogue, star-blocker,
image, and pair-covering operations from Part II. Section B.4 gives their canonical code, and Section B.5
proves totality in ZFC. Under Basey(f), (B.7) shows that the numerical alternatives Zerog(f) and Posg(f)
are exhaustive.

The uniform substitution ledger in Section B.5 applies to every such lift pair. In the zero case, (B.8),
(B.10), and (B.11) give the unique neutral limit Wy ; and stability with respect to the fixed profile
Py . Hence ZeroStrs(g) holds. In the positive case, (B.9) and (B.10) give two nonempty compact
phases on which Sep, has opposite signs. Uniqueness and connectedness fail, both sign properties hold,
and Lemma 18.3 rules out one-profile stability. Hence PosStrs(g) holds. The two structural rows are
contradictory, so exhaustiveness of the numerical alternatives gives the reverse implications. All of these
implications use the fixed real-algebraic certificates recorded in the same ledger. |

For a primitive recursive predicate code d and a parameter e, recall 4. = try(ldxest(d, €),0). Define
P, s(d, ) to mean that there is a g for which CodeFam?" (d, e, g) and Str; s(g) both hold. After numerals

S
are substituted for d, e, this is an ordinary set-theoretic sentence.

The next proposition composes the numerical bridge with the direct coded structural bridge. Here A
denotes conjunction over the indicated finite index set.

Proposition 18.5. Fix s > rg,. The following statements hold.
(i) ZFC proves the following single formula directly on the structural output code:

VdVe Vg ( Validpg (d) A CodeFam(" (d, e, g)) — [ /\ (Stri,s(9) <= Allpr(d,€))

i€{1,2,5} (18 3)

74\ /\ (Stl’j75(g) <~ _\AHPR(d, 6)):| .
je{3.4}
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(ii) ZFC proves VdVe 3lg CodeFam®**(d, e, g).
(iii) Consequently, ZFC proves the following formula uniformly in d,e:

Vd Ve (ValidpR(d) — [ N\ (Pis(de) < Allpr(d, )

i€{1,2,5} (18.4)

AN (Pj,s(d,e)@ﬂAllpR(d,e))D.

j€{3,4}
(iv) The defining data for Sep,, Wy s, and Pg s are fized before (d,e) is given.

Proof. The numerical compiler has a unique output and Proposition 18.4 gives a unique lift, proving totality
and uniqueness of the structural output. For the unique intermediate numerical code f, Proposition 18.1
gives

AHPR(d7 6) <~ Zerok(f), ﬁAHpR(d, 6) <~ POSk(f).

Applying the coded structural bridge and expanding the two row definitions gives (18.3). Uniqueness of g
then gives (18.4). The objects Sep,, Wy s, and Py s are fixed by Lemma B.2 before d, e are quantified.
The detailed typed composition is recorded in Section B.6. |

For each fixed s > 74, the formula in (18.4) has a ZFC proof uniform in d and e; we do not identify an
explicit finite fragment of ZFC sufficient for the structural argument.

18.4 Structural Godel-Rosser incompleteness

Theorem 18.6. Fiz s > ry,. For every consistent computably axiomatized theory T O ZFC, one can
effectively construct, from an index enumerating the axioms of T, a finite family Gs v of s-graphs such
that each of the following five set-theoretic sentences is independent of T, with the terminology fized in
Section 8. Here Sep, is fized before T is given.

(i) Gs,r has a unique extremal limit;

(ii) its extremal limit space is connected;

(iii) 4t exhibits Sep,-symmetry breaking;

(iv) it has a Sep,-separated two-phase decomposition;

(v) it has Erdés—-Simonovits stability.
Properties (i), (ii), and (v) hold, whereas properties (iil) and (iv) fail.
Proof of Theorem 18.6. Fix the supplied axiom-enumerator index a for 7', and recall the primitive
recursive Rosser predicate R, computed from a in the proof of Theorem 18.2. Let pr be the corresponding
Rosser sentence Vn Rq(0,n), and set Sy = frg,0. Thus the simulated program for the fixed universal
machine successively tests R,(0,0), R,(0,1),... and halts at the first failure. The parameter theorem and

the universal simulation are primitive recursive, so ZFC proves that pr holds if and only if U(87) does
not halt. Set G, 7 := G g,

For ¢ € [5], let P; denote the corresponding sentence in the statement for G r. Apply Proposition 18.5
with d = "R, " and e = 0. This is a valid primitive recursive syntax code, and ZFC proves its validity.
With this substitution, S4. = Or and P; s(d,e) = P; by definition. Moreover, ZFC proves that pr is
equivalent to Allpg ("R, ", 0). Since T extends ZFC, we obtain

Thr P < pr forie{l,2,5}, and T+ Pj <= —pr forje {3,4}.

A proof or refutation in T of any one of these five sentences would therefore prove either pr or —pr,
contradicting Rosser independence.

Finally, consistency of T implies that pr is true in the standard natural numbers, as shown in the proof
of Theorem 18.2. Hence U(Br) does not halt. The first alternative of Theorem 1.2 gives the asserted
truth values of the five properties. |

102



Part IV
Further properties of Turan densities

This part records several further properties of Turdan densities. We first discuss uniform approximation
and exact comparison for finite forbidden families, followed by quantitative bounds on improvement
witnesses, density gaps, and compiler output. We then turn to recursive and c.e. forbidden families,
characterize their density spectrum, and determine the complexity of exact comparison, including the
oracle-relative classification in Theorem 23.2. In Section 24, we study two finite semialgebraic value
schemes and show that both produce only algebraic values; known transcendental finite-family densities
therefore lie outside both schemes.

The opening approximation result applies to every r > 2. Whenever the discussion fixes r > ryum, we
continue to use F3 and 7, for F, g and 7,, respectively, as in Theorem 1.1.

19 Computability and exact comparison for finite forbidden
families

We first use the explicit estimate in Proposition 2.6 to obtain a uniform approximation algorithm for
every finite forbidden family. We then determine the exact arithmetical complexity of comparing two such
densities and show that the corresponding hardness persists for the stated relations when one family or
the rational threshold is fixed. Exact equality remains undecidable because a positive gap need not have
a computable lower bound. By contrast, if an instance is supplied with a rational 7 > 0 and the promise
|7 (F) — w(G)| > n, then approximating both densities to error less than 7/3 decides their order. The
section on quantitative density gaps later shows that the tableau reduction has no uniform computable
positive gap.

Corollary 19.1. There is a total algorithm which, on input an integer r > 2, a finite family F of r-graphs,
possibly empty, and j € N, outputs a rational interval [L,U] with ©(F) € [L,U] and U — L < 277. In
particular, every finite-family Turdn density is a computable real, uniformly in the uniformity and the

forbidden family.

Proof. Given (r, F, j), the algorithm has the following four steps.

(i) For every F' € F, enumerate the partitions of V(F) that are injective on every edge. For each
partition, form the corresponding image r-graph, compare all vertex relabelings, retain its lexico-
graphically least canonical code, and remove repeated codes. This computes Q(F).

(ii) Let m be the least integer satisfying m > 29=1r(r — 1).

(iii) Enumerate all r-graphs on [m], retain those containing no member of Q(F), and take the largest
edge count among the retained r-graphs. This computes 7™ (m, F) exactly.

(iv) Output L = 6, , 72" (m, F) and U = 7% (m, F).

The conclusion follows from Proposition 2.6. In the definition of a computable real, one may output the
midpoint (L + U)/2, whose distance from 7(F) is at most (U — L)/2 < 277. [ |

Uniform approximation therefore does not by itself decide exact equality. We now prove the comparison
theorem stated in the Introduction. We use the total filtered decoding convention fixed in Section 2, so
every natural number denotes a finite family and the comparison relations below are genuine subsets of N
or N2, rather than promise problems about well-formed codes.

Let Kaiag == {€: ¥c(€) |} be the standard diagonal halting set, which is X9-complete; see Rogers [62].
The normalization in the direct tableau construction fixed the total computable translator try, which
preserves halting. Put 8. := try(e, e). Consequently, e € Kaiag exactly when U(f8.) halts.

Fix r > ryum and the corresponding rational threshold 7, from Theorem 1.1. Choose one fixed binary
word fBoo for which U(fs)T. Then n(Fg) = 7.
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Proof of Theorem 1.5. For the upper bounds, use Corollary 19.1 to compute rational interval ap-
proximations at every stage. Intersecting the approximations through stage s gives nested intervals
I;(F) = [Ls(F),Us(F)] and I5(G) = [Ls(G),Us(G)] of length less than 27° containing the respective
densities.

The relation w(F) > 7(G) holds exactly when Lg(F) > Ug(G) at some stage s. Indeed, the inequality at
one stage certifies the strict comparison, while a positive difference between the limiting values eventually
exceeds the combined interval lengths. Thus > is c.e., and swapping the two families gives the same
conclusion for <. Their union is disequality, so # is c.e. Equivalently, equality holds exactly when
I, (F)NIs(G) # @ at every stage. The three complementary relations are therefore co-c.e. The same
interval argument applies to comparison with any fixed computable real, in particular with 7.

For hardness, given e, output the pair (Fg,, Fg,, ). By the defining property of try, Theorem 1.1, and
the choice of foo, we have e € Kqiag if and only if n(Fp,) > n(Fp.. ), while e ¢ Kgiag if and only if
7(Fp,) = m(Fp,, ). Thus > and # are X{-hard, and equality is II9-hard. Swapping the two families gives
hardness for <, with the first family fixed to be F3_ . On all produced instances, we have 7(Fg,) > 7(Fg..),
so m(Fp,) < m(Fp,) if and only if m(Fs,) = m(Fs..). This gives II-hardness for <; swapping gives
hardness for >, again with the first family fixed to be Fgs__.

For the fixed rational threshold, use the same reduction e — Fp_. Its output always has density at least
Ty, SO equality and non-strict comparison coincide on the range of the reduction. |

We finish the finite-family comparison analysis by isolating the corresponding fixed-template problem.
This formulation records when the baseline template K , is optimal and makes the finite obstruction to
optimality explicit.

Define
Sharpy = {f € N: K, , is Fy-hom-free and 7(Fy) = A\.(Ks,)}-

Proposition 19.2. The following statements hold.
(i) The set Sharpy is I19-complete.
ii) Its complement inside the decidable promise class € N: K, , is Fy-hom-free} is ¥9-complete.
) f 1

Within this promise class, failure of sharpness for a code f has an explicit finite certificate: a finite
F¢-hom-free template G with A\.(G) > A\ (K..), or equivalently, by Lemma 17.2, a balanced witness H
satisfying (17.1).

Proof. Fix a code f. The promise is decidable. If it fails, then f is immediately outside Sharp . Under
the promise, membership is exactly the II{ condition BalSharp, (Fy) by Lemma 17.2. More explicitly,
enumerate all finite r-graphs H with v(H) > 0, first by vertex count and then by the fixed edge-list
coding. For each H, test the finitely many maps from every F' € Fy to H. If H is Fy-hom-free, test the
integer inequality b.r!|H| > a,v(H)" from (17.1). By Lemma 17.2, this search halts exactly when the
promised baseline template is not optimal. Together with the decidable promise test, this semidecides the
complement of Sharp K.,

For hardness, map e to the canonical code of F3_. The promise always holds, and this code belongs to
Sharpy  exactly when e ¢ Kgjag. Thus sharpness is I1¥-hard, and its complement inside the promise

class is ¥9-hard. ]

20 Improvement witnesses and Busy-Beaver growth

Fix r > rpum throughout this section, and retain the abbreviations F3 and 7, from the beginning of this
part.

The certificate correspondence in Theorem 17.5 has a quantitative consequence. The Introduction defined
the halting time and the order of the smallest improving template attached to an input. We now introduce
the minimum area of a periodic reset tableau and compare all three quantities. The reset-period estimate
supplies the upper construction, while the certificate-recovery argument supplies the converse. Maximizing
over inputs will then prove Theorem 1.6.
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For an input word [, define the minimum periodic-tableau area by
Areape,(8) :=min{p(W +2): W,pe N, W >||+2, p>1, and P (csw)=csw},

with value oo if no such pair (W, p) exists. Here ®y and cgw are the reset cellular automaton and
canonical initial row from Section 3. The reset lemma shows that Areape.(5) < co exactly when U(f)
halts. Recall that T'(8) is the running time of U on [, with value co in the nonhalting case.

In the abbreviations of this part, the definition of w, in the Introduction is equivalently
wr(8) = min {v(G): G is Fg-hom-free and A\, (G) > A\ (K. ;) = T},

with value oo if the set is empty.

The next theorem compares the least order of an improving template with the halting time and the
minimum periodic-tableau area.

Theorem 20.1. There is a constant C, > 0 for which the following statements hold.
(i) wr(B) < 00 exactly when U(B) halts;
(ii) If U halts on B, then T(8) < w,(B);

(iii) If U halts on 8, then \/Areape:(8) < wr(B);

(iv) If U halts on B, then w,(8) < CpAreape:(8) + Cr < Co(T(8) + |8 + 1) + C,.

We first supply the upper construction in Theorem 20.1: the reset dynamics produces a periodic tableau
whose area is quadratically bounded in the running time.

Lemma 20.2. There are constants Cy,C1, depending only on the fized universal machine, such that,
whenever T'(B) < oo, there are integers W, p in the definition of Areaper(8) for which W < T(8) +8|+ Co
and p < T(B) + C1W + Cy. Consequently, for a fized constant C, whenever T () < oo, we have

Areaper(8) < C(T(B) + |8] + 1)° (20.1)

Proof. In T(B) steps the head, which starts in the first work cell, visits no cell beyond T(8) + 1. If s
is the largest visited cell, choose W = max{s + 1, |8| + 2}. Then W < T(8) + |8| + Cy for an absolute
constant Cp, and the canonical orbit does not reach the artificial right wall. The boot sequence in (3.2)
has at most 2W + Cy transitions. The simulation contributes T'(8) transitions. In (3.3), the left, right,
and blanking sweeps each have length at most W 4 Cj. Thus the return to cg w in (3.3) has period
p <T(B)+ C1iW + Cj for a machine-dependent constant Cy. Multiplying this bound by W 4+ 2 and using
the bound on W proves (20.1). [ |

We now combine the reset-period estimate with the certificate-recovery argument to prove the quantitative
equivalence stated at the beginning of the section.

Proof of Theorem 20.1. Part (i) follows from Lemma 17.1. We prove the quantitative bounds in two
directions. First, a periodic reset tableau produces a better finite template of comparable order. Conversely,
any better template contains a closed relation component whose width and period are controlled by the
order of the template.

For the forward construction, take a periodic reset tableau of area A = p(W + 2) = Areape:(5). Every
physical type in the five-rail realization constructed from this tableau has A vertices, and the number
of physical types is fixed. Passing to tagged records adds five-set records but no new data vertices; the
rooted construction adds only a fixed number of root vertices. Thus the halting tableau produces an
r-graph G € Cg of order at most C, A + C,. with A\.(G) > 7.. The pair-covering lower bound makes every
blowup of G Fs-free, so G is Fg-hom-free. This proves the first inequality in part (iv); the second is
(20.1).

For the converse, let G be a witness in the definition of w,(8) of order n. By Lemma 17.4, there are
integers W, p such that ®,(cs,w) = cgw, W+2 < n, and p < n. Therefore, Areape,(3) < p(W +2) < n?,
which proves part (iii) with constant one. The final assertion of the same lemma gives T'(3) < n, proving
part (ii), again with constant one. |
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Taking maxima in parts (ii) and (iv) of Theorem 20.1 gives the two inequalities in Theorem 1.6.

For the first noncomputability consequence recorded after Theorem 1.6, suppose that a total computable
function B(m) bounded BB} " (m). Given §, enumerate all r-graphs of order at most B(|3]), decide
Fp-hom-freeness, and decide the strict inequality A.(G) > 7. by quantifier elimination. By Theorem 20.1,
such an r-graph exists exactly when U(f8) halts. This would decide the halting problem, a contradiction.

For the second consequence, suppose that a total computable function g satisfied w,(8) < g(|[(Fs)|)
for every input $ on which U halts. Given j3, compute the finite family Fg and the bound g(|(Fs)|),
then carry out the same finite exhaustive search through templates up to that order. Again, a better
Fps-hom-free template exists exactly when U(3) halts, so this procedure would decide the halting problem.

21 Quantitative density gaps and effective output size

Fix r > ryum throughout this section, with Fg and 7, carrying their usual r-dependence.

This section records three quantitative features of the explicit tableau construction. An individual halting
certificate gives an inverse-polynomial lower bound for the corresponding density gap, but no positive
lower bound is computable uniformly from the input. By contrast, for fixed uniformity, the forbidden
r-graphs output by the compiler have polynomially bounded order.

We first express the positive density gap in terms of the area of a periodic tableau.

Use the notation of Sections 3 and 4. Recall the compiler-interface constants r..c = r — 5, Ny, and
Sphys = 16 fixed at the beginning of Part III; the calibrated total root weight is so = Ny /(Ny + 1).

Theorem 21.1. The following statements hold.
(1) IfW 2 |ﬂ| + 2; p 2 17 and q)ZI:V(CﬁW) = CB,W, then

T!Nrt

-5
Prec(Nrt + 1)r(55phys)5 <p(W + 2>) .

m(Fp) — T 2

(ii) Consequently, there is a constant ¢, > 0, depending only on the fixed construction, such that whenever

U halts on 8, we have w(Fg) — 7 > ¢ (T(B) + 18] + 1)_10.

(iii) There is no total computable function n: {0,1}* — Qs such that, whenever U halts on 3, we have
71—(]:,@) —Te = 77(6)

Recall from (6.6) that, in the notation of this part, the one-variable function has the form

z

Cy
T.(5) = apgs” + —2 (1 —8)s" 1 + ————(1 — 5)°s"rec,
Z( ) bg Nrrt—l ( ) Trechrtrec—l ( )

with T3 = maxo<s<1 T,(s). By Lemma 6.8, at the baseline zg, the point sg is the unique maximizer and
7. = r!T; . For 2 > 2, evaluating at the fixed point sq gives the explicit slope estimate

Nrt

T —Y* > T.(s0) — T, S B
z zo = (30) 0(50) 'rrec(Nrt + 1)7‘

(z — 20).

For the proof, put A := p(W + 2), the area of the periodic reset tableau. This tableau produces five
isomorphic rails. Give each rail total weight 1/5 and distribute it uniformly over its spnysA vertices;
denote this weighting by . Every selected anchor has weight 1/(58phys4), 80 Arel(M; @) = 1/(58physA)°.
All matching defects vanish. Thus the semantic value exceeds zy by at least (5SphysA)~

Proof of Theorem 21.1. The periodic construction has no matching defect, so the exact weighted identity
gives @ — 29 > Arat(Ms ) =1/ (5sphySA)5. The pair-covering transfer and the numerical construction
give the normalized chain

T!Nrt _5

D% — z) > A2,
( s 0) - Trec(Nrt + 1)7.(53phys)5

* * Nrt
ﬂ'(\/_'.ﬁ) — Ty = T'(T@;; — TZO) Z T!m

which is the first bound in the theorem. If U(8) halts, choose the period from Lemma 20.2; then
A< C(T(B)+]|B]+1)?, and the second bound follows after changing the construction-dependent constant.
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It remains to prove the third assertion. Suppose such a function 7 existed. By Corollary 19.1, compute a
rational approximation to w(F3) with error less than n(3)/3 and compare it with 7. + 7(8)/2. In the
nonhalting case the approximation lies below this threshold, while in the halting case it lies above it.
This would decide halting, a contradiction. |

The exponent 10 comes from combining the degree-five marked reward, which gives a gap of order A5,
with the quadratic bound A = O((T(8) + |B] + 1)?). We do not claim that either estimate is optimal.

Thus no positive lower bound can be computed uniformly from g alone. Such a bound becomes available
once a finite halting certificate, such as the periodic tableau specified by W and p, is given.

Finally, although the smallest better template has Busy-Beaver growth, the r-graphs in the resulting
forbidden family have polynomially bounded order for fixed r. We track the order through the root-
elimination step and then through the pair-covering extension.

Theorem 21.2. For each fized output uniformity r, there are effectively computable constants A,., B, > 0
and an effectively computable integer d, > 0 for which the following statements hold for every input word

B.
(i) Bvery r-graph F € Fp satisfies v(F) < A.(|8] + 1)%.
(ii) The number of members of Fg is at most 2 Br(IB1+1)""
We now give explicit choices for the exponent and constants by tracking the root-elimination and pair-
covering steps. In the estimates below, r is fixed, so Ny and every constant carrying a subscript r are
independent of 3. Recall that bg is the explicit raw-certificate bound in (5.1). The tests (Q1)—(Q4) and
all elementary profile and matching-conflict obstructions have fixed size. The input-dependent tests in
(Q5) use anchored paths of length at most |3|+ 3. Since every logical relation is expanded along a relation
path of fixed length, the quantities vg and ag in the proof of Lemma 5.4 are both at most a fixed multiple
of |8] + 1. Choose an effectively computable constant C2*™ > 2 so that bg < Cr*V(|8] + 1).

Recall that the persistent-witness search uses wg = rmax{2, bz} and outputs unrooted obstructions of
order at most Bg = wg E;.V:”O(Nrtwﬁ)j. Set P2 = (Nyy + 1) NY (rC2¥)Neet 1 Since wg < rC™% (|| +1)
and Nygwg > 1, this formula for Bg gives Bg < CP*(|f] + 1)Vt

Every pair-covering extension of an obstruction J has order at most v(J) + (r — 2) (”(2'] )). Accordingly, set
Mg = Bg+ (r — 2)(325). Since Bg < CP*(|8] 4+ 1)Vt t! and M < B3, we have My < r(CP*)2(|8] +
1)2Nee+2 Thus set d, == 2Ny + 2 and A, = 7(CP*)2. For the family-size estimate, also set B, =
2(CP*)r 4+ 2A7. With these choices, the more precise bounds are v(F) < Mg < A,(|8] + 1)¢ for every
F € Fp and |Fy| < 2505140

The four stages of the count are summarized in Table 7. The cardinality of the raw local-obstruction list

affects the running time of the construction but not the final count, because the finite obstruction family
is obtained by enumerating all candidate r-graphs through order Bg.

Stage Maximum order or support Number relevant to the output enumeration
Raw local obstructions bg < CP*Y (18] + 1) A finite effective list; its cardinality is not
used in the final family-size bound.
Persistent-witness Bg < CP*(|8] + 1)Neett Search depth Ny¢ and branching at most
obstruction family Nyqwg; at most (Bg + 1)252 candidate
isomorphism types through this order.
Pair-covering extensions Mg < A,.(|8] + 1) At most (Mg + 1)2M/§ candidate
of one J isomorphism types through this order.
Final family Fg Every member has order at At most the product of the preceding two
most Mg. candidate counts.

Table 7: Stages in the output-size estimate.

Proof of Theorem 21.2. Applying Proposition 2.8 with w = wg and |.#| = Ny gives v(J) < Bg for
every J € Ag. By the definition of Ext(J) immediately before Lemma 2.9, every F' € Ext(J) satisfies
v(F) <wv(J)+ (r— 2)(”(2‘1)) < Mjg. Since Bg < CP*(|8] + 1)V ! and My < rBj3, the definitions of

107



d, and A, give v(F) < A,(|B| + 1)%, proving the first part. For the count, the enumeration used to
construct the finite obstruction family Ag gives |Ag| < (Bg + 1)285. For each J € Ag, every member
of Ext(J) has order at most Mg, and the number of its isomorphism classes is at most the number of
labeled r-graphs through that order. Hence | Ext(.J)| < (Mg + 1)2M5. Since By, Mz > 1 and r > 2, the

two polynomial prefactors are bounded by 25 # and 2Ms respectively. Therefore we have

|‘Fﬁ‘ S 22324»21\/1;3‘ S 2BT(|B|+1)TdT’

which is the asserted family-size bound. |

22 The density spectrum

Every Turan density produced by a finite forbidden family is computable. By contrast, allowing forbidden
families that may be infinite and are specified by a membership algorithm or an enumerator changes the
spectrum. This section gives a complete effective characterization of the resulting Turan densities.

With the decoder fixed in Section 2, the legal universe for an effectively presented forbidden family
consists of the canonical r-graph codes accepted by dec,.. Such a family is recursive if a total algorithm
rejects every illegal code and decides membership on the legal codes, and it is computably enumerable, or
c.e., if its legal canonical codes can be enumerated. Enumeration eventually certifies membership, but the
continued absence of a code does not certify nonmembership. A program index e denotes the c.e. family
obtained by applying dec, to every number printed by the program and discarding the outputs decoded
as L. Thus syntactically invalid outputs and outputs encoding edgeless r-graphs are ignored.

Both labels describe the presentation; the family itself is not required to be infinite, so both classes
include all finite families. Following Weihrauch [73, Chapter 4], a real number « is right-c.e. if there
is a computable nonincreasing rational sequence converging to it. Equivalently, its strict upper cut
{q € Q: a < ¢} is computably enumerable. Such an approximation gives a certified upper bound at
every stage, but in general no computable indication of the distance from that bound to the limit. The
term left-c.e. is defined analogously using a computable nondecreasing rational approximation. We write
Riight-c.e. for the class of right-c.e. reals.

Given any program index d, let Enum(d) interleave the computations of d on all legal canonical r-graph
codes, so that each computation is eventually advanced, and print precisely those codes on which d halts
with answer yes. If d is a total membership decider, then Enum(d) enumerates the same family. The
standard s-m-n theorem, which allows fixed parameters to be inserted effectively into program codes,
makes d — Enum(d) a total computable transformation of program indices; the same holds for oracle
programs without the transformation itself querying the oracle [62].

Let T = {m(F): F is an arbitrary family of r-graphs}. Let ") and I denote the corresponding

sets when F is recursive or c.e., respectively. These spectrum symbols are unrelated to the logical classes
0

11,

Finite initial segments of a c.e. enumeration give decreasing upper approximations to its Turan density.

The next theorem shows that this necessary condition is also sufficient, even when the realizing family is
required to be a recursive antichain.

Theorem 22.1. For every r > 2, the following statements hold.
(i) The three spectra satisfy i) =1l =18 n Riight-c.e. -

(ii) Ifa € H((Q s given by a computable decreasing rational sequence converging to «, then an index for
a recursive antichain of r-graphs with Turdn density a can be computed uniformly from an index for
that sequence.

Consequently, for every r > 3, there exists a recursive antichain of r-graphs with noncomputable Turdn
density.

Proof. The proof has two directions. We first extract a right-c.e. upper approximation from a c.e.
presentation. For the converse, let o € [0,1] and let g1 > g2 > -+ | a be a nonincreasing rational
sequence, and define

Rq = {G:v(G) >r and \.(G) > qy(c) } -
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Let M, consist of those G € R4 for which no proper subgraph of G, whether obtained by deleting edges,
vertices, or both, belongs to R,.

Claim 22.2. If F is a c.e. family of r-graphs, then 7w(F) is right-c.e., uniformly from an index enumerating

F.

Proof. At stage s, run the enumerator for s steps and let F; be the finite set of legal r-graphs printed
by that time. Then F; € F» C --- and |J,Fs = F. By Theorem 2.3, we have n(F;) | 7(F). By
Corollary 19.1, compute the upper endpoint u, of an approximation interval of length less than 27° for
7(Fs), and define ¢, = mini<¢<su;. Then (gs) is computable and nonincreasing. Since w(Fy) | w(F)
and the approximation errors tend to zero, we have g, | m(F). ]

Claim 22.3. Ifa € Hg;) and (g,) is a computable nonincreasing rational sequence converging to «,
then Rq and Mgy are recursive uniformly from an index for (¢n), the family Mg is an antichain, and

m(Mg) =7(Rq) = .

Proof. We first verify the effective assertion. On a raw input code a, compute dec,(a) and reject if the
result is L. If the result is an n-vertex r-graph G, reject when n < r; otherwise the condition A\-(G) > ¢,
is equivalent to the first-order sentence over the real closed field

I(@v)vevi@) |To >0 for every v e V(G), Zwv =1, and 7! Z H Ty > qn

ecGvee

Basu, Pollack, and Roy [6] give a quantifier-elimination procedure over real closed fields that decides this
sentence. Hence R4 is recursive uniformly from the given index for (¢y).

For the density upper bound, let n > r and let H be an n-vertex Rq4-free r-graph. Since H ¢ R4, we have
Ar(H) < . The uniform weighting gives A,.(H) > r!|H|/n" = 0,.,|H|/ (7). Therefore, |H|/ (") < gn/0rn.
Taking the maximum over H and letting n — oo yields 7(Rq) < .

For the reverse inequality, choose a family .4 with 7(.A) = a and replace it by its homomorphic closure,
continuing to denote the resulting family by A; the density is unchanged by Theorem 2.3. For each j > r,
let G; be a j-vertex extremal r-graph for this homomorphism-closed family. Every blowup of G; is A-free.
Hence A\.(G;) < a; otherwise a blowup with vertex-class proportions close to a maximizing weighting
would have density greater than «. On the other hand, the uniform weighting gives

|Gl |Gl
)\T<Gj) > - E :er,jﬁ7

]T’
where 6, ; = r!(i)/jr, as in (2.1). The final factor tends to a and 6, ; — 1, so A\.(G;) — .

If ' € Rq, then A\.(F) > qyr) > a > A\.(G;). By Lemma 2.2, there is no homomorphism F' — Gj.
Hence every blowup of G, is Rq-free, and m(Rq) > A-(G;). Letting j — oo gives 7(Rq) > «, and hence
T(Rq) = a.

It remains to pass to the minimal forbidden r-graphs. If G € R4 is a subgraph of H, extend a weighting
of G by zero on the additional vertices of H. Then A\.(H) > A.(G) > qy(c) = Gu(m), 50 H € Rq. Thus
Rq is upward closed under taking supergraphs.

Membership in Mg can therefore be decided by first testing whether G € R4 and then testing every
proper subgraph of G, including non-spanning subgraphs. There are only finitely many such r-graphs,
so this gives a decider for M, uniformly from the decider for R4. Distinct subgraph-minimal members
cannot contain one another, so M, is an antichain. Finally, every member of R, contains a minimal

member by finite descent. Hence Forb(Mg) = Forb(R4) and n(Mg) = m(Rq) = . [ |

By Claim 22.2, we have HEQ; - HEQ - Hg;) N Ryight-c.e.- Conversely, Claim 22.3 produces a recursive
antichain of density « uniformly from every computable decreasing rational sequence converging to a
right-c.e. real a € 1), This proves both assertions.

For the consequence, fix r > 3. Liu and Pikhurko [46, Theorem 1.1] give §, > 0 such that [1 —§,,1] C HEQ.
Fix once and for all a positive rational €, < §,.. This choice is nonuniform in r; no algorithm computing
e, from r is asserted.
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Recall that Kgiag = {€: ¥c(€) |} is the diagonal halting set, and put &giag = ZeeKdiag 4=(e+1)  Thijg

real is left-c.e. and noncomputable. For every e, the tail satisfies 3. 470+ = 4=(e+1) /3 After the
membership of 0,...,e — 1 has been determined and the corresponding prefix has been subtracted, the
remaining value is at least 4~ (¢t if e € Kiiag and at most 4=+t /3 4f ¢ ¢ Kaiag. Consequently, a
computable value of £4iae would distinguish the two cases and recover membership in Kgj.e inductively.
This is the classical Specker-sequence phenomenon [67], here written as an explicit base-4 coding of the
halting set.

Since 0 < Egiag < 1/3 and 0 < &, < 4, the real 1 — erdiag is noncomputable and right-c.e., and it belongs
to [1 =6, 1].

Choose a computable decreasing rational sequence converging to this value. Applying Claim 22.3 produces
a recursive antichain with noncomputable Turan density and proves the consequence. More generally,
the spectrum identity shows that passing from finite forbidden families to recursive or c.e. presentations
en(l?;rges the possible densities from a subset of the computable reals to exactly the right-c.e. points of
1. |

23 Exact comparison in the arithmetical hierarchy

At the second level of the arithmetical hierarchy, a set A C N is Zg if there exists a decidable relation
R C N3 such that, for every e € N, e € A if and only if Ju Vo R(e,u,v). It is II3 if there exists a decidable
relation S C N? such that, for every e € N, e € A if and only if Yu v S(e,u,v). More generally, after all
number quantifiers are moved to the front, a 0 definition has n alternating quantifier blocks beginning
with an existential block and a decidable matrix, whereas a 112 definition begins with a universal block.

Each reduction in this section computes from a source index one recursive-family decider or one c.e.-family
enumerator and makes no query to the target decision problem. When a construction first produces a
recursive-family decider d but the target problem is presented by c.e.-family indices, it outputs Enum(d).
The total decoders fixed in Section 2 ensure that these transformations remain total even on syntactically
invalid inputs.

Fix r > 3. Fix once and for all rational numbers ¢ € (0,1) and ¢ > 0 such that
la—coq+¢ ST, (23.1)

this is possible by the terminal-interval theorem of Liu and Pikhurko [46, Theorem 1.1]. This choice is
nonuniform in r; no algorithm computing ¢ and ¢ from r is asserted. We study indices of c.e. families of
r-graphs. All hardness constructions below actually produce recursive families via Theorem 22.1.

Since g € H(()g) by (23.1), applying Theorem 22.1 to the constant sequence ¢, = ¢ gives one fixed recursive
family H, of density q.

Theorem 23.1. For every fized r > 3, there are a rational threshold q € (0,1) and a recursive family H,
of r-graphs with w(H4) = q such that the following statements hold.

(i) For c.e. forbidden families F of r-graphs, comparison with q has the classification

7(F) < q| B9-complete
7(F) > q | T19-complete
7(F) > q | £9-complete
7(F) < q | TS-complete
7(F) = q | 1I9-complete
7(F) # q | B9-complete.

(ii) For pairs (F,G) of c.e. forbidden families of r-graphs, the relations >, <, and # between w(F)
and 7(G) are X9-complete, whereas <, >, and = are I19-complete. For >, #, =, and <, hardness
remains true when G is fized to be Hy; for < and >, it remains true when F is fized to be H,.

In both parts, all variable families in the hardness constructions may be chosen recursive.

Its upper bounds follow from uniform right-c.e. approximations. Hardness at the first level comes from a
single halting computation, whereas hardness at the second level comes from totality. We then pass to
comparison between two c.e. families and finally relativize the construction.
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Proof. We first establish the upper bounds. A sequence (x.)een of real numbers is uniformly right-c.e. if
there is a computable rational array (ue s) such that, for every e, the sequence (ue s)s is nonincreasing
and converges to x.. For such a sequence and every rational ¢, we have

Te < @ 4= 35 Ues <,
Te > q = Tk Vs ues >q+27F
Te > xp = FEIN Vs > N uc zuf7s—|—2_k.

For the first equivalence, an upper approximation falls below ¢ exactly when its limit does. For the
second, if z, > ¢, choose k with 2=% < z, — ¢ and use Ue s > X for every s; the converse follows by taking
limits. If x, > @y, choose k with 27% < 2, — 2y and then choose N so that uss < z. — 27% for every
s > N. The reverse implication again follows by taking limits.

By Claim 22.2, from an index e enumerating a family F. one obtains a computable nonincreasing rational
sequence ue1 > Ueo > -+ | w(F.). The first equivalence places m(F) < ¢ in X9, and the second
places m(F) > ¢ in 9. Taking complements gives the two non-strict relations, while conjunction and
complementation give the claimed upper bounds for equality and disequality.

First-level hardness. For each Turing-machine index e, put

a< — q—c ¢€(e) \IN
¢ q, ¢e(e)T

The sequence (f )een is uniformly right-c.e.: a computable decreasing approximation begins at ¢ and
drops permanently to ¢ — ¢ if the computation halts. By Theorem 22.1, one can uniformly output an
index of a recursive family of density aS. Thus the output family has density less than g exactly when
e c Kdiag-

Second-level hardness. Let TOT = {e: Vx v.(z) |} be the standard I13-complete totality set [62].

For a machine index e, define

o= 277L (23.2)

Ve ()T

The sequence (0¢)cen is uniformly right-c.e. A convenient decreasing approximation is

Oe.s = > 2—ol 4 978, (23.3)

)

r<s
e (z) has not halted within s steps

To verify this, observe that at stage s + 1 each old summand either remains or disappears, while the
possible new summand for z = s and the new final term have total weight 27°~1 4 2-(+1) = 2= Hence
Se,s+1 < e 5. For each fixed z, the summand 27! remains in the limit exactly when 1. () never halts;
the summable geometric weights therefore give d. s | d.. Consequently, J. = 0 exactly when e € TOT.

Put o = ¢+ ¢de. Then o € [q,q + ], and the sequence (o7 )een is uniformly right-c.e. Moreover,
e € TOT exactly when a; = ¢, whereas e ¢ TOT exactly when o > ¢q. By Theorem 22.1, the values
a7 are realized uniformly by recursive families. Thus equality with ¢ codes totality, whereas strict excess
over q codes non-totality.

The first construction gives Y{-hardness for < ¢ and IT19-hardness for > ¢. Since o > ¢, the second
construction gives ¥9-hardness for > ¢ and # ¢, and I13-hardness for < q and = ¢q. Together with the
upper bounds, this proves part (i).

Two-family comparison. The sequence (7(F.)). is uniformly right-c.e. when (F.). is presented by a
uniform sequence of c.e. family indices. The third equivalence above makes each strict comparison %9.
The non-strict relations are their complements, equality is the conjunction of the two non-strict relations,
and disequality is the disjunction of the two strict relations. For >, #, =, and <, hardness follows by
comparing the variable family from part (i) with the fixed family #,. For < and >, reverse the order of
the comparison. The variable families supplied by the two hardness constructions are recursive, and so is
Hy. |
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Together with Theorem 1.5, this result shows that allowing c.e. presentations raises exact two-family
comparison by one level of the arithmetical hierarchy. The hardness in the second row already holds
when the variable families are recursive. The comparison is summarized in the following table.

forbidden-family presentation ‘ > < # ‘ <, >,=
finite Y9-complete | IIj-complete
c.e. ¥9-complete | T19-complete

Finally, we record the oracle-relative form. It shows how the same classification shifts uniformly through
the arithmetical hierarchy.

The spectrum theorem relativizes because the computation occurs in the decreasing approximation and
the family presentation. An oracle A C N is an auxiliary set whose membership a machine may query in
one step; relativizing a computability notion to A means allowing the relevant algorithms to make these
queries. Using a fixed enumeration of oracle programs, write wf for the unary partial function computed
by the eth program with oracle A. An A-right-c.e. real is the limit of an A-computable decreasing rational
sequence, and a family is A-recursive or A-c.e. according to its presentation. We write Rgght—c.e for the
class of A-right-c.e. reals. For i > 1, a ¥ definition has 7 alternating number-quantifier blocks beginning
with an existential block and an A-computable matrix, whereas a H{‘ definition begins with a universal

block. Write 62 and 5,‘25 for the quantities in (23.2) and (23.3), respectively, with 1, replaced by 2.

For d > 0, put 00 := @ and 004+ = {e € N : 4" (e) |}. Thus 0@ is the dth iterated halting
oracle, and 0(?-c.e. means enumerable by a machine allowed to query this oracle. When we say below
that a transformation does not query A, we mean that the code-producing transformation is ordinarily
computable; the oracle program whose index it outputs may still query A.

Theorem 23.2. The following statements hold.

(i) For every oracle A and every fived r > 2, we have
{m(F): F is A-recursive} = {n(F): F is A-c.e.} =TI N Rg‘ght_cve..

If a € H((;) is given by an index for an A-computable decreasing rational sequence converging to a,
then an index for an A-recursive forbidden family of density « is obtained uniformly by a computable
transformation of oracle-program indices that does not query A.

(ii) For everyd > 0, every fized r > 3, and all rationals g € (0,1) and ¢ > 0 satisfying [¢—c,q+c| C HSQ,

the comparison problems for w(F), where F ranges over the standard indices of 0D _c.e. families of
r-graphs, have the following classification under ordinary many-one reductions:

m(F) <q 39,1 -complete
m(F) > ¢q IS, | -complete
m(F) > q, ©(F) #q | B9, ,-complete
m(F) < q, n(F) = q | 1Y, ,-complete.

(23.4)

In every hardness construction, the variable family may be chosen 0% -recursive.

Proof. For part (i), relativize the proof of Theorem 22.1. Quantifier elimination remains computable with-
out the oracle, while the sequence (g,,) and the family presentation use A. The standard parameterization
theorem for oracle programs produces the required A-decider uniformly without querying A; applying the
transformation d — Enum(d) defined in Section 22 gives an A-c.e.-family index when needed.

For part (ii), put A := 0(4). The upper bounds follow by relativizing the right-c.e. normal-form argument in
the proof of Theorem 23.1. Post’s theorem [56] identifies E?(d) and H?(d) with EgH and Hg_ﬂ., respectively,
for ¢ > 1, and hence gives the levels in (23.4); Soare [66] gives a modern account. We use the standard
uniform normal forms in which the reductions to the relative index sets below are ordinary computable
maps: the source parameter is compiled into an oracle-program index without querying A, and only the
compiled program may query A.

For first-level hardness, the set {e: ¥4 (e) |} is £4!-complete under these ordinary index reductions. The
A-computable decreasing approximation that begins at ¢ and drops to ¢ — ¢ if wf(e) halts gives hardness
for 7(F) < ¢q and, by complementation, for =(F) > g.
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For second-level hardness, put TOT# := {e: Vx 2 (x) |}, which is II5-complete under the same ordinary
index convention [66]. The approximation 5£5 decreases to 67!, which is zero exactly when e € TOTA.
Hence the corresponding real q + ¢ equals ¢ exactly on TOT# and is larger otherwise. This gives
hardness for the four second-level relations.

Part (i) realizes all these values by A-recursive forbidden families. The oracle s-m-n theorem makes the
remaining approximation and family-index transformations ordinary computable maps without querying
A. Composing them with the preceding normal-form reductions therefore gives the claimed ordinary
many-one reductions. u

24 Limits of two semialgebraic value schemes

The preceding sections concern effective approximation, exact comparison, and quantitative witnesses.
We end with a different question about finite descriptions of exact Turan densities. Here “recursive” refers
to repeatedly applying finite construction rules, not to the computability-theoretic notion of a recursive
forbidden family from Section 22.

Pikhurko [54, Theorem 3] showed that the recursive construction associated with a single minimal pattern
can be realized by a finite forbidden family. Liu and Pikhurko [45, Theorem 1.2] extended this result to
arbitrary finite collections of minimal patterns that may be mixed recursively. These results motivate the
question considered here. Can the density of every finite forbidden family be represented by either of two
particular finite recursive value schemes?

A set S C R™ is semialgebraic over Q if it can be described by a finite Boolean combination of polynomial
equalities and inequalities with rational coefficients.

The first scheme takes finite maxima of values obtained by recursively repeating hypergraph patterns.
The second allows finitely many states and semialgebraically parameterized production rules. The two
schemes are defined precisely below. Their common limitation is the main result of this section.

Proposition 24.1. For every sufficiently large r, there is a finite family of r-graphs whose ordinary
Turdn problem has neither a finite mized-pattern value description nor a proper finite-state semialgebraic
recursive value description over Q.

This proposition is an obstruction to these two schemes, not to every possible finite description formalism.
Its proof is independent of the tableau and structural constructions.

The proof has two independent algebraicity steps, one for each value scheme defined below. The final
deduction then applies the transcendental-density theorem of Li, Liu, and Liu.

We begin with recursive patterns. Such a pattern divides the vertex set into finitely many parts, inserts
the prescribed top-level edges, and then repeats the construction inside selected parts. The resulting
density is therefore governed by a one-variable fixed-point inequality.

For this section, a Bellman r-pattern descriptor is a triple P = (m, E, R), where m > 1, F is a finite
family of r-multisets on [m], and R C [m] is the set of recursive parts. The word “descriptor” distinguishes
this broader syntax from the standard minimality-based notion of a pattern. Its profile polynomial is

Ap(@) =Y ]

DeFE i=1

xiD(i)
D@V
Here the factor r! places Ag in the ordinary edge-density normalization. Put

Sp:=<z€][0,1]: )\E(CC)+ZZ(E; < z for every ¢ € A,,
JER
For the present purpose, the descriptor is Bellman-admissible when Sp is nonempty, and we define its
Bellman value by Ap := min Sp. The minimum exists because Sp is a closed subset of [0, 1], by continuity
of its defining polynomials. Thus Ap is the least supersolution of the defining fixed-point inequality.
Bellman admissibility automatically rules out ¢ € R together with the pure multiset {i,...,:i} € E, since
the inequality would fail at the ith vertex of the simplex.

A finite family F of r-graphs has a finite mized-pattern value description if there are Bellman-admissible
descriptors Pi, ..., P, such that 7(F) = maxi<;<¢ Ap,.
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Lemma 24.2. The value of every Bellman-admissible finite descriptor is a real algebraic number.
Consequently, every Turdn density admitting a finite mized-pattern value description is algebraic.

Proof. By Tarski’s quantifier-elimination theorem [69], in the algorithmic form developed by Basu,
Pollack, and Roy [6], the set Sp is a semialgebraic subset of R over Q. Bellman admissibility says
that Ap = min Sp. Every finite endpoint of a semialgebraic subset of R defined over Q is algebraic.
After quantifier elimination, an endpoint is either rational or a zero of one of the finitely many rational
polynomials appearing in the sign decomposition. Hence Ap is algebraic. This argument also covers
the boundary values 0 and 1. The maximum of finitely many such values is therefore algebraic. Thus
every Turdn density admitting a finite mixed-pattern value description is algebraic. Liu and Pikhurko [45,
Lemma 3.4] use precisely this finite-maximum operation in their mixing construction. |

We next verify that this descriptor language contains the usual proper recursive patterns. The descriptor
notion is deliberately broader than the minimality-based notion of a proper pattern in the sense of
Pikhurko. For such a proper pattern, the usual recursive value is precisely the least supersolution of the
defining fixed-point inequality for Sp, so the pattern is Bellman-admissible. Pikhurko’s recursive-pattern
construction [54, Section 2 and Lemma 14] implicitly uses this fixed-point formulation.

For completeness, this identification follows directly from the recursive construction. Define the monotone
continuous map

Bp(z) = max )\E(m)JrzEZRx; for0 <z<1.
J

Here recursion depth zero means that no edges are inserted. Inductively, a construction of depth at most
d + 1 applies the top-level pattern and, inside each recursive part, independently uses a construction of
depth at most d. If V; denotes the largest possible asymptotic density among constructions of depth at
most d, then Vi = 0. The construction rule immediately gives Vi1 < Bp(Vy).

Conversely, fix € > 0, choose « € A,,, maximizing Bp(Vy;), approximate x by rational part proportions,
and in every recursive part of positive weight use independently a depth-at-most-d construction whose
asymptotic density is at least V; — e. Taking large integer realizations of the rational proportions and
then letting € | 0 gives the reverse inequality. Hence Vi1 = Bp(Vy).

It follows that V; = B%(0). Allowing one additional recursion level cannot decrease the optimum, and
every density lies in [0,1], so 0 < Vg < Vgy1 < 1. Hence Vj increases to the usual recursive value
A€ = sup, Vy = sup, B%(0), and continuity gives Bp(AS¢) = AIse.

Finally, if 2 € Sp, then Bp(z) < z; monotonicity and induction give B%(0) < z for every d. Hence
A5¢ < z for every z € Sp, while the fixed-point identity shows that iS¢ € Sp. Therefore A)S¢ = min Sp,
as claimed.

Thus finite mixtures of proper patterns are included in the Bellman-descriptor class. The mixing
construction of Liu and Pikhurko [45, Theorem 1.2] provides one such example.

The second scheme replaces a single recursive pattern by finitely many states. At each state, one chooses
among finitely many semialgebraically parameterized productions, and the Bellman operator records the
value of one recursive step.

A finite-state semialgebraic recursive grammar has states [s] and the following three layers of data.
(i) For every state i, the production set A; is finite and nonempty.

(ii) For every i € [s] and every a € A;, there are an integer d;, > 0 and a nonempty compact
semialgebraic parameter set K; , C R% .« defined over Q.
(ili) For every i € [s] and every a € A;, there are polynomials p; q, ¢ q,; € Q[z] in d; , variables for
j € lsl.
The coefficient functions g¢; ,,; may take either sign on Kj; ,. This is a deliberate relaxation: the algebraicity

argument below uses only the semialgebraicity of the fixed-point set and its uniqueness, not monotonicity
of the Bellman operator. Its Bellman operator is

S
(Bz); = max max | pia() + Z; Giaj(2)2)
j:
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We require B([0,1]°) C [0,1]®. The grammar is proper if z = Bz has a unique solution in [0, 1]*; mutual
recursion among the states is fully allowed through the coefficients ¢; 4 ;.

A finite family of r-graphs has a proper finite-state semialgebraic recursive value description over Q if its
density is a designated coordinate of this unique fixed point.

Both notions concern exact value descriptions. They impose no restriction on finite approximations or on
descriptions in broader recursive formalisms.

Lemma 24.3. Every coordinate of the unique fized point of a proper finite-state semialgebraic recursive

grammar s algebraic.

Proof. The fixed-point condition is first-order over the real closed field. For every state ¢ it requires

S
/\ Ve € Kio pia(x)+ Z%‘,a,j(w)zj <zl
acA; j=1

and \/ Jx € Kiq pialx)+ qula,j(w)zj — 2z
a€A; =1

The conjunction and disjunction are finite because A; is finite. Thus the set of fixed points in [0, 1]° is
semialgebraic over Q. Properness makes it a singleton, and every coordinate of a semialgebraic singleton
over Q is algebraic. [ ]

Proof of Proposition 24.1. Li, Liu, and Liu [38, Theorem 1.2] construct a finite family with transcendental
Turdn density for every sufficiently large uniformity. A finite mixed-pattern value description would
force this density to be algebraic by Lemma 24.2, and a proper finite-state semialgebraic recursive value
description would do the same by Lemma 24.3. Hence the family admits neither description. |
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Appendix

A Numerical arithmetization and certificate ledgers

This appendix supplies the finite codes and proof ledgers used by the numerical bridge. We first define
the arithmetic Turan interface, then record the fixed algebraic certificates, the typed certificate maps,
the numerical compiler invariants, and the two formal certificate translations. Throughout, fix 7 > ryum,
write g = F, g and 7, = 7., and retain K, , and the compiler data selected at the beginning of Part III.
Every map is total on natural-number codes, with an explicit default outside its intended domain.

A.1 Finite graph and family codes

Arithmetization assigns natural-number codes to finite formulas and derivations so that syntax and
proof checking become arithmetic predicates. We use one fixed effective proof calculus and the standard
arithmetization of syntax and proofs; see Boolos, Burgess, and Jeffrey [8, Chapters 15-17]. When the
axioms are supplied by an enumerator, a proof code records, beside each nonlogical axiom line, a stage by
which that axiom has appeared in the enumeration. Consequently, the witnessed relation saying that
p is a proof of the formula with code ¢ from the theory enumerated by index a is primitive recursive,
uniformly in (a,p,q). Its existential projection over p is the usual theoremhood relation, which is in
general c.e., rather than primitive recursive.

We represent the natural numbers inside set theory by the finite von Neumann ordinals. Throughout
this section, every variable and quantifier described as numerical is understood to range over w. With
this convention, ZFC formalizes primitive recursive functions, finite hypergraph codes, and Turing
computations in the usual way. The provability notation in this section refers to the witnessed proof
coding just described.

We now give the finite codes and certificate transformations that allow ZFC to verify the normal-form
equivalence in Theorem 17.6.

We use the following finite coding conventions.

(i) A canonical code for an r-graph consists of its vertex number m and the characteristic bit string of
its edge set in the lexicographic ordering of ().

(ii) A finite-family code is a finite sequence of canonical r-graph codes.

(iii) In a forbidden-family presentation, the filtered decoder dec, sends syntactically invalid entries or
entries encoding edgeless r-graphs to | and discards them.

(iv) A witness variable H is read by the unfiltered canonical r-graph decoder, which accepts every
well-formed finite r-graph code, including an edgeless hypergraph.

For fixed r, legality, the relation F' — H, and hom-freeness are primitive recursive because all relevant
vertex maps form a finite search space bounded by the input code.

For every f € N, write F; := DecFam, (f) for its total filtered decode, and write CanFam,(f) when f
is a canonical finite-family code. Let ImgCode, (f) be the canonical code of Q(F7) when CanFam.,(f)
holds, and let it be the canonical empty-family code otherwise. On canonical inputs this code lists, up to
isomorphism, the edgewise-injective homomorphic images of F° for F' € F;, with repeated image edges
merged. Both the decoding relation and f — ImgCode, (f) are primitive recursive. For canonical f and
every r-graph G' with v(G) > r, the r-graph G is Fimgcode, (f)-free exactly when it is Fy-hom-free, which
is also exactly when it is Q(Fy)-free.

Write 7, = a. /b, in lowest terms. Let Improvei‘jdc( f, H) be the conjunction of CanFam,(f), legality of the
unfiltered witness code H, hom-freeness of H for Fy, and the integer inequality b.r!|H| > a,v(H)". Define
BalSharp2°(f) to mean VH —ImproveS®®(f, H). Thus BalSharp®®®°(f) says that no finite balanced

construction certifies density larger than ..

To express exact equality arithmetically, put m, = v(K,,). For s > 1, let m, be the least positive
multiple of m, satisfying m, > 2°71r(r — 1), and put Ex,(f) = ex(ms,}}mgcoder(f)). Set mg = ms
and Exg(f) = 0 as the off-domain defaults. For fixed r, the functions s — mg and (f,s) — Exs(f) are
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primitive recursive; on inputs s > 1, the value Ex4(f) is computed by bounded enumeration of all r-graphs
on [ms].

Define TuranEq,_(f) by
TuranEq, (f) <= CanFam,(f) AVs > 1 [b.rExs(f) < axm] A a. (") < b.Exs(f)]. (A1)

The two inequalities say that the lower and upper endpoints supplied by Proposition 2.6 lie on the
appropriate sides of .. Finally, define Base, (f) to mean that CanFam,(f) holds and K. , is F-hom-free.

The next lemma is the formal interface between these finite arithmetic predicates and the usual Turan-
density statement.

Lemma A.1. For every family code f, ZFC proves the following statements.
(i) If CanFam,(f) holds, then TuranEq, (f) holds if and only if n(Fy) = 7.
(ii) If Base,(f) holds, then BalSharpS®®®(f) holds if and only if TuranEq,_(f) holds.

Proof. For part (i), Proposition 2.6 places m(Fy) in the interval whose endpoints are encoded by the two
inequalities in (A.1). The choice of ms makes the interval length less than 279, so all these inequalities
hold exactly when the common limiting value is 7. This argument uses only bounded finite searches and
the averaging and blowup proofs of Proposition 2.6, and is therefore formalizable in ZFC.

For part (i), suppose first that BalSharp®®(f) holds. An m-vertex Q(F})-free r-graph with Exs(f)
edges is Fy-hom-free, so its balanced value is at most 7.. This gives the first integer inequality in
(A.1). Since m, | ms, the balanced blowup of K, , on exactly ms vertices exists. Under Base,(f) it
is Fy-hom-free and hence Q(F7})-free. The fixed edge-list identity, certified by bounded arithmetic in
Lemma A.2, gives its edge number 7,m} /7!, so its normalized edge density is 7./0, m. > 7. This gives

the second integer inequality.

Conversely, suppose that Improvei‘:de(f, H) holds. Put h := v(H) and A(H) = b.r!|H| — ash” > 0.

Choose s such that ms > 2rb,h" 1 /A(H). Since 0 < A(H) < b,h", we also have mg > 2rh > h. Replace
every vertex of H by either [ms/h| or [mgs/h] vertices, with total order ms. The resulting r-graph remains

Fy-hom-free and hence is Q(F})-free. Its balanced density is at least H| (1 - mls) > 7. Indeed, the

h"
strict inequality follows from (1—x)" > 1—rz, the bound 7!|H|/h" < 1, and r!|H|/h" — 1. = A(H)/(bsh").
Consequently b,r!Exs(f) > a.m?, so (A.1) fails. This proves part (ii) using only finite r-graph codes and
integer inequalities. |

A.2 Fixed algebraic and semantic certificates

The direct numerical compiler uses several assertions about fixed rational polynomials. To keep their
formal role separate from the combinatorial coding, fix a complete proof calculus for real closed fields
whose formulas have integer coefficients. Let ClosedRCF(g) mean that ¢ codes a closed sentence in this
language, let RCFPrf(c,¢) mean that ¢ is a derivation of that sentence, and let Satg(q) be the usual
recursively defined satisfaction predicate for such closed codes in the set-theoretic real field. Proof checking
is primitive recursive. Induction on the length of a derivation gives the single uniform soundness formula

ZFC F VcVq (ClosedRCF(q) A RCFPrf(c, q) — Satr(q)).

Quantifier elimination decides whether a closed sentence is true [69, 6]. When it is true, completeness
of the fixed calculus and enumeration of its derivations return the first proof code. In every displayed
member of a certificate list, vector notation, finite sums, rational coefficients, and constrained quantifiers
abbreviate the fully expanded scalar ordered-field formula after positive denominators have been cleared.

For the fixed r-dependent setup, let .71 be the following four named closed sentences after all compiler
parameters have been replaced by their selected rational values:

(i) Cal,, the universal closure of the exact calibration test in (6.14);

(ii) Root,., the universal closure of the three implications involving Ay in the parameter-selection test
following that equation;

(iii) Five,, the five-variable assertion that pes(p) — 5e5(p) < 4p°/625 whenever p1,...,ps > 0 and

P =P
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(iv) Baselag,., the finite-dimensional upper bound for the fixed baseline template in Lemma 17.1.

The rational parameter identities not contained in these formulas are checked by bounded integer
arithmetic. The boundary-moment estimate, Holder’s inequality over arbitrary finite vertex sets, and
the matching, component, and tableau assertions remain uniform set-theoretic arguments rather than
members of this finite real-closed-field list.

Write V(K. ) = [m.]. The last sentence in the list is

Ve € R™* x; > 0 for every i € [m.] A Z x;=1] — byr! Z H T < ag| . (A.2)
1€[m.] E€K. ri€E

Let ¢ be the Godel code of the ith sentence in .72, for i € [4].

(X

Lemma A.2. The fived r-dependent setup can be augmented by a finite sequence ¢ containing one
real-closed-field proof code for each sentence in . ZFC proves the evact checker statement

N\ (ClosedRCF(g%) A RCFPrf((c),., ¢%)).

i T
i€[4]
In particular, ZFC proves (A.2) and the integer identity
birl| Ky r| = axml.
Consequently, ZFC proves Ay (K. ) = T« and that the uniform weighting of K. , is optimal.

Proof. The parameter-selection procedure already checks Cal,. and Root,, and the proofs of Theorem 4.1
and Lemma 17.1 establish Five, and Baselag, externally. After the rational parameters have been selected,
use quantifier elimination to decide each of these four closed sentences, then enumerate derivations in
the complete calculus until the first derivation of that sentence is found. Retain the four resulting proof
numerals. This changes neither a parameter nor a forbidden family. The codes are independent of the
later variables d, e, and f.

For the final sentence, K., and 7, are fixed finite rational data. The proof of Lemma 17.1 shows
externally that (A.2) is true: the preliminary template is evaluated at the fixed nonhalting word S, = 0,
and projection sends every weighting of K, , to a weighting of that template. Completeness of the
real-closed-field calculus therefore gives a finite derivation of the closed sentence (A.2); retain the first
such derivation in the fixed proof-code ordering. ZFC checks the resulting numeral and applies the
soundness implication above. The integer identity is verified by bounded arithmetic on the canonical
edge list of K, ,. It shows that the uniform weighting attains a. /b, = 7., while (A.2) gives the matching
upper bound for every probability weighting. |

Lemma A.3. ZFC proves, uniformly in the finite codes 3, R and the finite real vector € = (Ty)pev (n),
that if R is a legal five-rail realization for B, x is nonnegative with total weight p, and every coordinate of
every M-tuple lies in a grounded relation component, then

(1)5(9%, $) < ZOPS'

Proof. The relation components and their boundaries are obtained by bounded search in the finite relation
tables. Expanding the square in the definition of the matching defect proves, term by term,

Ael(D; ) + e2(X) + e2(Y) = = (e1(X)? + e1(Y)?) — % Def(D).

N

Finite summation over the fixed regular rail signature gives & = dp?/2 — Def;. These are identities in
finite sums, so ZFC proves them by induction on the coded edge lists.

For each grounded component, bounded search chooses a shortest path from a maximum-weight vertex
to a vertex v missing a prescribed relation edge e. Append the private zero-weight leaf 9, . from the
definition of Defs. The running-minimum sequence along this path is finite. The discrete calculation in
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Lemma 4.2, equivalently its piecewise-linear interpolation coded by finitely many intervals, is an instance
of Cauchy—Schwarz and proves
> o<

veC

pe Defe .

=] ©

Summing over the coded component list, applying the finite form of Holder’s inequality, and then the
five-term arithmetic—geometric mean inequality gives

9
Arel(M;w) S E;PH Defl
7]

ZFC proves the finite forms of Cauchy—Schwarz, Holder, and arithmetic-geometric mean by induction on
the number of summands; no compactness or unbounded satisfaction predicate is used here.

Substitution in the semantic objective leaves

d

Da(R, ) <

(pea(p) — Bes(p))-

The remaining five-variable inequality is one of the fixed verified scalar sentences and gives the upper
bound 2dp® /625 = 29p®. Every construction in this proof is uniform in the lengths of the finite vertex
and relation lists, which proves the displayed formula in ZFC. |

A.3 Fixed baseline and primitive-recursive certificate maps

We first give the effective details suppressed in the proof of the fixed baseline lemma.

Details for Lemma 17.1. We first construct one template that is admissible for every input word, then
compute its exact blowup value, and finally obtain a better template in the halting case.

Given r > ryum, run the parameter-selection algorithm in Lemma 6.9 and use the first accepted choices,
as in the proof of Theorem 1.1. Take the class-size parameter in part (i) of Lemma 3.5 to be one. Thus
every physical vertex class has one vertex, the horizontal and temporal permutations on the cell class
are the identity, every directed bipartite graph D, is the unique perfect matching between its endpoint
classes, every cell has the fixed background color, and M = &. The five rails already present in the fixed
signature are isomorphic. Give the vertices within each rail equal weight and give every rail total weight
1/5. Every SB-dependent local obstruction arises from (Q5) and requires an M-tuple. Hence none can
occur when M = &, so this same baseline five-rail realization is legal for every f.

Apply part (ii) of Lemma 5.5, always using the first available choice in the fixed finite order, to obtain a
fully typed record-admissible tagged 5-graph X9, and denote the probability weighting supplied there by
x9. The equality case in Theorem 4.1 and the exact polynomial identity in Lemma 5.2 show that the
semantic value of the original five-rail realization and the record value of X4 are both zj.

Now follow the reverse construction in the proof of Theorem 6.3. Adjoin the total root frame and all
completion edges prescribed by the selected root data, then forget the root labels while retaining the
underlying root injection as a witness to admissibility. Denote the resulting ordinary r-graph by K°.
Since the same record system X9 is admissible for every 3, this rooting witnesses K° € Cg for every f3.

Retain the probability weighting 29 on the data vertices of X9. Define a probability weighting w9 on K°
by giving each of the Nyt roots weight sg/Nyt, where so = Nyt/(NVyy + 1), and each data vertex v weight
(1 — sp)zd. Every coordinate of w? is positive. The calculation in the reverse inequality of Theorem 6.3
is exact for this admissible rooted construction of K, so A(K%w%) = T (so) = T3, = 7/r!. Thus

A(KY) > 7. /rl. For the fixed known nonhalting input 8., = 0, we also have K° € Cgs__, and therefore
MK) < A(Cs.) = T35, =7 /r!. Hence equality holds and A, (K°) = 7..

The normalization of U sends [, into a permanent loop. This is a finite transition-table calculation,
and ZFC proves by induction on the running time that no configuration in this loop is halting. Thus
the conclusion \,.(K°) = 7., which uses U(4)1, is available to the ZFC formalization, not merely as an
external semantic fact.

Since K° € Cj for every S, the lower-bound direction of the pair-covering transfer shows that every
blowup of K is Fg-free. Equivalently, K° is Fg-hom-free by Lemma 2.1.
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Let D be a common positive denominator of the coordinates of w9, and form an integer blowup K, ,
of KV by replacing each vertex v with a class of size Dwd. All these class sizes are positive integers.
The projection of this blowup gives a homomorphism K, , — K, while choosing one vertex from every
class gives a homomorphism K° — K, ,. By Lemma 2.2, these two maps give A\ (K, ) = \.(K°) = 7..
Moreover, v(K, ) = D and |K, .| = D"A\(K% wY), so the uniform weighting of K., attains 7, and its
balanced blowups have limiting density 7,. Finally, if some F' € Fg admitted a homomorphism to K ,,
composition with the projection K, , — KY would give a homomorphism F — K°, contrary to the
preceding paragraph. Hence K, , is Fg-hom-free for every f.

All steps, including clearing the fixed rational denominators and writing the final blowup in canonical
edge-list form, are finite and effective from the selected r-dependent data. Since the parameter-selection
search terminates for every r > ryum, this defines the asserted total algorithm.

If U(B)!, then the class Lagrangian is strictly larger than 7, /r!. By the definition of a supremum, some
finite r-graph G € Cg satisfies A\(G) > 7. Again the pair-covering lower bound and Lemma 2.1 show
that G is Fz-hom-free. |

We next record the explicit bounds behind the primitive-recursive compiler statement.

Details for Proposition 17.3. On input r < ryum, or when the second coordinate is not a valid binary-
word code, define the first map in part (i) to return the fixed default family code. On input r > rum
and a valid word 3, run the terminating parameter searches in Lemma 6.9. They compute the first
accepted value of every r-dependent parameter, the required finite Baranyai decompositions, and all
input-independent compiler data. Given these data and (, the proof of Theorem 1.1 performs finite
local-obstruction expansion, bounded-root elimination, and enumeration of the pair-covering extensions.
Hence it computes (F, g) and terminates for every pair (r, 5). Composing this procedure with the total
decoder for primitive recursive syntax, the parameter theorem, and the translator try gives the asserted
total computable map on (r,d, e).

Now fix r and its input-independent data. Only the anchored paths in the local test list depend on 3,
and their length is O(|f]). The raw-certificate bound is linear in |3|. The explicit search-tree bound in
the proof of Lemma 7.2 and the bound Bpc(.J) in Lemma 2.9 then give primitive recursive bounds on the
order of every r-graph enumerated by the compiler. The quantitative polynomial simplification of these
bounds is recorded in Theorem 21.2.

The construction therefore consists of bounded enumerations of local obstructions, admissible type-
preserving homomorphic images, frozen-core identifications, partial rootings, r-graphs, vertex maps, and
pair-covering extensions. Every loop has a primitive recursive bound. Canonicalization and deletion of
duplicate isomorphism types are likewise finite bounded searches. The specialization procedure in the
fixed programming system is primitive recursive, so the predicate-code version is primitive recursive once
r is fixed. The proposition makes no primitive-recursive claim about the outer parameter-selection search
as r varies. |

Finally, the following proof records the canonical construction of Build, and the exact off-domain
conventions used by both certificate maps.

Details for Theorem 17.5. Suppose first that Tracey(f,t) holds. From the finite computation transcript,
the fixed reset construction computes, primitive recursively in (3, t), integers W, p with ®}, (cs,w) = ca,w-
More explicitly, bounded simulation finds the first halting time and the rightmost visited cell, after which
the fixed boot and reset phases determine W and p by bounded recursion. Put A := p(W + 2). Use the
periodic five-rail structure from part (ii) of Lemma 3.5, complete its record system, and apply the rooted
compiler. Denote the resulting finite uncolored r-graph by G.

Recall that one rail has spnys physical types. Give each root weight 1/(Ny; + 1) and each of the 5spnysA
data vertices weight 1/((Ny + 1)5spnysA). Denote this rational probability weighting of G by x. All
matching defects vanish and the marked five-tuple has positive weight. The calculation of ®3 in the
proof of Theorem 4.1 therefore gives a normalized record value larger than zg. For sg = Nyt /(Nyy + 1),
the map z — T, (sg) is strictly increasing, and r!T,,(sg) = 7. Hence the completed rooted r-graph
satisfies 7!A(G; @) > 7. Clear denominators by replacing every vertex by a vertex class of size equal to
its numerator over the common denominator D = (Ny; + 1)5sphysA. The resulting ordinary r-graph H
has v(H) = D and Apa1(H) = r'\(G; ) > 7.
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The construction uses the fixed canonical vertex ordering, so the canonical code of H is primitive recursive
in (B8,t). On inputs satisfying Tracey(S,t), define Build,.(3,t) to be this code. The r-graph G belongs
to Cg, so the lower-bound direction of the pair-covering transfer makes every blowup of G Fg-free. By
Lemma 2.1, both G and its integer blowup H are therefore Fg-hom-free. This proves the required
improvement assertion.

On the remaining inputs, define Build,.(8,t) to be the code of the fixed one-edge r-graph KT(T). Since
Tracey is primitive recursive, this makes Build, a total primitive recursive function.

Conversely, suppose that H is an improvement witness. Since A,.(H) > Apai(H) > 7i, Lemma 17.4 shows
that U(/) halts within v(H) steps. Define Bound,.(8, H) to be v(H) when H is a legal r-graph code and 0
otherwise. This is a total primitive recursive function; under the premise it is a valid halting-time bound,
and the corresponding transcript is obtained by bounded simulation. Taking negations gives the final
equivalence in the theorem. [ |

A.4 Typed trace maps

We next make the two finite certificate transformations explicit. Fix a depth-first stack-machine interpreter
for the chosen primitive recursive syntax. An evaluation certificate records the complete finite tree of
recursive calls made in a computation. Let EvalCertpgr(d, e, n, b, w) say that w is a correct evaluation tree
showing that the primitive recursive syntax code d, on input (e, n), has Boolean value b. The tree lists
recursive calls in the execution order of this interpreter, so its correctness can be checked by a bounded com-
putation. Define the predicates Evalpg and Allpr by Evalpgr(d, e, n,b) <= Jw EvalCertpgr(d, e, n, b, w)
and Allpg(d,e) <= Vn Evalpr(d, e, n,1), respectively. ZFC proves by induction on valid primitive
recursive syntax and on the recursion argument that every valid code has exactly one Boolean value on
every input. For each fixed valid code d, this identifies Allpg(d,e) with a literal TI{ predicate in e whose
primitive recursive matrix is the Boolean function represented by d. This is a code-by-code assertion and
does not assert the existence of a primitive recursive universal evaluator uniform in d.

For a finite-sequence code u, let len(u) be its length and let (u); be its ith entry. Define BadRun(d, e, n, u)
by
BadRun(d,e,n,u) <= len(u) =n—+1
AYi < n EvalCertpr(d,e,i,1, (u);)
A EvalCertpr(d, e, n,0, (u)y).

Thus a bad run records successful evaluations on 0, ...,n — 1 followed by the first failed test at n.

Recall that Bq. = try(ldxest(d, €),0). We choose the source program with index ldxest(d,e) to use
this stack-machine interpreter. On a valid code d, it evaluates (d,e,0), (d,e,1),... in order and halts
immediately after the first completed call with Boolean value 0.

Fix a primitive recursive pairing function (-,-) and primitive recursive projections fst and snd. The
interfaces used below are summarized in Table 8. Every coded map is total; the final column records its
behavior when a certificate or syntactic code is malformed.

Define the total primitive recursive map T+: N* — N as follows. On input (d,e,n,u), first check
BadRun(d, e,n,u). If the check fails, return 0. If it succeeds, replay the evaluation trees in u in their
recorded execution order, continue through the fixed source-machine halt instruction, and apply the
forward simulation used by try. Return the time of the terminal configuration in the resulting U-trace.
All loops are bounded by the finite certificates in u, so this is primitive recursive.

Define T~: N*> — N by bounded reconstruction. On input (d, e,b), simulate U on £, for at most b
steps. If no halting configuration occurs, return (0,0). Otherwise use the fixed simulation relation for
try to reconstruct the finite execution of the source testing program. Scan this execution until its first
zero-valued completed call, record the preceding one-valued evaluation trees and the final zero-valued tree,
and return their bad-run code (n,u). The simulation, reconstruction, and scan have bounds primitive
recursively computable from (d, e, b).

Lemma A.4. ZFC proves that TT and T~ are total primitive recursive maps with the displayed types
and that

Validpg (d) A BadRun(d, e, n,u) — Tracey (Ba.e, TT(d, e,n,u)),
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Map Formal sort Intended output Behavior off the
intended domain

(d,e) — Ba,e N? - N binary-word code invalid d denotes the
constant true predicate

Basis-(d, e) N? - N canonical code of Ag, , compiles the total
decode of d

PairExt,(a) N— N code of all bounded pair canonical empty-family

extensions code

Comp;"™(d, e) N? 5 N canonical final-family code compiles the total
decode of d

Tt(d,e,n,u) N* - N halting-time bound 0

Build, (5, t) N? 5 N canonical r-graph code the fixed one-edge
r-graph

Bound,- (8, H) N? 5 N halting-time bound 0

T (d,e,b) N* = N pair code (n,u) (0, 0)

ImgCode,.(f) N—-N canonical finite-family code canonical empty-family
code

(f,s) = Exs(f) N? 5 N nonnegative integer uses ImgCode,.(f)

Table 8: Typed interfaces in the fixed-r numerical formalization.

Validpg (d) A Tracey(Ba.c, b) — BadRun (d7 e, fst(T~(d, e, b)), snd(T~(d, e, b) )) .

Proof. The first implication follows by induction through the evaluation trees listed in u. Their ordering
is the execution ordering of the chosen interpreter, so the replay reaches the first zero-valued call and
then the source halt instruction. Correctness of the forward simulation gives the asserted U-trace and its
terminal time.

For the second implication, bounded simulation finds the least halting time not exceeding b. Correctness
of the translator identifies the corresponding finite source execution. A valid testing program has no
halt instruction other than the one following a completed zero-valued call. Totality and uniqueness of
primitive recursive evaluation therefore show that the reverse scan recovers one-valued certificates for
0,...,n — 1 and a zero-valued certificate for n. These are exactly the three clauses in the definition of
BadRun. All recursions and searches are bounded by the supplied finite trace, which also proves primitive
recursiveness and totality in ZFC. |

A.5 The numerical compiler ledger

Fix r and its compiler data. Let Basis,(d, e) be the canonical code of the finite obstruction basis Ag, ,
obtained after root elimination, and let PairExt,(a) enumerate and canonicalize the bounded pair-covering
extensions of the family decoded from a. Both maps are total primitive recursive after the fixed-r bounds
have been retained; malformed family codes are sent to the canonical empty-family code. Choose the
numerical compiler so that the identity

Comp;"™(d, e) = PairExt, (Basis,(d, €)) (A.3)
holds by definition. Define CodeFam,""(d, e, f) to mean f = Comp"™(d,e). The total decoder fixed

before Theorem 17.6 interprets syntactically invalid predicate codes as the constant true predicate.

For use in the coded proofs, let AdmClass,.(d, e, G) say that G has an admissible partial rooting for the
direct compiler at 84,. This is one set-theoretic formula obtained by expanding the finite rooted incidence
and local-obstruction predicates. Let K? denote the fixed preliminary baseline template constructed
before the integer blowup defining K, .

Lemma A.5. For fized r, ZFC proves uniformly in d, e that, with a = Basis,(d, e) and f = Comp"™(d, e),
(i) for every finite r-graph code G,

AdmClass,(d, e, G) <= G € Forb(DecFam,(a));
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every member of DecFam,.(a) has an edge. Moreover, K? is a fized edge-bearing graph and
AdmClass,.(d, e, K°)
holds;

(ii) f = PairExt,(a), and the family decoded from f is the union of the bounded pair-covering extensions
of the members of the family decoded from a;

(iii) Base,(f) holds.

Proof. The root-elimination program first computes the order bound supplied by Lemma 7.2. It then
enumerates every canonical r-graph through that order and retains exactly the codes having no admissible
partial rooting, finally removing duplicate isomorphism types. The order bound is a fixed primitive
recursive function of (d, e) after r has been fixed, and admissibility is a bounded predicate on the finite
incidence and rooting lists. The persistent-witness argument in that lemma proves that an arbitrary finite
graph fails AdmClass,(d, e, -) exactly when it contains one of these retained basis codes. The edgeless
graph is admissible, so every retained code has an edge. The fixed completed baseline rooting has an edge
and is admissible for every input. These bounded checks discharge the two nondegeneracy hypotheses of
Lemma 2.9. This proves part (i) and the totality of Basis,..

For each decoded basis member J, the bound Bj(.J) makes the search over extensions, injections of the
distinguished J-core, isolated vertices, and pair coverage finite. Hence ZFC verifies the output of PairExt,
by bounded enumeration. Equation (A.3) then proves part (ii).

For part (iii), let K? be the fixed preliminary baseline template and let x,: K., — K be the fixed
blowup projection from the proof of Lemma 17.1. The fixed completed rooting whose record system has
M = & is admissible for every input, and its finite incidence table proves AdmClass,.(d, e, K°). By part (i),
no decoded basis member J embeds in K. Suppose that some @ € Ext(J) admitted a homomorphism to
K?. Every pair in the distinguished J-core lies in an edge of @, so a homomorphism to a simple 7-graph
cannot identify two vertices of that core. Its restriction would therefore embed J in K?, a contradiction.
Thus K? is hom-free for the family decoded from f. Composition with &, shows that K, . is also hom-free
for that family. The output f is canonical by construction, so this is exactly Base,(f). |

Finally, define

BuildTr,.(d, e, n, u) := Build, (ﬂd,e,T+(d,e,n,u)),
RunTr,(d,e,H) := T~ (d, e, Bound, (B, H)).
Thus BuildTr,: N* — N returns a canonical r-graph code, whereas RunTr,.: N®> — N returns a pair code
(n,u).

We next expose the reverse certificate argument at the level of its intermediate objects. All finite graphs,
rootings, record systems, relation systems, tuples, and finite maps below use the canonical sequence
coding fixed above. A finite real vector is represented by a finite sequence of set-theoretic real numbers.
Thus each relation in the next definition is one formula of set theory. No assertion of primitive-recursive
decidability is made for relations containing a maximizing real weighting.

For a totally rooted finite graph (C, 1) and a weighting y, let DataWt(C, u,y) be the restriction of y to
V(C) \ im p, in the inherited vertex order, and let DataMass(C, u,y) be the sum of this vector. These
are set-theoretic terms defined by finite replacement and finite summation.

Define SuppCore,.(d, e, f, H, D, tp, pio, Zx, Tp) to mean that the following clauses hold.
(i) Validpgr(d), CodeFam}™ (d,e, f), and Improve®*®(f, H) hold.

(ii) The vector &y is a probability weighting of H which maximizes A(H;x g ), and among all maximizing
weightings its support has minimum cardinality.

(iii) The code D is the canonical relabeling of H[supp(xy)], and ¢p is the resulting edge-preserving
injection from V(D) into V(H). The positive probability weighting p of D is defined by zp, =
‘TH,LD(’L))'

(iv) The graph D covers pairs, o is an admissible partial rooting witnessing AdmClass,.(d, e, D), and

rI\(D;zp) =r'\\N(H;zg) = \-(H) > Ts.
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In particular, v(D) < v(H). The last admissibility clause is the finite rooted incidence predicate
constructed by the compiler, not an appeal to an unencoded class.

Define CompletionStep,.(D, po, Co, 1t) to mean that p is the canonical total extension of py obtained by
adding one new vertex for every missing root label and that Cj is obtained from D by adding exactly
the following edges: every permitted root-only edge whose support belongs to none of the fixed hole
matchings; every generic one-data type edge whose support belongs to none of the fixed type matchings;
every selected type-support edge prescribed by an existing type declaration; and every root-support edge
prescribed by an existing raw-record declaration. No other edge is added, and the declared record system
is unchanged. The canonical coding keeps the label of every old vertex of D and gives every added root a
new label. All subsequent repair and projection maps preserve these labels; consequently the eventual
record and relation vertex sets are literally subsets of V(D). Define AverageRootWeights,.(Co, 1, Yo, Y1, S)
to mean that y, and y, are probability weightings of Cj, s is the total root weight of y,, y; agrees with
Yo on every data vertex, and y; ;) = s/Ny for every root label .

Define TypingRepairSeq,.(d, e, Co, i1, y;, 0, C) to mean that o is a finite sequence of rooted record systems
starting with the system declared by (Cp, n) and ending with the fully typed system whose terminal
graph code is literally C'. At every successor stage, o records the least previously untyped data vertex, all
raw-record bundles containing it, the deletion of precisely those bundles, and the least type for which
the admissibility check and the nondecreasing-value inequality from Lemma 6.7 hold, followed by the
addition of exactly the corresponding type bundles. The old data and root vertex sets and the vector y;
are unchanged, and the value at every successor stage is at least its value at the preceding stage. Each
successor clause is a bounded incidence and polynomial check, and the length of ¢ is at most the number
of data vertices of Cj.

Define ClosedCoord(f, %R, a, j) to mean that a = (aq,...,as) is an M-tuple of the legal relation system R,
Jj € [5], and a; belongs to a closed relation component of rail j.

Define
COI"npletedReCT(d7 e, f, H, D7 LD, H0s TH,TD, 007 H, C7 %a Y,s, p)

to mean that SuppCore,.(d, e, f, H, D, tp, pto, €, p) holds and there are y,, y;, o satisfying the following
clauses.

(i) The following three relations hold:
CompletionStep,.(D, 1o, Co, 1), AverageRootWeights, (Co, 11, Yo, Y1, S)s
TypingRepairSeqT(d, ¢, COa wY1,0, C)

The vector vy, is the zero extension of xp to Cy before root equalization. No one of these operations
introduces or identifies a data vertex, although a typing repair may delete raw-record bundle edges.

(ii) The vector y = y; is the resulting probability weighting of C, and p = DataMass(C, u,y) =1 — s.
(iii) The system X = X, is fully typed and record-admissible for 84, and

Arec (X; DataWt(C, 1, y)) > 20p°, ACiy) > 17
Define
ClosedMark,.(d, e, f, H,D,1p,C, u, X,y, X", R, a, j)

to mean that there are pg, xg,xp, Co, s, p for which

CompletedRec,.(d, e, f, H, D, tp, tio, T, XD,
007 M, 07 %7ya S, p)

holds and the following clauses hold.

(i) The system X7 is the canonical filler saturation of X, and R is its projected five-rail matching
system. They have the same data-vertex set as X.

(ii) The system fR is legal for B4 and

g, (%,DataWt(C,u,y)) = Arec (%"’;DataWt(C,u,y)) > /\rec(f; DataWt(C,u,y)) > zop°.
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(iii) The relation ClosedCoord(8q., R, a, j) holds.

Finally, define TableauRec,(d, e, H, D,tp,R, a, j, W, p) to mean that ClosedCoord(Bq.¢, R, a, j) holds, the
logical relation component of a; contains h cell vertices for some h, these vertices belong to V(%) C V(D)
and map injectively into V(H) through ¢p, and

W > ‘5d,e‘+2’ (I)ZI:V(Cﬁd,mW) = CBq,e,W> W+2§h§v(D) SU(]:I)v 1<p<h.

The value h is definable by bounded counting in the finite component. These four relations retain the
original improvement code H and the support embedding ¢p precisely so that the last two bounds do not
lose their common source.

In the statements below, every displayed implication is its universal closure over all free variables, and
every phrase “extends to a witness” abbreviates the corresponding existential quantifiers over exactly the
additional variables displayed in its conclusion.

Lemma A.6. For the fized r-dependent setup, ZFC proves, uniformly in the displayed variables, the
following implications.

(i) If Validpgr(d), CodeFam}"™(d, e, f), and Improvei“;’de(f, H) hold, then there are D,.p, jio, TH, D
such that
Suppcorer(da €, fa Ha Da LD, 0, TH, :BD)

(ii) Fwery witness to SuppCore,(d,e, f, H,D,ip, po, TH,xp) extends to a witness to

CompletedRec,.(d,e, f, H, D, tp, o, Tr, xp,Co, 1, C, X, y, s, p).

(iii) Ewvery witness to CompletedRec,. extends to a witness to

ClosedMark,.(d, e, f, H,D,1p,C, u, X,y, X", R, a, j).

(iv) Every witness to ClosedMark,. extends to integers W, p satisfying
TableauRec,(d,e, H,D,tp,R,a, j,W,p) and Tracey(Bq.,v(H)).

Proof. For part (i), the finite simplex of probability weightings of H is compact and the edge polynomial
is continuous, so a maximizing weighting exists. Choose one whose support has least cardinality and call
it &g. The standard first-variation argument used in Lemma 2.9 shows that its support covers pairs: if
two support vertices were not contained together in an edge, transferring the smaller of their two weights
to the other vertex in the favorable direction would preserve maximality and remove one support vertex.
Canonically relabel the support, record the inverse relabeling as ¢p, and pull the positive support weights
back to xp. The support core D has the same Lagrangian as H.

Let a = Basis,(d, ). Since H is Fy-hom-free, it is Fy-free. Parts (i)—(ii) of Lemma A.5 identify f with
the union of the extension lists of the basis decoded from a. Suppose that some decoded basis member J
embedded in the pair-covering support D. For each pair of vertices in its displayed copy, choose the least
edge of D containing that pair and take the union of these edges with the copy of J. This union has at

o o(T) + (r —2) (”(2‘] )>

vertices and canonically yields a member @ € Ext(J) embedded in D. Every auxiliary vertex lies in a
selected edge, while every core vertex lies in a selected pair-covering edge; here v(J) > r > 2 because J
has an edge. Thus @ has no isolated vertex. Composing with ¢p embeds @ in H, contrary to Fy-freeness.
Hence D avoids every decoded basis member. Part (i) of the compiler invariant gives AdmClass,.(d, e, D),
and unpacking that formula supplies the admissible partial rooting pg. Every choice in this paragraph is
a bounded least-code search. Finally,

T!)\(D;.’I}D) = T!)\(H;:BH) = )\T(H) > /\bal(H) > Ty

Every assertion in this paragraph is a theorem about a fixed finite simplex, finite vertex maps, and finite
edge lists. Compactness of a closed bounded subset of a finite power of R, continuity of a polynomial,
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and the first-variation calculation are theorems of ZFC. Hence the choices just made give the asserted
set-theoretic witness, including v(D) < v(H).

For part (ii), apply the canonical algorithm in Lemma 6.2 to (D, o) and record its output by the relation
CompletionStep,.(D, o, Co, 1t)-

Extend xp by zero on the added roots, obtaining y,. Completion does not decrease the value, so
Tx
ACo5Yo) = MD;zp) > o 1%,

Let u be the root-weight vector of y,, let s = >~ u,, and put p =1 — s. In the partially typed record
system declared by (Co, 1), let n; be the total weight of type ¢ and let g, be the ath tagged record
polynomial evaluated on DataWt(Cl, p, y,). Disjointness of the type classes gives n; > 0 and ). n; < p.
Since each tagged record class is a simple 5-graph,

5

0 < ga < e5(DataWt(Co, p, yp)) < %0_

The exact master-polynomial identity (6.3) gives
ACoyg) = Un, (u )> o
05Yo) = ¥ Ny y P14 (Nrt—i—l)r.

Thus every conjunct of Ay, holds. The verified Root, certificate gives p < 2/(Ny, + 1) and s > 1/2,
and says that replacing uw by its equal vector cannot decrease the value. Make this direct replacement
and call the resulting weighting y,. Hence A(Cp;y;) > A(Co; yy); no finite termination assertion about
pair averaging is used. The two displayed bounds and the fixed choice of /iy, are exactly the numerical
hypotheses of Lemma 6.7. Apply that lemma to one untyped data vertex at each stage. Record the
chosen vertex, deleted record bundles, selected type, and added type bundles in 0. There are at most
v(C)y) stages, every stage preserves admissibility and does not decrease the value, and the final system X
is fully typed. It yields C, y = y,, and
ACiy) > 17

At the equal root vector, the exact completed-polynomial identity, with the baseline record contribution

subtracted, is
Srrec

MCiy) — Yo (8) = ————— (Arec(X; DataWt(C, p1, y)) — 20p°). (A4)
7ﬁrecz\/v]ptuL
Here N, is the root-set size denoted by NV in the direct compiler. Since T, (s) < T3 , the left side is
positive. The localization clause gives s > 1/2, so the coefficient on the right is positive. The bracket
is therefore positive; in particular, p > 0. The finite sequence o verifies TypingRepairSeq,., and all the
clauses of CompletedRec,. follow.

For part (iii), perform the bounded filler-saturation operation in Lemma 5.3. It changes no vertex or
weight and does not decrease the record value. Part (i) of Lemma 5.5 verifies legality of the projected
relation system, and Lemma 5.2 gives the displayed equality between its semantic score and the saturated
record value. Suppose that no required pair (a,j) existed. The finite component dichotomy for a legal
partial-matching system would then put every coordinate of every M-tuple in a grounded component.
The uniform finite-sum result Lemma A.3 would give

®g, . (R, DataWt(C, 1, y)) < z0p”,

contrary to the strict inequality obtained from (A.4). Bounded search through the finite tuple and
component lists therefore supplies a and j.

For part (iv), apply part (iii) of Lemma 3.5 to the closed component containing a;. The recovery walks
through finite functional relation tables, so it is formalized by bounded recursion and produces W, p with
the asserted periodicity and with W + 2, p < h. Completion adds only roots, while root equalization,
typing repair, filler saturation, and projection neither add nor identify data vertices. Hence the h cell
vertices inject into V(D) and then, through ¢p, into V(H). Thus h < v(D) < v(H). By the converse
implication in Lemma 3.2, the periodic return contains a genuine halting configuration before the reset
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begins. Each temporal update before that configuration simulates at most one step of U, so U halts on
Bd,e within p < h < v(H) steps. This is exactly Tracey(Bq,e, v(H)).

All invocations above are uniform formulas after r and its finite data have been fixed. The combinatorial
operations are bounded recursions over finite codes, the arbitrary-length energy estimate is supplied by
Lemma A.3, and every remaining fixed real-algebraic inequality has its retained proof code in ¢*%. Thus
ZFC proves the four implications uniformly, rather than only each external instance. |

A.6 Formal certificate translation
Lemma A.7. For the fixed r-dependent setup, ZFC proves the following statements.
(i) We have VdVe 3'f CodeFam;"™"(d,e, f).
(ii) If Validpgr(d), then - Allpr(d,e) holds if and only if BadRun(d, e, n,u) holds for some n,u.

(iii) The two certificate transformations satisfy

Validpg (d) A BadRun(d, e, n,u) A CodeFam;""(d, e, f)
= Improveffjde (f,BuildTr,.(d, e, n,u)),
Validpg (d) A CodeFam™™™ (d, e, f) A ImproveS®3®(f, H)
— BadRun(d, e, fst(RunTr,.(d, e, H)),snd(RunTr,.(d, e, H))).

Proof. The input-dependent bounds for the local-obstruction lists, root-elimination search, pair-covering
extensions, and canonicalization are primitive recursive functions of (d, e). ZFC proves these functions
total by induction on their defining recursions, so it proves that every bounded search in the compiler
terminates with a unique output. This proves part (i).

The relation BadRun is primitive recursive. Assume Validpr(d). If = Allpr(d, e), let n be least such
that no one-valued evaluation certificate exists. Totality and uniqueness give a zero-valued certificate at
n, while minimality gives one-valued certificates at every 7 < n; finite sequence coding packages these
certificates into a code u satisfying BadRun(d, e, n,u). Conversely, if BadRun(d, e, n,u) holds, its final
zero-valued certificate and uniqueness exclude every one-valued certificate at n, so the nth conjunct in
Allpr(d, e) fails. This proves part (ii).

For the first implication in part (iii), Lemma A.4 gives
Tracey (Bd@, T (d,e,n, u))

Bounded simulation reconstructs its least halting prefix. The reset rules then compute W,p and the
periodic tableau by bounded recursion. The five rail edge lists, the completed record system, and the
rooted r-graph are finite functions of this tableau. Give their roots and data vertices the rational weights
specified in the proof of part (i) of Theorem 17.5. ZFC checks the perfect-matching incidences, the one
positive marked monomial, the calibration identity, and the strict value comparison using the retained
algebraic proof codes. Clearing the displayed common denominator is an integer blowup; bounded
multiplication verifies

byr! ‘BuiIdTrT(d7 e,n,u)’ > a*U(BuiIdTrT(d7 e,n, u))r.
The rooted graph G constructed before the integer blowup satisfies AdmClass,(d, e, G). Put
B = BuildTr,.(d, e, n,u),

and let mp: B — G be its blowup projection. Put a = Basis,(d, ). Parts (i)—(ii) of Lemma A.5 show that
G avoids the family decoded from a and that every member of the family decoded from f is isomorphic
to some @ € Ext(J) with J € DecFam,.(a).

Suppose that p: @ — B were a homomorphism. Then 75 o ¢: Q — G would be a homomorphism. This
composite is injective on the distinguished J-core. Indeed, any two distinct core vertices lie together in
an edge of @, and identifying them would send that edge to a set of fewer than r vertices, which cannot
be an edge of the simple r-graph G. The restriction of mp o ¢ to the distinguished core would therefore
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embed J in G, a contradiction. Hence B is hom-free for the compiled family. Together with the strict
integer inequality, this is precisely

Improvefjde (f,BuildTr,(d, e, n, u)).

All maps, projections, and core-injectivity checks in this argument are bounded operations on finite codes.

For the reverse implication, Lemma A.6 gives
Tracey (By,e, v(H)).

By definition, Bound,(8q4.c, H) = v(H) on this legal graph code. The second implication in Lemma A .4,
with b = v(H), now gives the displayed bad run with the projections fst and snd. This proves part (iii)
with all intermediate sorts fixed. ]

Finite proof fragment. For the fixed r-dependent setup, the uniform derivation used in Proposition 18.1
is finite. Consequently, it uses only a finite collection of ZFC axioms and axiom-scheme instances,
independent of d, e, and f.

B Structural arithmetization and the coded phase bridge

This appendix defines the five structural formulas used in the main text and verifies the structural compiler
inside ZFC. It separates dense-limit coding and stability from the fixed scalar certificates, the compiler
factorization, and the coded weighted-to-ordinary transfer. Throughout, fix s > rg,, put £ = rpum and
Thase = Tk, and retain the corresponding structural compiler data from Part II.

B.1 Dense-limit and extremal-space formulas

Throughout this subsection, every variable and quantifier described as numerical is understood to range
over w, represented by the finite von Neumann ordinals. Let FinGraph,(G) denote the set-theoretic
predicate saying that G is a finite s-graph.

Dense-limit codes. Fix an effective enumeration (Hy)gen of the finite s-graphs. We represent a dense
s-graph limit by its homomorphism-density vector (¢(Hg, W))sen in the closure of the finite s-graph
vectors in [0, 1]N. This is a definable compact metric space in ZFC.

For every g € N, write F, := DecFam(g) for its total filtered decode, and let ¢(F') be the least index of
F in the fixed enumeration. Define

Xs = {x € [0,1]N: Vm Vg € Qs 3G (FinGraphS(G) A v(G)>0 A max |z — t(He, G)| < q) } .

If £y indexes the one-edge s-graph, put

Xs(g) = {sc € Xs: 2oy = 0 for every F € fg},

)= g, e

Es(g9) = {z € Xs(9): x4, = ms(9)} -

Note that these definitions are formulas of set theory. The maximum defining 74(g) exists because X;(g)
is a nonempty compact set.

Profiles and edit approximation. A finite profile is represented set-theoretically by its finite real
weight tuple and finite edge-type set. More precisely, Profiles(p) asserts that, for some ¢ > 1, one has
p = ((ai)ie[q, M), where a; > 0 for every i € [q], } ;¢ @i = 1, and M is a collection of multisets of size
s on [g]. We fix a set-theoretic formula for its integer realizations as follows. Given a ground set of order
n, the formula defines the class sizes by the largest-fractional-parts rule in Section 8, including its fixed
tie-breaking by type index, and then quantifies over the corresponding ordered vertex partitions and
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prescribed edge types. We use B € B,(V) as an abbreviation for this fixed formula. For p = ((a;)ie[q], M)
satisfying Profiles(p), define its limit code w, € [0,1]N coordinatewise by

(wp)e= Y I ew (Hl{{¢(v>:vee}}eM>~

¢: V(Hp)—[q] \veV(H,) e€H,
A sequence of finite s-graphs is coded as a function from N to the canonical codes of finite s-graphs. We
define AExts(g, G) as the conjunction of the following three set-theoretic conditions.
(i) Every Gy, is Fy-free.
(ii) For every integer M, all sufficiently late terms have order at least M.
(iii) For every positive rational e, all sufficiently late edge densities differ from 7s(g) by less than e.

Define convergence to a limit code by

Conv,(G,z) <= Vm e NVqg € Qs IN Vn > N max [t(He, Gr) — x| < q.

Let Closes(p, G) denote
Ve € Q9 AN Vn > N 3B € B,(V(G,,)) edit(Gy,B) < ev(G,)°.
We also use the finitary stability formula

FStabs(g,p) <= Ve € Q<o 36 € Qs IN VG [G is a canonical Fy-free s-graph, v(G) > N,
G| = ex(v(G), Fy) — 6v(G)*
= 3B € B,(V(G)) edit(G, B) < ev(G)*].

The five structural predicates. The fixed statistic Sep, is evaluated on a limit code by its finite
rational linear combination of coordinates. Define Stry 4(g) by |Es(g)| = 1. For Stra s(g), we use the fixed
formula asserting that there do not exist two disjoint nonempty subsets whose union is E¢(g) and which
are relatively open there; relative openness is expressed using rational basic cylinder sets in [0, 1]N. Thus
connectedness here is a set-theoretic formula rather than an external topological abbreviation. Define

Str?),s(g) by
Str3 s(9) <= Jx,y € Es(g) Sep,(x) > 0> Sep,(y),

and define Stry s(g) by
Strys(9) <= 3¢ € Q>0 [V2 € Eo(9) (Sepy(x) > qV
Az € Es(g) Sep,(z) > g
ATy € Es(g) Sepy(y) < —

Seps ( ) _q)

.

This expands both coverage and nonemptiness of the two sign parts. Finally, define Strs s(g) by

Strs,s(g) <= Ip [Profile,(p) A w, € Es(g9) AVG (AExt, (g, G) — Close,(p, G))] .

B.2 Stability formulas and removal

The following lemma verifies that the preceding formulas represent the five properties used in the structural
theorem.

Lemma B.1. For fized s, ZFC proves the following statements uniformly from g.

(i) The predicates Str; 5(g) are formulas of set theory and are equivalent to properties (i)—(v) in Section 8
for the decoded family F,.

(ii) For every limit code x,

z € Es(9) <= 3G (AExt,(g,G) A Conv,(G, ). (B.1)

(iii) If Profiles(p), v(By) — 00, and B, € B,(V(B,,)) for every n, then Convs(B,w,).
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(iv) If Profiles(p), then
FStab,(g, p) <= VG (AExt,(g, G) — Close,(p, G)). (B.2)

Proof. By definition, X, is the closure of the finite homomorphism-density vectors in the countable
product [0, 1], hence is the usual compact dense-limit space in ZFC. The filtered family Fg is finite. The
simultaneous hypergraph removal lemma, in the forms proved by Gowers [25] and Rodl and Schacht [61,
Theorem 3], therefore applies to its finitely many members inside ZFC.

We first prove part (ii). Suppose that AExts(g, G) and Conv,(G, z) hold. If F' € F,, every homomorphism
from F' to the F-free graph G,, identifies two vertices. Hence

("3)
t(F,Gp) < m — 0,

so wypy = 0. If Hy, is the one-edge s-graph, then

sG] |G|
t(H‘€07G71) = 'U(Gn)s = va(Gn) (U(C’:n)) !

S

The order condition makes 0, ,(q,) — 1, while asymptotic extremality makes the last ordinary density
tend to ms(g). Thus z € X4(g) and x4, = m4(g), proving x € E,(g).

Conversely, let = € E5(g). For j > 1, put
m; = max ({j, b} U{l(F) : F € Fy})
and choose a positive rational 7n; satisfying

1
< 3j s! (1 + maxg<m, |H¢|) ’

"j

Let §; > 0 be the simultaneous-removal threshold for the finite family 7, and edit tolerance n;. The
definition of Xy, together with xym) = 0 for every F' € F, gives a finite graph whose first m; coordinates
are within min{1/(35),d;/2} of those of x. Take a sufficiently large balanced blowup. It still has the same
homomorphism-density vector, has order at least j, and has ¢(F,-) < d; for every F' € F,. Simultaneous
removal deletes at most 1;v(G)*® edges and produces a genuinely Fy-free graph. A union bound over the

edges of Hy gives

ledit(G,G")
H —+H N < |H 87’
|t( Z7G) t( Z7G )| = | fl ’U(G)S

For ¢ < j, the choice of n; makes the right side less than 1/(37). Among the graphs obtained this way,
take the least canonical code and call it G;. Then v(G;) > j, the first j coordinates converge to those
of z, and the one-edge coordinate tends to ¢, = 75(g). Hence AExts(g, G) and Conv,(G, z) hold. This
proves (B.1) with an explicit set-theoretic choice.

(B.3)

For part (iii), fix Hy;. Expanding a homomorphism into B,, according to its profile types gives the finite
sum defining (wy)¢. The largest-fractional-parts rule changes every type proportion from its prescribed
weight by Op(1/v(B,,)). Assignments in which two adjacent vertices use the same ordinary vertex, and
assignments using a class whose prescribed weight is zero, contribute O, ,(1/v(B,)). Therefore

[t(He, Bn) — (wp)e| = Om, p(1/0(Br)).

For every fixed initial coordinate segment the maximum error tends to zero, which is Conv,(B, wp).

For part (iv), suppose first that FStab,(g,p) holds and that G is asymptotically extremal. Since both
|Gn\/(”(fn)) and ex(U(Gn)7fg)/(”(§”)) tend to m,(g), their difference is o(v(Gy,)*). Given € > 0, apply
FStabs(g,p) with that e and then use this deficit bound; all sufficiently late G,, have a profile realization
at edit distance at most ev(G,,)*. Thus Close,(p, G) holds.

Conversely, suppose that FStabs(g,p) fails. There is a rational g9 > 0 such that, for every j > 1, a
canonical Fy-free graph G; of order at least j satisfies

Gy > ex(u(Gy), Fy) — §U<Gj>s
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but has edit distance larger than eqv(G;)® from every member of B,(V(G;)). Choose the least such
canonical code. The resulting sequence is asymptotically extremal, but Closes(p, G) fails. This proves the
reverse implication in (B.2).

It remains to verify part (i). Equation (B.1) identifies 75(g) and E;(g) with the ordinary Turdn density
and extremal limit space. Connectedness is the nonexistence of a separation into two nonempty relatively
open sets, and the two expanded sign formulas are exactly the corresponding definitions. Parts (iii)—(iv)
identify the profile formula with one-construction Erdés—Simonovits stability. Thus the five predicates
have the claimed meanings, and every definition and implication above is uniform in the finite family
code g. |

B.3 Fixed structural algebraic certificates

For fixed s > rgt,, retain the structural notation m, I, = [1/(2(m+1)),2/(m+1)], and 0s(u) = (1 —u)/m.
Expand every named algebraic constant by its rational defining polynomial and rational isolating interval.
After the rational parameters have been substituted, write

2 (U, a,0) = Prase,s () + s () (2 = Thase) (@ + 1) =7 (u)(a +b)* .
Define the following scalar real-closed-field formulas:
Qs(u,a,0) <= ueclgAha>0ANb>0Aa+b < u,
Max, (2, u, a,b) <= Q4 (u, a,b) AV’ Va' V' (Qs(u',a’, b)) — @, (v, ', V) < Dy . (u,a,b)),
Se(2,u,a,b) == gs(u)"2z(a” — bF).
Let PosRoof s (z, u,t) abbreviate the conjunction

Tbase<2/\ZS17 UEthIS, t>07
(k + 1)%(u)t = kas (u)(z - Tbase)a
Vu'Va b [Maxy(z, v/ a,b) <= (' =uA((a=tAb=0)V(a=0Ab=1)))].
Let ©4 be the finite list of named real algebraic constants occurring in the scalar formulas and the four

certificate sentences below, including ug. For each 9 € Oy, fix an integer polynomial Py and rationals
Ly < uyg such that 9 is the unique real zero of Py in ({y,uy), and write

Isolg(m)<:>P19(m):O/\&9<:r/\x<u19/\Vy(P,9(y):0/\£19<y/\y<u19—>y:x).

We use the following closure convention. If a displayed ordered-field sentence is written as ¢(d1,...,9),
its formal code is the code of

Iy -+ 3y, /\ Isog, (w5) N p(1,. .. h)
J€lh]

Repeated constants use one variable, rational coefficients are cleared by positive denominators, and
interval membership and finite conjunctions are expanded into scalar ordered-field formulas. Thus no
named algebraic constant is treated as an additional symbol of the real-closed-field language.

Let .75 consist of the following four closed real-closed-field sentences under this convention.

(i) Par is the conjunction of @joc(s) < 1, Peq(s) < 1, the four rational inequalities in (10.19), and

VuVz [ue To A Thase <zNAN2<1
— (fys(u) >0A0 < kas(u)(z — Thase) A
kas(u)(z — Thase) < 5(k + 1)ys(w)u)].
(if) Roof is the conjunction
VuVa Vb [Maxs(Thase, U, @,b) <= (u=1up Aa=0Ab=0)]
and

V2 [Thase < 2 Az < 1 — Ju 3t PosRoof s(z, u,t)].
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(iii) Sign, is the conjunction of Sq(Thase, uo,0,0) = 0 and

Vz Vu V't PosRoof s (2, u, t) — [(Ss(z,u,t,0) = og(u)™2t*) A 0s(u)™2t" >0
A (Ss(z,u,0,t) = —os(u)™2t") A —p5(u)™2t" < 0].

(iv) Weight, is the finite conjunction

ug € int I, ‘I){Jase,s(uo) =0, Yu (u € I, — Ppase,s(u) < @base’s(uo)),
ug > 0, N\ (os(uo) 20),  wo+ Y os(ug) = 1.
ieM ieM

The associated zero-profile terms are, by definition, a, = up and a; = g(up) for ¢ € M; the last line
is exactly their nonnegativity and normalization, with no free weight variables.

The finite design tables, the Maclaurin estimate, pair averaging and root equalization, completion, reduced
realization, and the quantum-graph type-assignment expansions are uniform coded proofs in ZFC; they
are not additional members of this fixed-dimensional real-closed-field list. In particular, the identity
(11.2) is verified by bounded expansion over the fixed type-assignment table and is not folded into Sign,.
Let ¢3'f be the Godel code of the ith sentence in 5%, for i € [4].

Lemma B.2. The fized structural setup can be augmented by a sequence ¢ containing one real-closed-
field proof code for every sentence in 5. ZFC proves

/\ (ClosedRCF(g:'F) A RCFPr((ci™);, ¢3))

s Jtry s,
i€ [4]

and also proves
Profiles (P s), Wo,s = wp, ,, Sepy(Wo,s) = 0.

str str
si and s — cg

The maps s — ¢
only on s.

are total computable for s > rg., and the three displayed objects depend

Proof. The parameter search and the rational estimates in Proposition 10.9 prove Pars. The scalar
maximization in Lemma 9.1 proves Roof s, direct substitution in the displayed definition of Sg proves Sign,,
and the isolating data for uy prove Weight,. Quantifier elimination decides these four closed sentences.
Enumerate derivations in the fixed complete real-closed-field calculus and retain the first proof of each
one. The uniform soundness formula preceding Lemma A.2 lets ZFC verify the retained numerals.

The rational isolating intervals name unique real roots, so the zero-profile weights and Wy , are sets
definable without parameters. Bounded arithmetic checks the finite edge-type table Mg 4, and the finite
type-assignment expansion in part (iii) of Lemma B.1 identifies its limit code with Wy s. Applying
Weight, gives Profile; (P s). The bounded quantum-graph identity (11.2), followed by the zero case of
Sign,, gives Sep,(Wy,s) = 0. |
B.4 Structural compiler factorization

Write Thase = Gbase/bbase i lowest terms and put F J(ck) = DecFamy(f). For every family code f, define
C} = Forb(DecFamy (ImgCodey(f))), 2 = A (CF).

We now separate the base-family input from the structural postprocessing. Let Lifts: N — N be the
following fixed program. On input f, it computes ImgCodey(f), uses this code for the two sign projections
in the rooted structural construction, and then performs the bounded basis-completion, witness-catalogue,
star-blocker, edgewise-injective-image, and pair-covering-extension operations of Part II. It returns the
final canonical s-family code. Define

Codelift(f, g) <= ¢ = Lifts(f),
and define the structural compiler relation by the synchronized formula

CodeFam?"(d, e, g) <= 3f (CodeFam}"" (d, e, f) A CodeLift,(f,g)). (B.4)
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For a lift pair (f,g), let SAdm4(f, D, 1) be the finite set-theoretic formula obtained by substituting
ImgCodey,(f) into the rooted structural incidence tables: it asserts that D is a finite s-graph and that p
is an admissible partial rooting of D. Put

Dy(f) = {D : 3 SAdm,(f. D, )}

Whenever ordinary data vertices and root labels occur in one rooted graph below, U U M denotes their
fixed tagged disjoint union. We suppress the two canonical injections: thus idy; denotes the injection of
M into the root summand, and intersections with U or M mean inverse images under the corresponding
injection. We retain the finite presentation of an ordinary canonical completed model. Let SComp,(f, D)
be the bounded formula asserting that Disa totally M-rooted s-graph, that SAdm;(f, lA), idas) holds,

and that applying the fixed completion operation of Lemma 10.3 adds no edge. Thus D is a completed
member of D,(f).

For an ordered partition V = (U, (V;)i;em) and a completed rooted graph DonUUM, let Expv(ﬁ) be
the ordinary root-class expansion whose edge set is

U {(eﬂU)U{Ui:ieeﬁM}:(vi)ieemMe H V;}

ecE(D) icenM

If one of the root classes indexed by e N M is empty, the corresponding product is empty and contributes
no ordinary edge.

Let CompWit,(f, N, ¢) be the bounded finite-code formula asserting that c is the normalized code of a pair
(V, D) such that V = (U, (V;);e) is an ordered partition of V/(V), the data vertex set of D is exactly U,
the formula SComp,(f, D) holds, and N = Expv(lA)). Fix a primitive recursive bound B,(f, N) exceeding
every normalized code of a partition and rooted edge table carried by V(N) U M, and define

CanComp,(f, N) < Jc < Bs(f, N) CompWit (f, N,c).

Indeed, every component of ¢ is carried by V(IN) U M, and the edge table of D is a subset of the finitely
many s-sets on this ground set, so the displayed bound is obtained by primitive recursion once s is fixed.
Thus both CompWit, and CanComp, are bounded formulas. They record a presentation rather than
asserting that a canonical partition is intrinsically unique.

Whenever CompWit (f, N, c) holds, decode ¢ and write its partition as

Vine= Usne, (VigNe)iem)-

Write Dy n . for the completed rooted graph encoded by c¢. For v(N) > 0, give each data vertex of Dy n .
weight 1/v(N) and each root i weight |V; ¢ v c|/v(IV); denote this weighting by @ n .. Also put

|‘/ich
4 Na =, o f (Y, :
Yi,f (N, c) (V) ao,f(N,c)

_|Usne

_ Us gl
u(N)

v(N)

ug(N,c):

where U, r v, is the covered vertex set of the o-projection of Dy y .. For v(N) = 0, assign fixed empty
default values to these objects and zero to the scalar parameters.

Unpacking the finite expansion, ZFC proves uniformly that CompWit,(f, N, c) with v(N) > 0 implies
D¢ n.e € Ds(f), t(H,N)=t(H,Df N xfn,) forevery finite s-graph H,

and
[N

v(N)s’

An edge of Dy n . meeting an empty root class contributes neither an ordinary edge to N nor a positive
monomial to either weighted identity. Thus the identities retain the complete rooted presentation without
requiring it to be recoverable from the underlying ordinary graph. The localization, root-equalization,
and finite-roof estimates are pointwise statements about every presentation witness and therefore apply
to (D N,e,®f,N,c)- Thus Ds(f), CanComp,(f, N), and all presentation data used below are formulas of
set theory uniform in f.

AMDf NciTfN,e) =
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Let 205(f) be the closure in X, of the homomorphism-density vectors of all weighted members of D;(f),
and put
Ls(f) = {x €W, (f): Loy = Ab(Db(f))} :

Here As(Ds(f)) = s!A(Ds(f)). Under Baseg(f), the scalar calculation in Section B.5 is in the unnormalized
convention and gives A(Dy(f)) = @ ., where ®F _ is the value singled out by Max,; in contrast, £,(f)
is defined using normalized one-edge density.

B.5 The coded structural bridge
We now give the full substitution ledger behind Proposition 18.4.

Details for Proposition 18.4. For part (i), the bounds in Proposition 2.8 and Lemmas 2.9, 10.3 and 12.6
bound every enumeration in Lift; by a primitive recursive function of f after s has been fixed. Canon-
icalization is a bounded search through vertex permutations. ZFC proves totality and uniqueness by
induction on these recursions. If f = Comp."™(d, e), the compiler invariant identifies its decode with
Fk,Ba.» and ImgCode, (f) is the canonical code of Q(Fy 5, ). This is exactly the input-dependent family
used in the structural construction; its members have no isolated vertices. Every later choice is the same
lexicographically first bounded choice fixed in Part II. Hence the composite in (B.4) returns the canonical

code of G 5, .-

Fix f,g under the antecedent of (18.2) and recall C}n and zy from the definitions above. The map
f +— ImgCode(f) is primitive recursive, since it is computed by bounded enumeration of finite vertex
maps and edgewise-injective images. The Brown—Simonovits blowup and approximation argument used
in Lemma 2.4, formalized in ZFC, gives

2§ = 71'(]-'}’6)). (B.5)

Moreover, C}“ is blowup closed. Under Baseg(f), the code f is canonical, and the filtered decoder retains
only k-graphs having an edge. Deleting isolated vertices and then taking edgewise-injective homomorphic
images therefore gives a family whose members have an edge and no isolated vertices. Composition of
the defining maps shows that this family is closed under further edgewise-injective homomorphic images.
These three assertions are bounded statements about the finite decoder and vertex maps, so ZFC proves
them uniformly from Baseg/(f).

Under the same predicate, the fixed template K, ; belongs to C}n and has normalized value Thase; hence
Thase < Zf <1

Thus the inner optimizer space is nonempty and compact, and the fixed structural certificates apply at

Z=ZzZf.

We record the uniform substitution ledger used below. Under Basey(f) A CodelLifts(f, g), ZFC proves the
following four assertions.

(U1) The basis-completion relation defines D4(f), and the family decoded from g satisfies both conclu-
sions of Lemma 13.2; in particular, its free class is blowup invariant, and every graph satisfying
CanComp,(f, ) is Fy-free.

(U2) The exact-density identity is
75(9) = As(Ds(f))- (B.6)

(U3) The optimizer, converse-realization, and determination implications in Lemma 10.10 hold with C}n,
zr, Ds(f), and £,(f) in place of the corresponding S-indexed objects.

(U4) For all positive rationals e,7, there are a positive rational ¢ and an integer ny such that every
canonical Fy-free s-graph G satisfying

v(G) > nyg, |G| > ex(v(G), Fy) — 6v(G)*®
has codes N, ¢ satisfying

CompWit,(f, N, ¢), V(N)=V(G),
edit(G, N) < ev(G)?, IN| > ex(v(G), Fy) — nu(G)°.
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For part (U1), the proof of Lemma 10.3 is a bounded enumeration with the finite inner-family code as a
parameter. The (F5) case of Lemma 12.6 and the proof of Lemma 12.7 use, respectively, the absence of
isolated vertices and closure under further edgewise-injective images, both verified above uniformly from
Baseg(f). The remaining arguments in Lemma 13.2 use the code only through the resulting admissibility
predicate. Part (U2) is the same parameter substitution in the two inequalities of Proposition 13.1.
Part (U3) follows by substituting the same code into the three displayed implications of Lemma 10.10; its
hypotheses are precisely blowup closure and zy € [Thase, 1], verified above.

For part (U4), blowup invariance is part (Ul). The fixed reference model Dy, in Lemma 10.7 has
positive density, so (B.6) gives nondegeneracy. By Lemma 12.2 and part (ii) of Lemma 13.2, the coded
canonical class is closed under isomorphisms and arbitrary subgraphs and consists of J,-free graphs. The
substitutions in Propositions 14.2 and 14.3 give strong symmetrized stability and vertex extendability.
Hence Theorem 15.1 gives degree stability, and the finitary degree-stability-to-edit argument in the
proof of part (ii) of Theorem 15.2 gives the graph N together with a witnessing partition and the final
completed rooted graph whose root-class expansion is IN. These two finite objects form a code c satisfying
CompWit,(f, N, ¢) and prove exactly the quantified implication in part (U4). This proves the four ledger
entries as formulas of ZFC; no halting predicate occurs in them.

Part (i) of Lemma A.1, specialized to k, shows that Zeroy(f) implies zf = Thase. If Posi(f) holds, the

balanced witness and its blowups give zy = m(F }k)) > Thase- Conversely, under Basey(f), part (ii) of that

lemma gives
Zeroy(f) <= —Posi(f). (B.7)

Coded weighted phases. For ¢ > 0, define the two closed level sets

Ls4(f,¢) = A{z € £,(f): Sepy(x) = £c}.

We claim first that the weighted optimizer space has the following two descriptions:

21 = Thase = £4(f) = {Wos, (B3)
Z2f > Thase = 3Cf >0 [Ss(f) = SS,-i-(fv Cf) US&—(fv Cf)’ £s7+(f7 Cf) 7é % 7528,—(.](1’ cf)]' (BQ)

The two sets in (B.9) are compact because £(f) is compact and Sep, is continuous.

To verify the claim, take a coded optimizing sequence of completed weighted models. Root localization
and equalization are the uniform coded arguments in Lemmas 10.7 and 10.8; the fixed inequalities needed
there are certified by Parg. Part (U3) shows that every subsequential scalar limit (u, a,b) maximizes the
fixed polynomial ®, ., and that its nonzero sign projections converge to optimizer limits of C}“. When
Zf = Thase, ROOfs makes (ug,0,0) the unique scalar limit. The determination implication in part (U3)
then identifies the entire weighted limit with W ,, while its converse implication constructs that limit.
This proves (B.8).

When z¢ > Thase, let uy and ty > 0 be the positive-branch scalar parameters certified by Roof, at z = zy.
That certificate leaves exactly the two pure-sign triples (uys,ts,0) and (uy,0,ts). Compactness of the
inner optimizer space and the optimizer clause of Lemma 10.10 place every weighted optimizer in one of
the two asserted compact sets. The converse clause realizes every inner optimizer with either sign, so
both sets are nonempty. The determination clause shows that their union is the entire optimizer space.
Finally, the finite quantum-graph expansion in Lemma 11.2, followed by Sign,, gives

cf = QS(Uf)metI; >0

on the positive phase and its negative on the other phase. This proves (B.9). Each scalar implication

used here is verified by ¢5". The remaining steps are the compactness, cloning and completion, and finite

homomorphism-density expansions in Lemma 10.10, all expressed by the displayed set-theoretic formulas.

Coded weighted-to-ordinary transfer. We next prove the exact set-theoretic identity

Es(g) = £5(f). (B.10)

Let x € E4(g). Part (ii) of Lemma B.1 gives a coded asymptotically extremal free sequence G converging
to . For j > 1, apply part (U4) with e =7 = 1/j and replace the resulting ¢; by min{d;,1/5}. Since G
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is asymptotically extremal and its orders tend to infinity, there are increasing indices M; such that every
n > M satisfies the order and deficit hypotheses for level j. Put

j(n) =max({1}U{j <n:M; <n}).

Then j(n) — oo. For each sufficiently large n, choose the least coded pair (IV,,, ¢,,) supplied at level j(n).
Part (U4) gives

edit(Gp, Np,) = o(v(Gp)?), IN,| = ex(v(G,), Fy) — o(v(Gr)®).

Equation (B.3) shows that N,, has the same limit z. The presentation ¢, and the identities following the
definition of CompWit, give

SNy |
v(N,)*

S!A(Df;Nvucn;wf;Nn7Cn) = — AS(D5<f))'

Every homomorphism density is preserved by this compression. The sequence (D n, c,., Tf.N, c.) 1S
therefore a weighted optimizing sequence converging to x, so = € £4(f).

Conversely, take z € £4(f) and put

1
Ej o ](]. + S! maxigj |Hz|) ’
By the definition of £,(f) and continuity of the first j homomorphism coordinates and the normalized
one-edge density, there is a weighted member (D;,x7)) of Dy(f), together with an admissible partial
rooting, such that
méix‘t(Hi, Dj,CB(j)) — .TZ" < €j,
i<j

sIND;;29)) > A(Dy(f)) — &5

Countable choice in ZFC selects one such pair and rooting for every j. Complete this partial rooting,
obtaining Ej, and extend x?) by zero on every root added by the completion, retaining the same notation
for the extended vector. Since no weighted member of D (f) has normalized value above As(Ds(f)), the
normalized gain is less than ;. The finite edge-union estimate therefore gives, for ¢ < j,

0< t(Hianv :1?(])) - t(Hi7Dj7w(j)) < |H1|E]
On the fixed completed graph, choose a rational probability vector acgi that is positive on every vertex,
including every root, and changes the normalized value and each of the first j coordinates by less than ¢;.
This is possible because the relative interior of the finite probability simplex is dense and the finitely
many relevant polynomials are continuous.
Take a common denominator for :cg% and multiply it and all numerators so that the denominator n; is at
least j. Clone each data vertex according to the numerator of its weight, complete the cloned rooted
graph, and replace each root by a class whose size is the numerator of its root weight. Data cloning
and the final root blowup preserve every weighted homomorphism density exactly. Before the second
completion the normalized value exceeds As(Ds(f)) — 2¢;; hence that completion gains less than 2¢; and
changes the ith coordinate by at most 2|H;|e;. These operations also produce a normalized presentation
code ¢; satisfying CompWit,(f, N, c;). Hence part (Ul) makes the resulting ordinary canonical completed
model N; Fg-free, and it satisfies

[t(H;, Nj) — 2| < (24 3[H;|)e; (i <),
and
sV

n;

AS(DS(f)) - 25]' <

< As(Ds(1))-

Thus s!|N;[/n] — As(Ds(f)) = ms(g). Since n; — oo and s'("j)/n]s — 1, the ordinary edge densities of
N; also tend to ms(g). Hence AExt,(g,IN) and Conv,(N,z) hold. The reverse implication in (B.1) gives
x € Es(g). This proves (B.10) without invoking an external truth predicate for the analytic statement.
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The zero branch. Suppose Zerog(f). Equations (B.5), (B.8), and (B.10) give
Es(g) = {WO,5}7 WO75 = wpovs, SepS(WQS) =0.

The last two assertions and Profile;(Py 5) are verified in Lemma B.2.

It remains to verify the profile quantifier in Strs ;. We prove the stronger finitary formula

ZFCH Y fVg (Basey(f) A Codelifts(f, ) A zf = Thase)

B.11
— FStab,(g,Po,s). ( )

Fix the antecedent and a positive rational €. Choose a positive rational x < €/12. First, the coded
substitution in Lemma 10.7, applied presentationwise, supplies a deficit threshold 7, > 0 and an order
threshold Nio. beyond which u¢(N,c) € I; and the selected root vector lies in the fixed coordinate box
whenever CompWit,(f, N, c) holds. Within that box, the finite-roof estimate in Lemma 15.4, the zero
clause of Roof s, the positive root-equalization gap in (15.4), and compactness give a positive rational
Mo < Moc and an integer Ny > Ny, with the following property: if CompWit,(f, N, ¢) holds, v(N) > Ny,
and

sl|N|
< - <
O_As(Ds(f)) U(N)S = To,
then
ap f((Noe)+a_f(Nye) <k,  |ug(N,e)—uol+ > |yis (N, ¢) = 0s(ug)| < . (B.12)

ieM
This is a coded implication: after a proposed k is fixed, failure for every rational 7y and every N7 produces
presentation codes (N, ¢) and hence a maximizing sequence in the compact scalar box; Roof forces its
scalar limit to be (ug,0,0), while (15.4) forces the selected root vector to be equalized, contradicting the

negation of (B.12). Taking the least code of an admissible rational-integer pair in the fixed enumeration
makes 19 and N; definable in ZFC.

Apply part (U4) with edit tolerance £/3 and edge-count deficit tolerance 7y/(4s!). Increase its order

threshold so that
slex(n, Fy) ]

ms(g) — s 9

and every fixed rounding error is smaller than en®/6. For every graph G satisfying the resulting finitary
antecedent, that ledger entry supplies codes N, ¢ with CompWit,(f, N,c) and V(N) = V(G) such that
the normalized deficit of NV is less than 37y/4 and

edit(G, N) < %v(G)S and (N, c) satisfies (B.12).

Let S :== Uy s n,cUU_ 5N, be the active data vertices in the presentation encoded by c. The first
inequality in (B.12) gives |S| < kv(G). Delete every raw signed-record edge from Dy n ., and complete
the resulting rooted model through the same partition V¢ n.; denote its ordinary expansion by N'.
Every raw o-record edge of Dy n . has all its data vertices in Uy s, n,. € S. Hence the old and new sign
projections, and their covered vertex sets, agree outside S. By Lemma 15.5, the graphs N and N’ can
differ only on edges meeting S.

The second inequality in (B.12) permits the root and neutral classes of N’ to be changed to the largest-
fractional-parts realization of the fixed profile by moving a set T of fewer than xkv(G) + O4(1) vertices.
Let B be the completion for this new partition. The two partitions agree outside T', and both N’ and B
have empty sign projections. A direct check of the fixed rooted edge types shows that every s-set disjoint
from T has the same edge status in the two completions: its root/data role profile is unchanged, the
frame and dispersion rules are unchanged, every threshold and penalty rule sees the same empty covered
sets, and no raw record edge is present. Thus N’ and B can differ only on edges meeting T, so N and B
can differ only on edges meeting S UT. The graph B belongs to Bp, ,(V(G)), and, after the preceding
threshold enlargement,
edit(N, B) < |S UT] (”(G) - 1) <y
s—1 3

The triangle inequality gives edit(G, B) < ev(G)*®. This proves (B.11) with exactly the quantifier order
in the definition of FStabs. Equation (B.2) then yields the profile quantifier in Strs ;. The singleton is
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connected, neither sign predicate can hold at a zero value, and the displayed profile witnesses Strs 4(g).
Hence ZeroStr,(g) holds.

The positive branch. Suppose Posy(f). Fix ¢y > 0 supplied by (B.9). Equations (B.5), (B.9), and (B.10)
give two nonempty compact ordinary phase sets with Sep, = fc;. Choose a rational ¢ with 0 < g < c;.
Then every member of E;(g) has Sep, > ¢ or Sep, < —¢, and both alternatives occur. These relatively
closed sets are also relatively open because their complement is the other one. Thus Strq s(g) and Strs 4(g)
fail, whereas Strs s(g) and Stry s(g) hold. The two selected points with opposite signs and Lemma 18.3
give =Strs 5(g). Hence PosStrs(g) holds.

We have proved the implications Zerog(f) — ZeroStrs(g) and Posy(f) — PosStrs(g). The two structural
rows are contradictory already in their first conjunct, while (B.7) says that exactly one numerical row
holds. If, for example, ZeroStrs(g) held while Zerog(f) failed, then Posy(f) and hence PosStr,(g) would
hold, a contradiction. The other reverse implication is identical. This proves (18.2). |

B.6 The uniform structural bridge

The remaining composition keeps the numerical and structural compiler codes synchronized.

Details for Proposition 18.5. The numerical compiler is a total primitive recursive function, and part (i)
of Proposition 18.4 gives a unique lift. Equation (B.4) therefore proves part (ii).

Fix d, e, g under the antecedent of (18.3). By (B.4), there is an f satisfying

CodeFam;"™(d, e, f) A CodeLift(f, g).

num

The defining program for CodeFam}"™ is functional, so this f is unique. Apply Proposition 18.1 at the
base uniformity k. It gives Basey(f) and

Allpr(d, e) <= Zeroy(f).
Bad-run completeness and the certificate transformations give
- AHPR(d, 6) — POSk(f).

Part (ii) of Proposition 18.4 converts these two formulas into ZeroStrg(g) and PosStr,(g), respectively.
Expanding the two row definitions gives all five code-level equivalences in (18.3), proving part (i).
Uniqueness of g makes the existential definition of each P; 5(d, e) equivalent to the corresponding predicate
on this one code, and hence proves part (iii).

Finally, Lemma B.2 fixes the three named objects and all of their defining codes before d, e are quantified.
This proves part (iv) and completes the proposition. |
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