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Abstract. Let D◦
n(p) and Dcl

n (p) be the VC-dimensions of the open- and closed-neighborhood
systems of G(n, p). We determine their asymptotic behavior at symmetry, for every fixed
asymmetric parameter, and throughout the crossover pn → 1/2. At p = 1/2, both dimensions
are concentrated on the two integers adjacent to log2(n/ log n), and the number of shattered
sets at the critical level has a Poisson limit. For fixed p ̸= 1/2, we locate both dimensions within
a bounded window and identify the rare Hamming layers that determine the second-order term;
on critical sequences in this scale, the corresponding count again converges to a Poisson law.
For an arbitrary sequence pn → 1/2, we introduce a moving contact scale Bk(θn) and its last
feasible lattice point Kn. Both dimensions then lie in {Kn, Kn + 1} with high probability, are
asymptotically equal, and satisfy

P
(
D◦

n(pn) = Dcl
n (pn) = Kn + 1

)
= 1 − exp{− exp(Hn,k − Φn,k)} + o(1), k = Kn + 1,

where Hn,k = log
(

n
k

)
and Φn,k is the exact Poissonized occupancy exponent. A variational

formula gives a uniform deterministic center, while a tilted contact partition resolves the
microscopic Poisson window. The proof combines relative de-Poissonization with a shared/private
Poisson interpolation that is uniform over all overlap sizes.

1. Introduction

Let F ⊆ 2V be a set system. A set S ⊆ V is shattered by F if
{F ∩ S : F ∈ F} = 2S .

The VC-dimension of F is the maximum size of a shattered set. Introduced by Vapnik and
Chervonenkis [10], it is a basic measure of combinatorial complexity; the Sauer–Shelah lemma
[8, 9] gives the fundamental growth bound for set systems of bounded VC-dimension.

A graph G = (V, E) produces the open- and closed-neighborhood systems

N ◦(G) := {NG(v) : v ∈ V }, N cl(G) := {NG[v] : v ∈ V }.

We set
D◦(G) := VCdim(N ◦(G)), Dcl(G) := VCdim(N cl(G)),

and, for the random graph,
D◦

n(p) := D◦(G(n, p)), Dcl
n (p) := Dcl(G(n, p)).

When a statement applies to both conventions, Dn(p) denotes either one.
Graph-defined set systems were studied systematically by Kranakis, Krizanc, Ruf, Urrutia,

and Woeginger [6]; see also recent work on computation [3] and pseudorandom graphs [7].
Anthony, Brightwell, and Cooper [1] studied sparse thresholds for prescribed fixed neighborhood
VC-dimension. Random binary function classes and random uniform hypergraphs provide closely
related shattering models [11, 12], while random covering arrays lead to the same fixed-candidate
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coupon-coverage problem without the symmetry constraints of an adjacency matrix [4]. The
present problem is different in two ways: the dimension grows with n, and candidate sets share
edges, creating dependencies at every overlap size. To the best of our knowledge, the results
below are the first sharp asymptotic laws for the growing neighborhood VC-dimension of dense
Erdős–Rényi graphs, including critical lattice probabilities and the crossover through p = 1/2.

The common mechanism is occupancy. Fix a candidate set S = {x1, . . . , xk}. Each vertex
outside S produces the binary trace (1vxi∈E)k

i=1. Thus S is externally shattered exactly when
every one of the 2k binary patterns occurs. When p = 1/2, the patterns are equiprobable and
ordinary coupon collection governs the threshold. For fixed p ≠ 1/2, their probabilities vary
geometrically across Hamming layers and finitely many rare layers determine the second-order
term. For pn → 1/2, the dominant layer moves continuously from the center of the cube toward
its rare side. The purpose of this paper is to establish the sharp laws at the two endpoints and
to identify the entire transition between them.

Throughout, G(n, p) is the random graph on [n] with independent edge probability p. Unless
a base is displayed, logarithms are natural. The phrase “with high probability” means with
probability tending to one, and OP(1) denotes boundedness in probability.

We first state the endpoint laws. For the symmetric model, set

Jn =
⌊
log2

n

log n

⌋
.

Theorem 1.1. Let G ∼ G(n, 1/2), and let Dn denote either neighborhood VC-dimension. Then
Dn ∈ {Jn, Jn + 1} with high probability. At k = Jn + 1, put

M = 2k, u = n − k

M
, λ = Me−u, Hk = log

(
n

k

)
.

If λ − Hk → +∞, then Dn = Jn with high probability; if Hk − λ → +∞, then Dn = Jn + 1 with
high probability; and if Hk − λ → τ ∈ R, then

P(Dn = Jn + 1) −→ 1 − e−eτ
.

In the critical window, Hk − λ → τ is equivalently

u = log M − log Hk + τ

Hk
+ o(H−1

k ).

In particular, the central scale λ/Hk → 1 has the expansion

u = log n − 3 log log n + log log 2 + o(1).

For a fixed asymmetric parameter, let

q = min{p, 1 − p}, ρ = 1 − q

q
, cp = max

r≥3

r − 2
ρr

.

Theorem 1.2. Fix p ∈ (0, 1) \ {1/2}. For either neighborhood convention,

Dn(p) = log1/q n − log1/q log log n − log1/q cp + OP(1).

At an asymmetric critical lattice point put

a = (n − k)qk, Hk = log
(

n

k

)
, Φk =

k∑
r=0

(
k

r

)
F (aρr), F (x) = − log(1 − e−x).

Let Yk be the number of externally shattered k-sets.
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Theorem 1.3. Suppose a = Θ(log log n) and Hk − Φk → τ ∈ R. Then

Yk ⇒ Poisson(eτ ),

and, for either neighborhood convention,

P(Dn(p) = k) → 1 − e−eτ
, P(Dn(p) = k − 1) → e−eτ

.

Moreover, the critical equation itself rules out the upper neighbor: for some δp > 0, the
corresponding exponent satisfies Φk+1 ≥ (log n)2+δp.

The constant cp is analyzed in Theorem 4.6: its maximizers form one Hamming layer or
two adjacent layers. We next state the moving-parameter law that connects this rare-layer
mechanism to the symmetric coupon collector.

Let pn → 1/2 and define

qn := min{pn, 1 − pn}, ρn := 1 − qn

qn
= eθn , αn := log 1

qn
, an,k := (n − k)qk

n.

In the moving-parameter results below, we suppress the argument and write D◦
n and Dcl

n for
D◦

n(pn) and Dcl
n (pn), respectively. The moving contact scale is

Bk(θ) := max
0≤r≤k

e−θr log
(

k

r

)
,

and the moving lattice point is

(1) Kn := max{0 ≤ k < n : an,k ≥ Bk(θn)}.

At k = Kn + 1, let

Hn,k := log
(

n

k

)
, Φn,k :=

k∑
r=0

(
k

r

)
F (an,kρr

n), λn := eHn,k−Φn,k .

Theorem 1.4. For every sequence pn → 1/2,

P(D◦
n = Dcl

n = Kn + 1) = 1 − e−λn + o(1),(2)
P(D◦

n = Dcl
n = Kn) = e−λn + o(1).(3)

In particular, both dimensions are supported on {Kn, Kn + 1} with high probability and are equal
with probability tending to one.

The corresponding counts satisfy a Poisson law, stated precisely in Theorem 8.3. In particular,
Hn,k − Φn,k → τ gives mean eτ and the lattice probability 1 − e−eτ .

Define the binary entropy and crossover function

(4) h(x) = −x log x − (1 − x) log(1 − x), C(A) := max
0≤x≤1

h(x)e−Ax.

Theorem 1.5. Let Ln = log n, An = θnLn/αn, and

(5) mn := Ln − log(Ln/αn) − log C(An)
αn

.

Then Kn = mn + O(1) and

D◦
n = mn + OP(1), Dcl

n = mn + OP(1).

Corollary 1.6 (Three macroscopic regimes). With the preceding notation:
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(i) if An → 0, then

mn = log n − log log n

log 2 − A2
n

8 + o(A2
n + 1);

(ii) if An → A ∈ (0, ∞), then

mn = log n − log log n

log 2 + χ(A) + o(1), χ(A) = log log 2 − log C(A) − A/2
log 2 ;

(iii) if An → ∞, then

mn = log n + log θn − log log(θn log n/αn) + 1 + o(1)
αn

.

The global theorem contains a second, microscopic transition. At k = Kn + 1, choose
r∗ ∈ arg max0≤r≤k ρ−r

n log
(k

r

)
, put L∗ = log

( k
r∗

)
, and define

Zk,θn(T ) =
k∑

r=0

(
k

r

)
e−Bk(θn)ρr

neT ρr−r∗
n .

There is a unique T̂n ∈ (0, 3 log k) such that Zk,θn(T̂n) = Hn,k. The actual tilt is

(6) Tn := L∗

(
1 − an,k

Bk(θn)

)
.

Theorem 1.7. For fixed τ ∈ R,
Hn,k − Φn,k → τ ⇐⇒ Hn,k(T̂n − Tn) → τ.

Thus, with k and θn fixed in this deterministic calibration, the nontrivial Poisson window has
width H−1

n,k in the tilt, (Hn,kρr∗
n )−1 in an,k, and (Hn,kL∗)−1 in the relative contact deficit.

When θnk remains bounded, Proposition 10.5 reduces the tilted partition to an explicit
Gaussian prefactor.

The exact exponent also recovers an explicit perturbative window. As shown in Theorems 9.2
and 9.3, the symmetric lattice pair persists when ε2

n(log n)3 = o(log log n), and the first change
in its limiting probability occurs on the scale εn(log n)5/2 = Θ(1).

The proof has a common probabilistic core and three parameter-specific analyses. Poissoniza-
tion turns each fixed-set coverage event into an exact product. Relative de-Poissonization is
essential because relevant probabilities can be exp{−Θ((log n)2)}. A shared/private Poisson
interpolation compares simultaneous coverage of several cylinder partitions with the product of
their marginals. At symmetry this gives a uniform cylinder estimate; at fixed asymmetry an
exponent gap suppresses all overlapping factorial-moment contributions; in the global crossover
a new contact scale yields a uniform o(1) correction for every overlap size.

Section 2 develops the common occupancy machinery and fixed-set estimates. The endpoint
laws are proved in Sections 3 to 5. Sections 6 to 8 establish the global moving-lattice theorem
and its uniform center. The perturbative and microscopic refinements appear in Sections 9
and 10.

2. Traces, occupancy, and Poisson interpolation

2.1. External shattering. For a graph G = (V, E) and v ∈ V , write
N(v) = {u ∈ V : uv ∈ E}, N [v] = N(v) ∪ {v}.

Definition 2.1. A set S ⊆ V (G) is externally shattered if
{N(v) ∩ S : v ∈ V (G) \ S} = 2S .
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External shattering implies both open- and closed-shattering. The converse can fail, but
the internal vertices of a k-set can supply at most k traces. In the range considered here this
correction is negligible in relative probability. We use ordinary shattering when a statement
applies to either the open- or the closed-neighborhood convention.

Fix S with |S| = k. Call the symbol of probability qn rare and the symbol of probability
1 − qn common. A pattern with r common symbols has probability

πr = qk
nρr

n,

and there are
(k

r

)
such patterns. With m = n − k outside vertices, the minimum expected

occupancy is an,k = mqk
n.

If the number of outside vertices is Poisson with mean m, the occupancy counts of the 2k

patterns are independent. Hence the exact external coverage probability is
k∏

r=0
(1 − e−an,kρr

n)(
k
r) = e−Φn,k .

2.2. Relative de-Poissonization. The following elementary squeeze will be used repeatedly.

Lemma 2.2 (Monotone de-Poissonization). For each n, let bn(r) be the probability of an
increasing occupancy event with exactly r independent samples, and put

Qn(t) = E[bn(Nt)], Nt ∼ Poisson(t).

Suppose m = m(n) → ∞ and L = L(n) ≫
√

m satisfy
(i) Qn(m ± L) = (1 + o(1))Qn(m);
(ii) P(Nm−L > m) = o(Qn(m)).

Then
bn(m) = (1 + o(1))Qn(m).

The same assertion holds uniformly over any family of increasing events for which the two
hypotheses hold uniformly.

Proof. Monotonicity gives

Qn(m − L) ≤ bn(m) + P(Nm−L > m)

and
Qn(m + L) ≥ bn(m)P(Nm+L ≥ m).

Since L/
√

m → ∞, the last probability is 1 − o(1). The assumptions squeeze bn(m) between
(1 − o(1))Qn(m) and (1 + o(1))Qn(m). □

2.3. A multi-partition interpolation. We need a comparison between simultaneous coverage
of several cylinder partitions and the product of their marginal coverage probabilities. The
following lemma controls all orders of the common Poisson process at once.

Lemma 2.3 (Poisson add-one identity). Let Ω be finite. For z ∈ Ω, let Zz(t) be independent
Poisson variables with differentiable nonnegative means λz(t). If f is bounded and Dzf(x) =
f(x + ez) − f(x), then

d

dt
Ef(Z(t)) =

∑
z∈Ω

λ′
z(t)EDzf(Z(t)).

The identity holds one-sidedly at an endpoint when the means are affine and nonnegative.
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Proof. For a single Poisson variable,
d

dλ
Eg(Nλ) = E[g(Nλ + 1) − g(Nλ)].

Apply this coordinate by coordinate and use the chain rule. □

Lemma 2.4 (Multi-partition interpolation). Fix h ≥ 1. Let C1, . . . , Ch be finite measurable
partitions of the same probability space, and let Ri ⊆ Ci be the required cells of family i. A
Poisson process of intensity m has cell means

xC = mµ(C), zCD = mµ(C ∩ D) (C ∈ Ci, D ∈ Cj).

Suppose every required cell has mean at least a0 and he−a0 < 1. If Q is the probability that every
required cell of every family is hit, then

0 ≤ log Q −
h∑

i=1

∑
C∈Ri

log(1 − e−xC )(7)

≤ 2h

1 − he−a0

∑
1≤i<j≤h

∑
C∈Ci

∑
D∈Cj

zCDe−xC−xD+zCD .(8)

The estimate is uniform in the required subcollections Ri.

Proof. For every atom z of the common refinement, introduce one shared Poisson variable of
mean tmµ(z) and one private variable for each family, each of mean (1 − t)mµ(z). Family i sees
the shared process and its own private process. Let R(t) be the joint success probability. At
t = 0 the families are independent, while R(1) = Q.

Fix an atom z. Before adding it, let ai be the indicator that family i is successful, and let bi

be its value after adding z to that family. By Lemma 2.3, the contribution of z to R′(t)/(mµ(z))
is

E

∏
i

bi + (h − 1)
∏

i

ai −
h∑

i=1
bi

∏
j ̸=i

aj

 .

Because ai, bi ∈ {0, 1} and ai ≤ bi, the bracket is the indicator that the added atom repairs at
least two failed families and leaves all families successful. In particular R′(t) ≥ 0.

Decompose according to the exact repaired set K ⊆ [h], |K| ≥ 2. Let HK be the increasing
event that all non-target requirements are met, EK the event that all target counts are zero, and
PK the event that all target counts are positive. Harris’s inequality [5] and a union bound give

Pt(HK ∩ EK) ≤ Pt(HK)Pt(EK), R(t) ≥ Pt(HK)(1 − he−a0).

For any pair i, j ∈ K with target cells C, D,

Pt(EK) ≤ e−xC−xD+tzCD ≤ e−xC−xD+zCD .

Summing over pairs in K, over the fewer than 2h choices of K, and over the atom intensities
inside C ∩ D, we obtain

0 ≤ R′(t)
R(t) ≤ 2h

1 − he−a0

∑
i<j

∑
C,D

zCDe−xC−xD+zCD .

Integration from 0 to 1 proves (7). If a target cell is not required, its pivotal term is absent,
proving uniformity in the required subcollections. □
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Lemma 2.5 (Uniform intensity stability). Let m ∼ n, let k → ∞ with k = O(log n), and let
xσ(m) = mπσ be the means of the 2k trace cells. Suppose

a := min
σ

xσ(m) ≫ log k, Φ(m) :=
∑

σ

F (xσ(m)) = O(k2).

Set L =
√

m k4. Uniformly for |t − m| ≤ L,∑
σ

xσ(t)e−xσ(t) = O(k6),

Φ(t) = Φ(m) + o(1).

Proof. Split the cells into

A = {σ : xσ(m) ≤ 2k4}, B = {σ : xσ(m) > 2k4}.

For σ ∈ A and |t − m| ≤ L,

|xσ(t) − xσ(m)| ≤ L

m
2k4 = O(k8/

√
n) = o(1).

Thus xσ(t) ≤ 3k4 and ∑
σ∈A

xσ(t)e−xσ(t) ≤ 3k4eo(1)∑
σ

e−xσ(m) = O(k6),

because
∑

σ e−xσ(m) ≤ Φ(m). For σ ∈ B, we have xσ(t) ≥ k4 for all large n, and hence∑
σ∈B

xσ(t)e−xσ(t) ≤ 2kk4e−k4 = o(1).

This proves the first estimate. Finally,

|Φ′(t)| = 1
t

∑
σ

xσ(t)
exσ(t) − 1

≤ 2
t

∑
σ

xσ(t)e−xσ(t) = O(k6/n).

Integration over an interval of length at most L proves |Φ(t) − Φ(m)| = O(k10/
√

n) = o(1). □

2.4. Ordinary versus external shattering.

Lemma 2.6. Let k → ∞ with k = O(log n) and suppose an,k ≫ log k. If Φn,k = O(k2), then,
for a fixed k-set S,

P(S is open-shattered) = (1 + o(1))P(S is externally shattered),

and the same holds for closed shattering. The estimate is uniform in S. In particular,

P(S is ordinary shattered but not externally shattered) = o(e−Φn,k).

Proof. Put m = n − k and L =
√

m k4. Poissonize the outside vertices. Conditional on the
graph induced by S, the vertices of S supply a deterministic set I of at most k trace patterns.
At intensity t, let xσ(t) = tπσ and let QI(t) be the probability that every pattern outside I is
hit. Then

log QI(t) = −Φ(t) +
∑
σ∈I

F (xσ(t)).

Uniformly for |t − m| ≤ L, Lemma 2.5 gives Φ(t) = Φ(m) + o(1), while the minimum cell mean
is (1 − o(1))an,k. Consequently

0 ≤
∑
σ∈I

F (xσ(t)) ≤ kF ((1 − o(1))an,k) = o(1)
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uniformly over all I with |I| ≤ k. Hence

QI(m ± L) = e−Φ(m)+o(1) = (1 + o(1))QI(m)

uniformly in I. A Poisson Chernoff bound gives

P(Poisson(m − L) > m) ≤ exp{−Ω(L2/m)} = e−Ω(k8) = o(e−Φ(m)),

and therefore it is also o(QI(m)). Moreover P(Poisson(m + L) ≥ m) = 1 − o(1). The uniform
form of Lemma 2.2 now shows that the fixed-sample outside coverage probability after the
internal traces are supplied is e−Φ(m)+o(1), uniformly in the internal graph. The same argument
with I = ∅ gives the external probability. Averaging over the internal graph proves the relative
comparison. Since external shattering implies ordinary shattering, subtraction gives the final
assertion. □

2.5. A general upper bound. The next lemma is used only when the one-set exponent is
much larger than k2.

Lemma 2.7 (Empty-box upper bound). Let k = O(log n), m = n − k, and let xσ = mπσ be the
means of the 2k external trace cells. Assume a = minσ xσ → ∞, and put

Φ =
∑

σ

− log(1 − e−xσ ), H = log
(

n

k

)
.

There is an absolute constant C such that, if

(9) Φ − H − Ck log
(

e + Φ
k

)
−→ +∞,

then no k-set is open- or closed-shattered with high probability.

Proof. In the Poissonized model, the indicators that the cells are empty are independent Bernoulli
variables with parameters zσ = e−xσ . Let Z be their sum and put wσ = zσ/(1 − zσ). Then

P(Z ≤ k) = e−Φ
k∑

j=0
ej((wσ)σ) ≤ e−Φ

k∑
j=0

W j

j! , W =
∑

σ

wσ.

Since a → ∞, W ≤ 2
∑

σ zσ ≤ 2Φ for all sufficiently large n. We claim that the last sum is at
most

exp
{

Ck log
(

e + Φ
k

)}
for an absolute C. Indeed, if W ≤ k, then the sum is at most eW ≤ ek. If W > k, then, using
j! ≥ (j/e)j ,

k∑
j=0

W j

j! ≤ 1 +
k∑

j=1

(
eW

j

)j

≤ exp
{

Ck log
(

e + W

k

)}
.

Since W ≤ 2Φ, the claim follows after changing C. The event {Z ≤ k} is increasing in the
number of samples, so the fixed-m probability is at most 2+o(1) times the Poissonized probability.
Ordinary shattering implies Z ≤ k, since the k internal vertices supply at most k missing traces.
A union bound over the

(n
k

)
candidate sets and (9) complete the proof. □
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2.6. Open and closed neighborhoods differ by at most one. We record the following
elementary deterministic comparison.

Theorem 2.8. For every finite graph G,
|D◦(G) − Dcl(G)| ≤ 1.

Proof. The claim is immediate when the larger dimension is at most one, so assume d ≥ 2. We
prove Dcl(G) ≤ D◦(G) + 1; the reverse inequality is identical. Suppose that a set S ⊆ V (G)
with |S| = d is shattered by closed neighborhoods. Let

A = {N(v) ∩ S : v ∈ V (G)}
be the family of open-neighborhood traces on S. For every v /∈ S one has

N [v] ∩ S = N(v) ∩ S.

Thus the only closed traces that may differ from open traces are those produced by the d vertices
of S themselves. Since the closed traces realize all 2d subsets of S, the open trace family A
contains at least 2d − d distinct subsets of S.

If VCdim(S, A) ≤ d − 2, then the Sauer–Shelah lemma [8, 9] gives

|A| ≤
d−2∑
i=0

(
d

i

)
= 2d − d − 1,

contradicting |A| ≥ 2d − d. Hence VCdim(S, A) ≥ d − 1, and therefore D◦(G) ≥ d − 1. This
proves Dcl(G) ≤ D◦(G) + 1. Interchanging open and closed neighborhoods gives the other
inequality. □

By Theorem 2.8, every bounded-window localization proved for one convention holds for the
other. The sharper common critical laws require the probabilistic internal-witness estimates
developed below.

2.7. Fixed-set occupancy in the uniform case. Assume first that p = 1/2. For each v ∈ V \S,
the trace N(v) ∩ S is uniformly distributed over the B = 2k subsets of S, independently for
different v. Put

m = n − k, u = m

B
, λ = Be−u.

Lemma 2.9. Suppose m ∼ n, B = Θ(n/ log n), u → ∞, λ = O((log n)2), and Be−2u = o(1).
Then

P(S is externally shattered) = exp(−λ + o(1)).

Proof. With a Poisson number of outside vertices of mean t, the B occupancy numbers are
independent Poisson variables of mean t/B. Hence, at t = m,

Q(m) := P(all boxes are occupied) = (1−e−u)B = exp{−Be−u +O(Be−2u)} = exp(−λ+o(1)).
We verify the hypotheses of Lemma 2.2. Take

L = A
√

m log n,

where A is a sufficiently large constant. Since in the present application m ∼ n and B =
Θ(n/ log n), uniformly for |t − m| ≤ L,

Be−t/B = λ exp{−(t − m)/B} = λ + o(1),
because λL/B = o(1), and

Be−2t/B = O(λ2/B) = o(1).
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Thus Q(t) = exp{−λ + o(1)} uniformly on this interval. A Poisson Chernoff bound gives

P(Poi(m − L) > m) ≤ exp{−Ω(A2(log n)2)} = o(e−λ)

after increasing A, since λ = O((log n)2). Lemma 2.2 therefore gives the asserted fixed-m
probability with relative error 1 + o(1). □

Lemma 2.10. Under the assumptions of Lemma 2.9, if additionally

λ
k

2k
= o(1),

then, for both open and closed neighborhoods,

P(S is shattered) = (1 + o(1))P(S is externally shattered) = exp(−λ + o(1)),

and in particular

P(S is shattered but not externally shattered) = o(e−λ).

Proof. Condition on the graph induced by S. For either neighborhood convention, the vertices
of S then supply a fixed set IS of at most k patterns, independently of the outside traces. In
the Poissonized model the probability that every pattern outside IS is hit is

(1 − e−u)B−|IS |.

Its ratio to full external coverage is

(1 − e−u)−|IS | = exp{O(ke−u)} = exp
{

O

(
λ

k

B

)}
= 1 + o(1).

The estimates in the proof of Lemma 2.9, including their uniformity for |t − m| ≤ A
√

m log n,
are unchanged after deleting at most k box requirements. Lemma 2.2 therefore de-Poissonizes
this comparison uniformly in IS . Averaging over the internal graph and using external shattering
for the reverse inequality proves the claim. □

2.8. A non-uniform occupancy estimate. For p ≠ 1/2 the coupon probabilities are not
uniform. Set

q = min(p, 1 − p), s = 1 − q, ρ = s

q
.

A pattern on S with r common symbols has probability qkρr and there are
(k

r

)
such patterns.

Let
ak = (n − k)qk

and

Λk =
k∑

r=0

(
k

r

)
e−akρr

.

The sharper exponent is

Φk(p) =
k∑

r=0

(
k

r

)
F (akρr), F (x) = − log(1 − e−x).

In the coarse localization regime, ak = Θ(log log n) and Φk = (1 + o(1))Λk on the relevant layers.
The following estimate supplies the uniform tail control used in both de-Poissonization and

the asymmetric proof. Write L1 = log n, L2 = log log n, and L3 = log log log n.
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Lemma 2.11. Fix p ̸= 1/2. Suppose c−L2 ≤ ak ≤ c+L2 for constants 0 < c− < c+ < ∞. For
every fixed d > 0 and nonnegative integer t, there is C = C(p, c−, c+, d, t) such that

k∑
r=0

(
k

r

)
(akρr)te−dakρr ≤ LC

1 .

If ak = cL2 + O(1) and r is fixed, then(
k

r

)
e−akρr = L

r−cρr+o(1)
1 .

Moreover, for every fixed M > 0 there is a fixed R = R(p, c−, c+, d, t, M) such that
k∑

r=R

(
k

r

)
(akρr)te−dakρr = O(L−M

1 ).

Proof. The relation ak = (n − k)qk = Θ(L2) implies k = (L1 − L3 + O(1))/ log(1/q), so the
fixed-r assertion follows from

(k
r

)
= L

r+o(1)
1 . For the uniform bound, choose a fixed R so large

that
dc−ρr ≥ 3r + 3 (r ≥ R).

The sum over r < R is a fixed sum of powers of L1 and L2. For r ≥ R, use
(k

r

)
≤ (ek/r)r. After

increasing R once, the logarithm of the r-th summand is at most
r(L2 + O(1)) + t{O(L3) + r log ρ} − dc−L2ρr ≤ −rL2.

The remaining tail is summable and in fact o(1). Increasing R until the last bound is at most
−(M + 2) log L1 for every r ≥ R gives the stated O(L−M

1 ) truncation. □

Lemma 2.12. Suppose k = O(log n) and ak = Θ(log log n). Then
P(S is externally shattered) = exp{−Φk(p) + o(1)}.

Proof. Let m = n − k. With a Poisson number of outside traces of mean t, each pattern in layer
r is hit a Poisson number of times with mean tqkρr, independently over patterns. At t = m the
probability that all patterns are hit equals

k∏
r=0

(1 − e−akρr )(
k
r) = exp{−Φk(p)}.

We now verify relative de-Poissonization. Lemma 2.11, together with F (x) ≤ 2e−x for x ≥ ak →
∞, gives constants C0, C1 such that, uniformly for |t − m| = o(m),

Φk(t) :=
k∑

r=0

(
k

r

)
F (tqkρr) ≤ LC0

1 ,

and
k∑

r=0

(
k

r

)
(tqkρr)e−tqkρr/2 ≤ LC1

1 .

Choose C > max(C0, C1) + 3 and L =
√

m LC
1 = o(m). Differentiating the logarithm of the

Poissonized probability gives∣∣Φ′
k(t)

∣∣ ≤ 2
t

k∑
r=0

(
k

r

)
(tqkρr)e−tqkρr/2 ≤ 2LC1

1
t

.

Hence Φk(m±L) = Φk(m)+o(1). The Poisson tail in Lemma 2.2 is exp{−Ω(L2C
1 )} = o(e−Φk(m)).

That lemma now yields the displayed fixed-m asymptotic. □
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Lemma 2.13. Assume k = O(log n), ak = Θ(log log n), and Φk(p) = O((log n)2). Then, for
open and closed neighborhoods,

P(S is shattered) = (1 + o(1))P(S is externally shattered) = (1 + o(1))e−Φk(p).

In particular,

P(S is shattered but not externally shattered) = o(e−Φk(p)).

Proof. Put m = n − k, let πσ be the external probability of pattern σ, set xσ = mπσ, and write
F (x) = − log(1 − e−x). Poissonize the outside traces. Conditional on the graph induced by
S, let I be the set of patterns supplied by its internal vertices. Independence of internal and
external edges gives the exact ratio

P(all patterns are supplied | I)
P(all patterns are supplied externally) = exp

{∑
σ∈I

F (xσ)
}

.

Let τv be the trace supplied by v ∈ S. Its self-coordinate is forced, so its law is not exactly πσ;
nevertheless, for both open and closed neighborhoods,

P(τv = σ) ≤ πσ

q
.

Consequently, with X =
∑

v∈S F (xτv ),

EX ≤ k

qm

∑
σ

xσF (xσ).

Also 0 ≤ X ≤ kF (ak). Since ex − 1 ≤ xeb for 0 ≤ x ≤ b,

1 ≤ P(shattering after internal traces)
e−Φk(p) ≤ 1 + ekF (ak) k

qm

∑
σ

xσF (xσ).

If θ = log 2/ log(1/q) < 1, then 2k = (m/ak)θ. Moreover supx≥ak
xF (x) = O(1), ekF (ak) = no(1),

and hence the error above is at most

no(1) k2k

m
= n−(1−θ)+o(1) = o(1).

The same estimates hold uniformly at the two Poisson intensities used in the proof of Lemma 2.12.
Applying Lemma 2.2 to the event averaged over the independent internal graph gives

P(S is shattered) = (1 + o(1))e−Φk(p).

Lemma 2.12 gives the same relative asymptotic for external shattering. Since external shattering
implies shattering, subtracting the two probabilities proves the final assertion. □

3. The symmetric case p = 1/2

In this section G ∼ G(n, 1/2) and

Jn =
⌊
log2

n

log n

⌋
.
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3.1. Two-point concentration.

Proposition 3.1. For either open or closed neighborhoods,
Dn ∈ {Jn, Jn + 1}

with high probability.

Proof. First fix any S ⊆ V with |S| = Jn. Put B = 2Jn and m = n − Jn. Since B ≤ n/ log n,
m

B
≥ (1 − o(1)) log n.

Thus
B exp(−m/B) = o(1).

By Lemma 2.9, this fixed set is externally shattered with probability 1 − o(1). Hence Dn ≥ Jn

with high probability.
For the upper bound, set k = Jn + 2 and fix S ∈

(V
k

)
. Then

2k ∈
( 2n

log n
,

4n

log n

]
and therefore

n − k

2k
≤ 1

2 log n(1 + o(1)).

Poissonize the outside sample with mean m = n − k, and let ZS be the number of missing
patterns there. Then ZS is binomial and its mean satisfies

EZS = (1 + o(1))2k exp
(

−n − k

2k

)
≥ c

√
n

log n

for some absolute c > 0. If S is shattered, all missing external patterns must be supplied
internally, so ZS ≤ k. A Chernoff lower-tail estimate for the empty boxes gives

PPoi(m)(ZS ≤ k) ≤ exp
(

−c′
√

n

log n

)
.

The event {ZS ≤ k} is increasing in the number of outside traces; hence its fixed-m probability is
at most 2+o(1) times the last display. This gives the same exponential bound for the probability
that S is shattered. Since (

n

k

)
≤ exp(O((log n)2)),

a union bound shows that no k-set is shattered with high probability. Hence Dn ≤ Jn + 1 with
high probability. □

3.2. A cylinder decorrelation lemma. The following example shows why a direct Poissonized
product comparison must be restricted to the critical range. Consider two sets differing in one
vertex. If S = R ∪ {x} and T = R ∪ {y}, |R| = k − 1, and the common outside sample is Poisson
with mean m0, put u0 = m0/B and t = e−u0 . For each of the B/2 patterns on R, the four
extensions form an independent 2 × 2 Poisson table. Inclusion–exclusion over its two empty rows
and two empty columns gives

P(S, T both covered by the common sample) =
(
1 − 4t + 4t3/2 − t2)B/2

.

Thus, when Be−2u0 = o(1),

logP = −2Be−u0 + 2Be−3u0/2 + o(1).
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For example, let nj be the least integer with nj/ log nj ≥ 2j . Then Jnj = j for all large j,
B = 2j+1 ∼ 2nj/ log nj , and u0 ∼ 1

2 log nj ; hence Be−3u0/2 ≍ n
1/4
j / log nj → ∞. Thus the

correction need not be negligible outside the range used below.
We control all orders at once by a Poisson interpolation.

Lemma 3.2. Fix h. Let S1, . . . , Sh be distinct k-sets in a coordinate set U , give {0, 1}U uniform
measure µ, and put B = 2k. For each i, let Ri ⊆ 2Si be a collection of required patterns. A
Poisson process of intensity m0 is successful if it hits every cylinder

C(i, σ) = {z : z|Si = σ}, σ ∈ Ri, i ∈ [h].
Writing u0 = m0/B, if he−u0 < 1, then

(10) 0 ≤ logP(success) −
h∑

i=1
|Ri| log(1 − e−u0) ≤ 2hm0e−3u0/2

1 − he−u0
.

The estimate is uniform in the required subcollections.

Proof. For every atom z ∈ {0, 1}U , take one shared Poisson variable of mean tm0µ(z) and,
independently, one private variable for each family i ∈ [h], each of mean (1 − t)m0µ(z). A shared
point is counted in the cylinder system of every family, while a private point is counted only in
its own family. Let R(t) be the probability that every required cylinder is hit. At t = 0 the h
systems are independent and their cells have independent Poi(u0) counts, whereas at t = 1 they
are the projections of one common process. Hence

R(0) =
h∏

i=1
(1 − e−u0)|Ri|, R(1) = P(success).

We bound the logarithmic derivative. Fix an atom z. Before adding it, let ai be the indicator
that family i is already successful, and let bi be the corresponding indicator after adding z to
that family. Lemma 2.3 shows that the contribution of z to R′(t)/(m0µ(z)) is the expectation of∏

i

bi + (h − 1)
∏

i

ai −
h∑

i=1
bi

∏
j ̸=i

aj .

Because ai, bi ∈ {0, 1} and ai ≤ bi, this expression is exactly the indicator that adding z
simultaneously repairs at least two families and that all families are successful afterwards. In
particular R′(t) ≥ 0.

Decompose this pivotal event according to its exact nonempty set K ⊆ [h] of repaired families,
where |K| ≥ 2. For i ∈ K, the target cylinder Ci = C(i, z|Si) is required, empty, and every other
required cylinder of family i is nonempty; every family outside K is already successful. Let HK

denote all these non-target nonemptiness requirements, let EK be the event that the target
counts are all zero, and let PK be the event that they are all positive. Thus the pivotal event is
HK ∩ EK , while the full success event is HK ∩ PK . Harris’s inequality [5] for the underlying
independent Poisson variables gives

Pt(HK ∩ EK) ≤ Pt(HK)Pt(EK), R(t) = Pt(HK ∩ PK) ≥ Pt(HK)Pt(PK).
Every target count has marginal mean u0, so a union bound yields

Pt(PK) ≥ 1 − |K|e−u0 ≥ 1 − he−u0 .

The target cylinders all contain z, hence are compatible. For distinct i, j, since Si ̸= Sj but
|Si| = |Sj | = k,

µ(Ci ∩ Cj) ≤ 1
2B

, µ(Ci ∪ Cj) ≥ 3
2B

.
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The private parts of the |K| target counts have total mean (1 − t)|K|u0, and the shared part is
zero precisely when the common process has no point in ∪i∈KCi. Consequently

Pt(EK) = exp{−(1 − t)|K|u0 − tm0µ(∪i∈KCi)} ≤ e−3u0/2.

There are at most 2h possible sets K. It follows that

0 ≤ R′(t)
R(t) ≤

∑
z

m0µ(z) 2he−3u0/2

1 − he−u0
= 2hm0e−3u0/2

1 − he−u0
.

Integrating from 0 to 1 proves (10). The argument only discards pivotal families whose target
pattern is not required, so it is uniform in the subcollections Ri. □

Lemma 3.3. Fix h ≥ 1. Let k = Jn + 1, B = 2k, u = (n − k)/B, and λ = Be−u. Assume

λ = O((log n)2), Bue−3u/2 = o(1).

If S1, . . . , Sh are distinct k-subsets of V , then

P(S1, . . . , Sh are all externally shattered) = exp(−hλ + o(1)),

uniformly over the ordered h-tuples. Both assumptions hold automatically if Hk − λ = O(1), and
also if Hk − λ → +∞.

Proof. Let U = S1 ∪ · · · ∪ Sh and first use only the m0 = n − |U | vertices in V \ U . Since
|U | − k = Oh(k),

u0 := m0/B = u + Oh(k/B), Be−u0 = λ + o(1).

Poissonization and Lemma 3.2 give

log Q(m0) = hB log(1 − e−u0) + Oh(Bu0e−3u0/2) = −hλ + o(1).

This remains uniform for |t−m0| ≤ L = A
√

n log n: indeed L/B = o(1) and λL/B = o(1), while
the interpolation error remains o(1). The Poisson tail is exp{−Ω(A2(log n)2)} = o(e−hλ) for
large fixed A. Lemma 2.2 therefore gives the same relative asymptotic with exactly m0 common
outside vertices.

It remains to restore the vertices in U \ Si as possible witnesses for Si. Conditional on the
graph induced by U , they supply at most d = Oh(k) specified cylinder traces. Delete those
requirements from the corresponding collections Ri. Lemma 3.2 applies uniformly to both the
full and deleted collections; their independent terms differ by

−d log(1 − e−u0) = O(de−u0) = Oh(kλ/B) = o(1),

and each interpolation error is o(1). The same monotone squeeze de-Poissonizes these estimates
uniformly. Since using only V \ U is a subset of the true external-shattering event, the full and
deleted requirements give matching lower and upper bounds.

Finally, if Hk − λ = O(1) or tends to +∞, then λ ≤ Hk + O(1) = O((log n)2) and

Bue−3u/2 = uλ3/2B−1/2 = o(1),

because B = Θ(n/ log n). □
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3.3. Sharp threshold and Poisson law. We now prove the full Poisson critical window
announced in Theorem 1.1. The key point is that, at the critical value k = Jn + 1, externally
shattered k-sets occur as rare and asymptotically independent events. The independence is
not literal, since two candidate sets may overlap, but Lemma 3.3 shows that all fixed factorial
moments have the product form needed for the Poisson limit.

Let
k = Jn + 1, B = 2k, u = n − k

B
, λ = Be−u,

and

Hk = log
(

n

k

)
.

Let Yk be the number of externally shattered k-sets.
By Lemma 2.9,

EYk =
(

n

k

)
e−λ+o(1) = exp(Hk − λ + o(1)).

Proposition 3.4. If λ − Hk → +∞, then Dn = Jn with high probability. If Hk − λ → +∞,
then Dn = Jn + 1 with high probability.

Proof. If λ − Hk → +∞, then Lemma 2.10 gives
EXk ≤ exp(Hk − λ + o(1)) → 0,

where Xk is the number of shattered k-sets, provided λ ≤ 10Hk. The hypotheses of that lemma
hold in this range because Hk = Θ((log n)2) and B = Θ(n/ log n). If instead λ > 10Hk, let ZS

be the number of externally empty boxes. In the Poissonized model ZS ∼ Bin(B, e−u) with
mean λ. Shattering implies ZS ≤ k, and monotonicity in the number of witnesses gives

Pm(ZS ≤ k) ≤ (2 + o(1))PPoi(m)(ZS ≤ k) ≤ exp(−λ/3)
for all sufficiently large n, since k = o(λ). A union bound is then at most exp(Hk − λ/3) = o(1).
Thus in both cases no k-set is shattered with high probability, and Proposition 3.1 gives Dn = Jn.

If Hk − λ → +∞, then EYk → ∞. By Lemma 3.3 with h = 2,
EY 2

k = EYk + (1 + o(1))(EYk)2.

The second-moment method yields Yk > 0 with high probability, so Dn ≥ k = Jn+1. Proposition
3.1 gives equality. □

Proposition 3.5. If Hk − λ → τ ∈ R, then
Yk ⇒ Poisson(eτ ).

Consequently, for either open or closed neighborhoods,
P(Dn = Jn + 1) → 1 − e−eτ

.

Proof. For fixed h ≥ 1,

E[(Yk)h] =
∑

(S1,...,Sh)
P(S1, . . . , Sh externally shattered),

where the sum is over ordered distinct k-sets. By Lemma 3.3,

E[(Yk)h] =
((

n

k

))h

exp(−hλ + o(1)) = exp(h(Hk − λ) + o(1)) → ehτ .

These are the factorial moments of a Poisson random variable with mean eτ , so Yk ⇒ Poisson(eτ ).
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By Lemma 2.10, the number of shattered but not externally shattered k-sets has expectation
o(1) in the critical window. Thus the count of open-shattered, and also closed-shattered, k-sets
has the same limit. Since Proposition 3.1 gives Dn ∈ {Jn, Jn + 1} with high probability, the
displayed probability follows. □

Theorem 1.1 follows from Propositions 3.1, 3.4, and 3.5.

Remark 3.6. The central critical scale λ/Hk → 1 is equivalent to
n − k

2k
= log n − 3 log log n + log log 2 + o(1).

More coarsely, λ ≍ Hk is equivalent to the same display with O(1) in place of log log 2 + o(1).
Indeed, λ = (n − k)u−1e−u and Hk = (1 + o(1))(log n)2/ log 2.

4. The fixed asymmetric case p ̸= 1/2

We first prove the localization statement in Theorem 1.2; the critical-window refinement is
given in Section 5. Throughout this section p ̸= 1/2 is fixed, and

q = min(p, 1 − p), ρ = 1 − q

q
, α = log(1/q).

We write
L1 = log n, L2 = log log n, L3 = log log log n.

Thus
log1/q log log n = L3

α
.

For a k-set S, call the symbol of probability q rare and the symbol of probability 1−q common.
If a trace pattern on S has r common symbols, then its probability is

qkρr.

There are
(k

r

)
such patterns. For an integer sequence k = k(n), define

ak = (n − k)qk,

and define the first-order missing-pattern sum

Λk =
k∑

r=0

(
k

r

)
e−akρr

.

The exact fixed-set exponent is

Φk(p) =
k∑

r=0

(
k

r

)[
− log(1 − e−akρr )

]
,

but the coarser quantity Λk is sufficient for the OP(1) localization.

4.1. The layer dichotomy. Recall

cp = max
r≥3

r − 2
ρr

.

The maximum is finite and is attained, since (r − 2)/ρr → 0 as r → ∞.

Lemma 4.1. Fix ε > 0. Suppose

k = L1 − L3 + O(1)
α

.

There exists δ = δ(p, ε) > 0 such that:
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(i) if ak ≤ (cp − ε)L2, then Λk ≥ L2+δ
1 ;

(ii) if ak ≥ (cp + ε)L2, then Λk ≤ L2−δ
1 .

Proof. For every fixed r, (
k

r

)
e−akρr = L

r−cρr+o(1)
1

whenever ak = cL2 + O(1), since k ∼ L1/α and L2 = log L1.
Assume first that ak ≤ (cp − ε)L2. Choose r∗ ≥ 3 such that

r∗ − 2
ρr∗

> cp − ε/2.

Then the r∗-th layer alone gives

Λk ≥
(

k

r∗

)
e−akρr∗ ≥ L2+δ

1

for some δ = δ(p, ε) > 0.
Now assume that ak ≥ (cp + ε)L2. For every r ≥ 3,

r − (cp + ε)ρr ≤ 2 − ερr.

For r = 0, 1, 2, the fixed-layer exponents are −c, 1 − cρ, and 2 − cρ2, where c ≥ cp + ε; each is at
most 2 − δ0 for a fixed δ0 > 0. Choose a fixed R so large that

(cp + ε)ρr ≥ 3r (r ≥ R).

Using
(k

r

)
≤ (ek/r)r, exactly as in Lemma 2.11, shows that the sum over r ≥ R is o(1). The

remaining finite set of layers, together with the preceding exponent bounds, is at most L2−δ
1

after decreasing δ > 0. □

4.2. The upper bound.

Proposition 4.2. Fix ε > 0. Suppose

k = L1 − L3 + O(1)
α

and
ak = (n − k)qk ≤ (cp − ε)L2.

Then
P(D◦

n(p) ≥ k) → 0, P(Dcl
n (p) ≥ k) → 0.

Proof. Fix S ∈
(V

k

)
and let ZS be the number of patterns missing from the traces of vertices in

V \ S. In the Poissonized exposure, the missing indicators are independent and
EZS = Λk.

By Lemma 4.1,
Λk ≥ L2+δ

1 .

If S is open- or closed-shattered, then all externally missing patterns must be supplied by the k
vertices of S itself. Thus shattering implies

ZS ≤ k.

Since k = O(L1) and k = o(Λk), Chernoff’s lower-tail inequality in the Poissonized model gives
PPoi(n−k)(ZS ≤ k) ≤ exp(−cΛk)
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for some c > 0. No relative de-Poissonization is needed for this upper bound. The event
{ZS ≤ k} is increasing in the number of outside traces, so if N ∼ Poi(n − k), then

Pn−k(ZS ≤ k) ≤
PPoi(n−k)(ZS ≤ k)
P(N ≥ n − k) ≤ (2 + o(1))e−cΛk .

Thus P(S is shattered) ≤ e−c′Λk for some c′ > 0.
Taking a union bound over all k-sets,

P(∃S, |S| = k, S shattered) ≤
(

n

k

)
exp(−c′Λk).

Here log
(n

k

)
= O(L2

1), while Λk ≥ L2+δ
1 , so the right-hand side tends to zero. The same argument

applies to closed neighborhoods, because external open and closed traces agree and the internal
vertices contribute at most k traces. □

4.3. A packing lemma. The lower bound will use only a subfamily of candidate k-sets with
controlled intersections. This avoids any need for a full non-uniform overlap-suppression theorem.

Lemma 4.3. Let
A ⊆ V, |A| = N =

⌊
n

L3
1

⌋
,

and let J = L1−η
1 for a fixed η > 0. There is a family

F ⊆
(

A

k

)
such that

|S ∩ T | ≤ J (S ̸= T ∈ F)
and

log |F| ≥ J(L1 − o(L1)).

Proof. We use the greedy packing argument. Fix S ∈
(A

k

)
. The number of T ∈

(A
k

)
with

|S ∩ T | > J is at most ∑
j>J

(
k

j

)(
N − k

k − j

)
.

Dividing by
(N

k

)
, this is at most ∑

j>J

(
Ck2

N

)j

for an absolute constant C. Since k = O(L1) and N = n/L3
1, we have

Ck2

N
= exp(−L1 + O(L2)).

Thus the forbidden ball around S has size at most(
N

k

)
exp(−J(L1 − o(L1))).

Greedy selection therefore produces a family of size at least
exp(J(L1 − o(L1))).

□
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4.4. Small-overlap decorrelation. Let A be as in Lemma 4.3 and put
B0 = V \ A, M = |B0| = (1 − o(1))n.

For S ⊆ A, we say that S is shattered by B0 if
{N(v) ∩ S : v ∈ B0} = 2S .

If this happens, then S is externally shattered in G.
For the bipartite exposure define

a′
k = Mqk

and

Φ′
k =

k∑
r=0

(
k

r

)[
− log(1 − e−a′

kρr )
]
.

The common multi-partition interpolation lemma, Lemma 2.4, will control the joint coverage
probability.

Lemma 4.4. Fix ε > 0 and assume

k = L1 − L3 + O(1)
α

, a′
k = Mqk ≥ (cp + ε)L2.

Then there exists δ = δ(p, ε) > 0 such that
Φ′

k ≤ L2−δ
1 .

Moreover, for every fixed η > 0, if

|S ∩ T | ≤ J = L1−η
1 , S, T ∈

(
A

k

)
,

then
P(S, T are both shattered by B0) = exp(−2Φ′

k + o(1)),
uniformly over such pairs.

Proof. Because k = (L1 − L3 + O(1))/α, we also have qk = Θ(L2/n) and hence
a′

k − ak = (M − n + k)qk = o(1).
Thus the layer dichotomy applies with ε/2, and a′

k = Θ(L2). Uniformly for x ≥ a′
k → ∞,

F (x) = (1 + o(1))e−x. Lemmas 4.1 and 2.11 therefore give, after decreasing δ > 0,
Φ′

k ≤ L2−δ
1 .

Poissonize the number of vertices in B0 with mean M . For cylinders C on S and D on T , put
xC = Mµ(C), yD = Mµ(D), zCD = Mµ(C ∩ D).

If C, D disagree on S ∩ T , then zCD = 0. Otherwise, if h is the probability of their common
pattern on S ∩ T , product structure gives

zCD = xCyD

Mh
≤ xCyD

Mqj
, j = |S ∩ T |.

Conditional on one trace pattern, the k − j remaining coordinates are still independent, so also
zCD

xC
≤ sk−j ,

zCD

yD
≤ sk−j , s = 1 − q.

Since j ≤ L1−η
1 = o(L1),

sk−j = n−γ+o(1), γ = log(1/s)
log(1/q) > 0.
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In particular, uniformly for all compatible pairs, zCD ≤ 1
2 min(xC , yD) for large n.

Put

P∗ :=
∑
C

xCe−xC/2 =
k∑

r=0

(
k

r

)
(a′

kρr)e−a′
kρr/2.

Lemma 2.11 gives P∗ ≤ LC0
1 for a fixed C0; the same bound holds for the D-sum. Therefore∑

C,D

zCDe−xC−yD+zCD ≤ 1
Mqj

(∑
C

xCe−xC/2
)(∑

D

yDe−yD/2
)

≤ L2C0
1

Mqj
= n−1+o(1),

because Mqj = exp{L1 − αj + o(L1)} = n1−o(1). The minimum cell mean is a′
k → ∞, so

Lemma 2.4 with h = 2 yields
PPoi(M)(S, T both shattered by B0) = exp(−2Φ′

k + o(1))
uniformly over the stated pairs. The interpolation lemma controls all higher correlations at once;
no truncation at pair clusters is being used.

Finally choose L =
√

M LC
1 with C sufficiently large. All preceding estimates hold uniformly

after replacing M by M ± L, and the derivative estimate from Lemma 2.12 gives Φ′
k(M ± L) =

Φ′
k(M) + o(1). A Poisson Chernoff tail is then o(exp{−2Φ′

k}). Applying Lemma 2.2 to the joint
increasing event proves the fixed-M assertion. □

4.5. The lower bound.

Proposition 4.5. Fix ε > 0. Suppose

k = L1 − L3 + O(1)
α

and
Mqk ≥ (cp + ε)L2,

where M = |V \ A| and |A| = ⌊n/L3
1⌋. Then

P(D◦
n(p) ≥ k) → 1, P(Dcl

n (p) ≥ k) → 1.

Proof. Let δ > 0 be supplied by Lemma 4.4. Choose η > 0 with η < δ, put
J = L1−η

1 ,

and take a packing F ⊆
(A

k

)
as in Lemma 4.3. Let Y be the number of sets S ∈ F shattered by

B0.
For a fixed S ∈ F ,

P(S is shattered by B0) = exp(−Φ′
k + o(1)),

and Lemma 4.4 gives Φ′
k ≤ L2−δ

1 . Since

log |F| ≥ J(L1 − o(L1)) = L
2−η+o(1)
1 ,

we get
logEY ≥ L

2−η+o(1)
1 − L2−δ

1 → +∞.

Thus EY → ∞.
For distinct S, T ∈ F , Lemma 4.4 gives

P(S, T both shattered by B0) = exp(−2Φ′
k + o(1)).
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Therefore
EY 2 = EY + (1 + o(1))|F|2e−2Φ′

k+o(1) = EY + (1 + o(1))(EY )2.

Since EY → ∞,
EY 2

(EY )2 → 1.

By the second-moment method, Y > 0 with high probability. Hence some k-set is externally
shattered, which implies both the open and closed neighborhood VC-dimensions are at least
k. □

4.6. Proof of Theorem 1.2. Set
κn = log1/q n − log1/q log log n − log1/q cp.

Equivalently,

κn = L1 − L3 − log cp

α
, nqκn = cpL2.

Choose C > 0 large. For
k+ = ⌈κn + C⌉

we have
(n − k+)qk+ = cpL2qC+O(1)(1 + o(1)).

For C large enough this is at most (cp − ε)L2, so Proposition 4.2 gives Dn(p) < k+ with high
probability.

Similarly, for
k− = ⌊κn − C⌋,

we have
nqk− = cpL2q−C+O(1)(1 + o(1)).

For C large enough this is at least (cp + ε)L2. Since M = (1 − o(1))n, Proposition 4.5 gives
Dn(p) ≥ k− with high probability.

Thus
Dn(p) = κn + OP(1),

which is precisely the assertion of Theorem 1.2. The argument applies to both open and closed
neighborhoods.

4.7. Structure of the dominant rare layers. In the asymmetric theorem, the second-order
constant is

cp = max
r≥3

r − 2
ρr

, ρ = 1 − q

q
> 1.

The maximizing values of r are exactly the rare layers that determine the leading obstruction to
shattering.

Theorem 4.6. For ρ > 1, let fρ(r) = (r − 2)/ρr for integers r ≥ 3, and put R(ρ) =
arg maxr≥3 fρ(r). Then R(ρ) consists of one integer or two adjacent integers. If ρ > 2, then
R(ρ) = {3}; if ρ = 2, then R(ρ) = {3, 4}. For 1 < ρ < 2, an integer r ≥ 4 is a maximizer
precisely when

r − 1
r − 2 ≤ ρ ≤ r − 2

r − 3 .

Moreover,

R(ρ) ⊆
{⌊

2 + 1
log ρ

⌋
,

⌈
2 + 1

log ρ

⌉}
.
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For ρ > 1, define
fρ(r) = r − 2

ρr
, r = 3, 4, 5, . . . ,

and
R(ρ) = arg max

r≥3
fρ(r).

Lemma 4.7. The sequence fρ(r) is unimodal. Moreover,
fρ(r + 1)

fρ(r) = r − 1
r − 2 · 1

ρ
.

Consequently fρ(r + 1) ≥ fρ(r) if and only if

ρ ≤ r − 1
r − 2 .

Proof. The displayed ratio follows immediately from the definition:
fρ(r + 1)

fρ(r) = (r − 1)ρ−r−1

(r − 2)ρ−r
= r − 1

r − 2 · 1
ρ

.

The factor (r − 1)/(r − 2) decreases strictly to 1 as r increases. Since 1/ρ < 1, the ratio crosses
1 at most once. Thus the sequence first increases and then decreases, with the possibility of a
single adjacent tie. This is unimodality. □

Proof of Theorem 4.6. By Lemma 4.7, the set of global maximizers contains either one integer
or two adjacent integers.

If ρ > 2, then
fρ(4)
fρ(3) = 2

ρ
< 1.

By unimodality the sequence is strictly decreasing after r = 3, so R(ρ) = {3}. If ρ = 2, then
fρ(3) = fρ(4) and, again by unimodality, R(ρ) = {3, 4}.

Now take 1 < ρ < 2. For r ≥ 4, the integer r is a maximizer if and only if it is at least as
large as its two neighbors:

fρ(r) ≥ fρ(r − 1), fρ(r) ≥ fρ(r + 1).
Using the ratio formula, these two inequalities are equivalent to

fρ(r)
fρ(r − 1) = r − 2

r − 3 · 1
ρ

≥ 1

and
fρ(r + 1)

fρ(r) = r − 1
r − 2 · 1

ρ
≤ 1.

Equivalently,
r − 1
r − 2 ≤ ρ ≤ r − 2

r − 3 .

At the left endpoint, fρ(r + 1) = fρ(r), giving the adjacent tie {r, r + 1}. At the right endpoint,
fρ(r) = fρ(r − 1), giving the adjacent tie {r − 1, r}.

Finally, the continuous relaxation
fρ(x) = (x − 2)ρ−x, x > 2,

has logarithmic derivative
d

dx
log fρ(x) = 1

x − 2 − log ρ.
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The unique critical point is therefore

xρ = 2 + 1
log ρ

,

which is the continuous maximum. Unimodality therefore places every discrete maximizer among
the two integers bracketing xρ. □

The dominant layer set R(ρ) changes only when

ρ = r − 1
r − 2

for some r ≥ 3, because these are precisely the equality cases in the ratio test. In particular,
R(2) = {3, 4} and cp = 1/8, whereas R(ρ) = {3} for ρ > 2.

5. The asymmetric Poisson critical window

We now sharpen Theorem 1.2 by proving a Poisson law at the critical lattice points. Fix
p ̸= 1/2 throughout this section and retain

q = min(p, 1 − p), s = 1 − q, ρ = s/q, α = log(1/q).
Write F (x) = − log(1 − e−x). For k = k(n) put

a = (n − k)qk, Hk = log
(

n

k

)
, Φk =

k∑
r=0

(
k

r

)
F (aρr),

and let Yk be the number of externally shattered k-sets. We now prove Theorem 1.3.

5.1. Scaling forced by the critical equation.

Lemma 5.1. Under the hypotheses of Theorem 1.3,
(11) a = cp log k + O(1) = cp log log n + O(1).

Proof. The assumption a = Θ(log log n) gives

k = log n − log log log n + O(1)
α

, Hk = αk2 + o(k2).

Since a → ∞, F (x) = (1 + o(1))e−x uniformly for x ≥ a. Put cn = a/ log k. The sequence (cn)
stays in a compact subset of (0, ∞). Along any subsequence on which cn → c, every fixed layer
satisfies (

k

r

)
F (aρr) = kr−cρr+o(1),

and Lemma 2.11 supplies a uniform finite truncation. If c < cp, a maximizing layer has exponent
larger than 2; if c > cp, every layer has exponent bounded below 2, uniformly after truncation.
Since Φk = Hk + O(1) = Θ(k2), neither alternative is possible. Every subsequential limit is
therefore cp, and a = cp log k + o(log k).

Write a = cp log k + bn. For every maximizing layer r ∈ R(ρ),(
k

r

)
F (aρr) = k2

r! e−bnρr (1 + o(1)),

whereas every fixed nonmaximizing layer is k2−δr+o(1) and the large layers are controlled by the
same exponential tail. If bn → +∞, then Φk = o(k2); if bn → −∞, then Φk/k2 → ∞. Thus
bn = O(1), proving (11). □
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5.2. All overlap scales. Let S, T be distinct k-sets, put

j = |S ∩ T |, d = k − j ∈ {1, . . . , k},

and use a Poisson intensity m = n − O(k), with am = mqk. If compatible cells have t common
symbols on S ∩ T , b on S \ T , and c on T \ S, their means are

x = amρt+b, y = amρt+c, z = amqdρt+b+c.

The pair correction from Lemma 2.4 is therefore

∆j =
j∑

t=0

d∑
b,c=0

(
j

t

)(
d

b

)(
d

c

)
amqdρt+b+ce−amG(t,b,c,d),

where
G(t, b, c, d) = ρt+b + ρt+c − qdρt+b+c.

Lemma 5.2. There is δp > 0 such that, for every admissible t, b, c, d,

t − cpG(t, b, c, d) ≤ 2 − δp.

Proof. Assume b ≥ c. If b = c = 0, then ρb + ρc − qdρb+c = 2 − qd ≥ 2 − q. If b ≥ 1, then d ≥ b
and

qdρb+c ≤ qbρb+c = sbρc,

so
ρb + ρc − qdρb+c ≥ ρb + ρc(1 − sb) ≥ ρ + q ≥ 2 − q.

Thus G(t, b, c, d) ≥ (2 − q)ρt. For t = 0, 1 the desired left side is at most 1. For t = 2 it is at
most 2 − cp(2 − q)ρ2 < 2. For t ≥ 3, the definition of cp gives cpρt ≥ t − 2, whence

t − cpG(t, b, c, d) ≤ t − (2 − q)(t − 2) = 2 − (1 − q)(t − 2) ≤ 2 − (1 − q).

Taking the minimum of these fixed gaps proves the lemma. □

Lemma 5.3. Uniformly over all two distinct k-sets,

(12) ∆0 = o(1), sup
1≤j≤k−1

∆j

j log n
= o(1).

Proof. First suppose d ≥ C log k. For compatible cells let h be the probability of their common
pattern. Product structure gives

zCD = xCyD

mh
≤ xCyD

mqj
,

zCD

xC
,
zCD

yD
≤ sd.

For large C we have sd ≤ 1/2. With

P∗ =
∑
C

xCe−xC/2 ≤ kAp

by the exponential layer-tail estimate,

∆j ≤ P 2
∗

mqj
= qd

am
P 2

∗ = o(1)

after choosing C > 3Ap/α. This includes j = 0.
Now suppose 1 ≤ d < C log k. We first justify a uniform finite truncation of the three layer

indices. Given M > 0, choose a fixed integer T = T (M, p), independent of d and n.
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For the range t > T , use the stronger bound G(t, b, c, d) ≥ (2 − q)ρt and sum the b, c factors
exactly:

d∑
b,c=0

(
d

b

)(
d

c

)
qdρb+c = qd(1 + ρ)2d = q−d.

Since d < C log k, the contribution with t > T is at most

amq−d
∑
t>T

(
j

t

)
ρte−(2−q)amρt

.

For all large n we have am ≥ (cp/2) log k, while q−d ≤ kCα+o(1). If

vt =
(

j

t

)
ρte−(2−q)amρt

,

then
vt+1
vt

≤ kρ k− 1
2 (2−q)cp(ρ−1)ρt

.

Choose T so large that 1
2(2 − q)cpρT +1 > M + Cα + T + 4 and the displayed ratio is at most k−2

for all t ≥ T + 1. The first term of the tail is then k−M−Cα−3, and the geometric ratio bound
shows that the complete t > T contribution is O(k−M ).

It remains to truncate b and c when t ≤ T . From

G(t, b, c, d) ≥ q(ρt+b + ρt+c)

we may sum over c after discarding its exponential factor:

qd
d∑

c=0

(
d

c

)
ρc = qd(1 + ρ)d = 1.

Thus, apart from the fixed factor am
(j

t

)
ρt = kt+o(1), the b > T contribution is bounded by

∑
b>T

(
d

b

)
ρbe−amqρt+b ≤

∑
b>T

(C log k)bρbk− 1
2 cpqρt+b

.

The ratio of consecutive summands is at most

Cρ log k k− 1
2 cpq(ρ−1)ρt+b

.

After increasing T , the first summand is at most k−M−T −3 and the ratio is at most k−2, uniformly
for every t ≤ T . Hence the b > T tail is O(k−M ) after restoring the fixed factor. The same
argument applies to c > T . This proves a truncation uniform in d < C log k. For each of the
finitely many remaining triples,(

j

t

)(
d

b

)(
d

c

)
amqdρt+b+ce−amG(t,b,c,d) ≤ kt−cpG(t,b,c,d)+o(1) ≤ k2−δp+o(1)

by Lemma 5.2. Hence ∆j ≤ k2−δ for some δ > 0. In this range j = k − O(log k) ∼ k and
log n ∼ αk, so this is o(j log n). Together with the first range this proves (12). □
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5.3. Joint probabilities and factorial moments.

Lemma 5.4. Fix h and let S1, . . . , Sh be distinct k-sets. If jiℓ = |Si ∩ Sℓ|, then

P(S1, . . . , Sh are all externally shattered) ≤ exp

−hΦk + o(1) + Ch

∑
i<ℓ

∆jiℓ

 .

If the sets are pairwise disjoint, equality holds with exponent −hΦk +o(1). All errors are uniform.

Proof. The case h = 1 is Lemma 2.12, so assume h ≥ 2. Let U =
⋃

i Si and first use only the
m = n − |U | vertices outside U . Changing the intensity from n − k by Oh(k) changes each
marginal logarithm by o(1), because∣∣∣∣ d

dm
Φk(m)

∣∣∣∣ ≤ 2
m

∑
r

(
k

r

)
(mqkρr)e−mqkρr/2 ≤ kAp

m
.

Lemma 2.4 gives the Poissonized joint upper bound.
We must restore the special witnesses in U \ Si. Condition on all edges induced by U , and

let Ii be the cells already supplied for family i. Deleting these requirements multiplies the
independent baseline by eX , where

X =
∑

i

∑
σ∈Ii

F (xσ).

There are Oh(k) such traces and each has marginal product law πσ. Therefore

EX ≤ Chk

m

∑
σ

xσF (xσ) ≤ n−(1−θ)+o(1), θ = log 2
log(1/q) < 1.

Also X ≤ ChkF (am) and eChkF (am) = no(1), so

EeX = 1 + o(1).

The interpolation estimate is uniform in deleted requirements, proving the Poissonized upper
bound after averaging the special witnesses.

It remains to pass to exactly m common witnesses. Take L =
√

n kD with a fixed D > 1. The
marginal derivative displayed above already gives additive o(1) stability between m − L and
m + L. For the pair terms, let µ denote the Bernoulli product measure on the relevant union of
coordinates and write

ιCD = µ(C ∩ D), υCD = µ(C ∪ D).
At intensity m′,

∆j(m′) =
∑
C,D

m′ιCDe−m′υCD ,

and hence ∣∣∣∣ d

dm′ ∆j(m′)
∣∣∣∣ ≤ 1

m′

∑
C,D

zCD(1 + m′υCD)e−m′υCD .

The two-range argument of Lemma 5.3, with the harmless extra factor 1 + m′υCD, gives a fixed
A′

p such that

sup
0≤j≤k−1

sup
|m′−m|≤L

∣∣∣∣ d

dm′ ∆j(m′)
∣∣∣∣ ≤ kA′

p

m′ .
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Indeed, for d ≥ C log k one uses the weighted layer sums
∑

C xC(1 + xC)e−xC/2 ≤ kOp(1); for
d < C log k the exponential tail absorbs the extra polynomial factor. Consequently

sup
j

|∆j(m ± L) − ∆j(m)| ≤ LkA′
p

m − L
= o(1).

The minimum cell mean throughout this interval is (m − L)qk ∼ cp log k, so the interpolation
denominator also tends to one.

We use monotonicity in one-sided form. Let g(r) be the joint success probability with r
common witnesses, after averaging the special witnesses, and put Q(t) = E[g(Poi(t))]. If
N+ ∼ Poi(m + L), then

g(m) ≤ Q(m + L)
P(N+ ≥ m) = (1 + o(1))Q(m + L),

which transfers the required upper bound. For pairwise disjoint sets let g0 and Q0 denote success
using only V \ U . With N− ∼ Poi(m − L),

g0(m) ≥ Q0(m − L) − P(N− > m).

Here Lemma 5.3 gives ∆0 = o(1), so Q0(m − L) = e−hΦk+o(1). Both Poisson tails are e−Ω(k2D) =
o(e−hΦk), because Φk = Θ(k2). Since the true event contains success using only V \ U , this
proves the matching lower bound and completes the fixed-sample estimate. □

Proposition 5.5. For every fixed h ≥ 1,
E[(Yk)h] −→ ehτ .

Proof. The number of ordered pairwise disjoint h-tuples is (1 + o(1))
(n

k

)h. Lemma 5.4 shows
that their contribution tends to ehτ .

For an ordered tuple set

Ui = S1 ∪ · · · ∪ Si, ri = |Si ∩ Ui−1| (i ≥ 2), R =
h∑

i=2
ri.

For prescribed r2, . . . , rh, the proportion of such tuples among all ordered tuples is at most

(13)
h∏

i=2

(
Chk2

n

)ri

.

Moreover ∑
i<ℓ

|Si ∩ Sℓ| ≤ hR.

By Lemma 5.3, for some ϵn → 0, ∆j ≤ ϵnj log n when j ≥ 1, while ∆0 = o(1). Thus the joint
probability of a tuple with R ≥ 1 is at most

e−hΦk+o(1)eo(R log n).

Summing this with (13), the overlapping contribution relative to
(n

k

)h
e−hΦk is bounded by a

convergent geometric sum with ratio n−1+o(1), and hence is o(1). The disjoint contribution
proves the proposition. □

Proof of Theorem 1.3. Proposition 5.5 gives all factorial moments of Poisson(eτ ), proving the
asserted convergence. The final assertion of Lemma 2.13 gives, for every fixed k-set and hence
uniformly over its choice by symmetry,

P(S is shattered but not externally shattered) = o(e−Φk).
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Since
(n

k

)
e−Φk → eτ , the external and ordinary counts agree with probability 1 − o(1) at the

critical level.
By Lemma 5.1,

(n − k + 1)qk−1 = cp

q
log k + O(1) ≥ (cp + εp) log k,

and the reservoir M = (1 − o(1))n used in Proposition 4.5 still satisfies

Mqk−1 ≥ (cp + εp/2) log log n

for all large n. That proposition gives Dn(p) ≥ k − 1 with high probability.
For the upper neighbor, choose r∗ ∈ R(ρ). Then

ak+1 := (n − k − 1)qk+1 = qcp log k + O(1),

and cpρr∗ = r∗ − 2. Hence a single layer gives

Φk+1 ≥
(

k + 1
r∗

)
F (ak+1ρr∗) = k 2+(1−q)(r∗−2)+o(1) ≥ (log n)2+δp

for some δp > 0. Also ak+1 ≤ (cp − ε′
p) log log n, so Proposition 4.2 rules out every shattered

(k + 1)-set with high probability. Hence Dn(p) ∈ {k − 1, k} with high probability, and

P(Dn(p) = k) = P(Yk > 0) + o(1) → 1 − e−eτ
.

The complementary probability proves the result for k − 1. □

6. The contact scale and the explicit center

From this point through Section 10, we return to a sequence pn → 1/2 and use the notation
qn, ρn, θn, αn, an,k introduced in Section 1. The fixed asymmetric parameter from the preceding
two sections is no longer in force.

This section develops the deterministic scale Bk(θ) and proves Theorem 1.5. The estimates
are uniform over all sequences k → ∞ and θ = θk → 0.

6.1. Growth and slow variation of the contact scale.

Lemma 6.1. If k → ∞ and θ = θk → 0, then

(14) Bk(θ)
log k

−→ ∞.

Moreover,

(15) Bk(θ) ≤ Bk+1(θ) ≤ Bk(θ) + log(k + 1),

and hence Bk+1(θ)/Bk(θ) → 1.

Proof. If θk ≤ 2, take r = ⌊k/2⌋. Then

Bk(θ) ≥ e−1 log
(

k

⌊k/2⌋

)
= Θ(k),

which implies (14).
Suppose θk > 2 and take r = ⌊1/θ⌋. Then r ≤ k/2, r → ∞, and e−θr ≥ e−1. The elementary

bound
(k

r

)
≥ (k/r)r gives

Bk(θ) ≥ cθ−1 log(θk)
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for an absolute c > 0. Put u = θ−1. If u ≤
√

k, then
u log(k/u)

log k
≥ u

2 → ∞.

If u >
√

k, then k/u > 2 and
u log(k/u)

log k
≥ u log 2

log k
→ ∞.

This proves (14).
For 0 ≤ r ≤ k, (

k + 1
r

)
= k + 1

k + 1 − r

(
k

r

)
≤ (k + 1)

(
k

r

)
.

Thus

e−θr log
(

k + 1
r

)
≤ Bk(θ) + log(k + 1).

The additional value r = k + 1 contributes zero, proving the upper inequality in (15). The lower
inequality follows from

(k+1
r

)
≥
(k

r

)
. Finally, (14) implies the ratio statement. □

Lemma 6.2. The moving lattice point in (1) satisfies

Kn = (1 + o(1)) log n

log 2 .

Furthermore,

(16)
(1

2 − o(1)
)

BKn+1(θn) ≤ an,Kn+1 < BKn+1(θn),

and
(17) BKn(θn) ≤ an,Kn ≤ (2 + o(1))BKn(θn).

Proof. Let L = log n. Put

k− =
⌊

L − 2 log L

αn

⌋
.

Then an,k− = L2+o(1), whereas

Bk−(θn) ≤ max
r

log
(

k−
r

)
≤ k− log 2 = O(L).

Hence k− ≤ Kn. On the other hand, for

k+ =
⌈

L

αn

⌉
we have an,k+ = O(1), while Bk+(θn) → ∞ by Lemma 6.1. Thus Kn < k+, proving the first
assertion.

The sequence an,k is strictly decreasing in k, while Bk(θn) is nondecreasing. By maximality
of Kn,

an,Kn ≥ BKn(θn), an,Kn+1 < BKn+1(θn).
Moreover,

an,k+1
an,k

= qn
n − k − 1

n − k
= qn(1 + o(1))

uniformly for k = O(log n). Combining this relation with Lemma 6.1 gives (16) and (17). □



NEIGHBORHOOD VC-DIMENSION IN RANDOM GRAPHS 31

Lemma 6.3. Uniformly for integers k = Kn + O(1),

Hn,k = log
(

n

k

)
= (log 2 + o(1))k2.

In particular, Hn,k = Θ(k2).

Proof. By Lemma 6.2, k = (1 + o(1)) log n/ log 2 and k = o(n). Stirling’s formula, uniformly for
such k, gives

log
(

n

k

)
= k log n

k
+ k + O(log k + k2/n) = k log n − k log k + O(k).

Since log k = o(log n) and log n/k → log 2, division by k2 proves the assertion. □

6.2. The variational crossover function. Let C be defined by (4). We collect its elementary
analytic properties.

Lemma 6.4. For every A ≥ 0, the function x 7→ h(x)e−Ax has a unique maximizer xA ∈ (0, 1/2].
For A > 0, it is characterized by

log 1 − xA

xA
= Ah(xA).

Moreover,
AxA < 1,(18)
d

dA
log C(A) = −xA,(19)

c
log(e + A)

1 + A
≤ C(A) ≤ C

log(e + A)
1 + A

(20)

for absolute constants 0 < c < C < ∞. In particular,

(21) C(A) = log A

eA
(1 + o(1)) (A → ∞).

Finally, there is an absolute c0 > 0 such that

(22) xA ≥ c0
1 + A

.

Proof. On (0, 1),
h′(x) = log 1 − x

x
, h′′(x) = − 1

x(1 − x) .

The derivative of log h(x) − Ax is h′(x)/h(x) − A, and(
h′

h

)′
= h′′h − (h′)2

h2 < 0.

It decreases from +∞ to −∞, so the maximizer is unique. Since the factor e−Ax favors the left
half, xA ≤ 1/2, and the critical equation follows.

Using the identity
h(x) − xh′(x) = − log(1 − x) > 0

and A = h′(xA)/h(xA), we obtain (18). The envelope theorem gives (19).
For the lower bound in (20), first suppose A ≥ 1 and evaluate at x = (A + 1)−1. Since

h(x) ≥ x log(1/x) and Ax ≤ 1,

C(A) ≥ e−1 log(A + 1)
A + 1 .
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For 0 ≤ A ≤ 1, evaluation at x = 1/2 gives a positive absolute lower bound.
For the upper bound it is enough to consider 0 < x ≤ 1/2, where h(x) ≤ x log(e/x). When

A ≥ 1, put y = Ax. Then
h(x)e−Ax ≤ 1

A
ye−y log eA

y
.

The two functions ye−y and ye−y| log y| are bounded on (0, ∞). Hence the right-hand side is at
most C log(e + A)/(1 + A). The case A ≤ 1 follows from h(x) ≤ log 2. This proves (20).

The maximizer xA is bounded below by a positive constant when A is bounded. If A is large,
then xA ≤ 1/4 by the critical equation. For 0 < x ≤ 1/4,

h(x) ≤ x
(
log(1/x) + 1

)
, h′(x) = log 1 − x

x
≥ log 1

2x
.

The ratio of the two logarithmic factors is bounded below by a positive absolute constant. Thus

A = h′(xA)
h(xA) ≥ c

xA
,

which proves (22) after adjusting c to cover bounded A.
For (21), the bounds above imply xA → 0. Put yA = AxA. Since

h(x) = x
(
log(1/x) + 1 + o(1)

)
, h′(x) = log(1/x) + o(1),

the critical equation yields
yA = log(1/xA) + o(1)

log(1/xA) + 1 + o(1) → 1.

Consequently log(1/xA) = log A + o(log A) and

C(A) = h(xA)e−AxA = log A

eA
(1 + o(1)).

□

Lemma 6.5 (Uniform entropy approximation). If k → ∞ and θ = θk → 0, then
(23) Bk(θ) = (1 + o(1))kC(θk).
The error is uniform over all such sequences.

Proof. The standard entropy bounds

(24) kh(r/k) − log(k + 1) ≤ log
(

k

r

)
≤ kh(r/k)

show immediately that
Bk(θ) ≤ kC(θk).

Let A = θk and let xA maximize h(x)e−Ax. Choose an integer r with |r − kxA| ≤ 1. By (22),

kxA ≥ c0k

1 + θk
−→ ∞,

because θ → 0. Also k(1 − xA) ≥ k/2. The second derivative of log h(x) − Ax in a 1/k-
neighborhood of xA has magnitude

O(x−2
A ).

Since kxA → ∞, we have 1/(k2x2
A) = o(1), and Taylor’s theorem gives

h(r/k)e−θr = (1 + o(1))h(xA)e−AxA = (1 + o(1))C(A).
Using the lower bound in (24),

Bk(θ) ≥ (1 − o(1))kC(A) − log(k + 1).
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By Lemma 6.1, Bk(θ) ≫ log k, so the additive error is negligible relative to kC(A). This proves
(23). □

6.3. Proof of the uniform center theorem. Consider the real equation
(25) nqx

n = xC(θnx).

Lemma 6.6. Equation (25) has a unique positive solution κn. Moreover,
Kn = κn + O(1).

Proof. The left side of (25) is strictly decreasing. For the right side, put A = θnx. By (19),
d

dx
log
(
xC(θnx)

)
= 1

x
− θnxA = 1 − AxA

x
> 0

by (18). Thus the right side is strictly increasing, and uniqueness follows. Existence follows
from the behavior at zero and infinity.

We first locate the root. Let L = log n and set

x− = L − 2 log L

αn
, x0 = L

αn
.

At x− the left side of (25) is L2+o(1), whereas the right side is at most x− log 2 = O(L). At x0
the left side equals 1, while (20) and θn = o(1) give

x0C(θnx0) ≥ c
L log(e + θnL)

1 + θnL
−→ ∞.

Hence
x− < κn < x0, κn = Θ(log n).

In particular, Lemma 6.5 is applicable uniformly to integers k = κn + O(1).
Let

Rn(x) = log n − αnx − log x − log C(θnx).
Then Rn(κn) = 0 and

(26) R′
n(x) = −αn − 1

x
+ θnxθnx < −αn.

By Lemma 6.5, uniformly for integer k = κn + O(1),

log an,k

Bk(θn) = Rn(k) + o(1),

where replacing n − k by n costs o(1). By (26), Rn(κn + c) ≤ −cαn and Rn(κn − c) ≥ cαn.
Choosing a fixed sufficiently large c determines the sign of the contact inequality and gives
Kn = κn + O(1). □

Proof of Theorem 1.5. Let L = Ln, x0 = L/αn, and An = θnx0. Put

δn = log x0 + log C(An), mn = x0 − δn

αn
.

The estimate (23) and Lemma 6.1 imply x0C(An) → ∞, while (20) gives δn = O(log L) = o(L).
Hence

log x0 − log mn = o(1).
Also

An − θnmn = An
δn

L
.
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If An ≤ 1, then |(log C)′| ≤ 1/2 by (19); if An > 1, then (18) gives |(log C)′(A)| ≤ 1/A. In either
case,

log C(An) − log C(θnmn) = o(1).
Therefore Rn(mn) = o(1). By (26),

κn = mn + o(1).
Now apply Lemma 6.6 and then Theorem 1.4. □

Proof of Corollary 1.6. For A → 0, the envelope identity and the critical equation give

xA = 1
2 − log 2

4 A + O(A3)

and
log C(A) = log log 2 − A

2 + log 2
8 A2 + O(A4).

Expanding αn = log 2 + θn/2 + O(θ2
n) in (5) yields parts (i) and (ii).

If An → ∞, use (21) in (5). Since
log An = log θn + log(Ln/αn),

the terms log(Ln/αn) cancel, giving part (iii). □

7. Uniform decorrelation across all overlaps

We now prove the main probabilistic input. Throughout this section,
k = Θ(log n), θn → 0, B = Bk(θn), a = (n − k)qk

n.

7.1. Contact at the critical level.

Lemma 7.1 (Contact lemma). Suppose a < B and Φn,k = O(k2). Then
a

B
−→ 1.

Proof. If not, then along a subsequence a ≤ (1 − δ)B for some fixed δ > 0. Let r∗ attain the
maximum in the definition of B. Since F (x) ≥ e−x,

Φn,k ≥
(

k

r∗

)
e−aρr∗

n = exp{(B − a)ρr∗
n } ≥ eδB.

By Lemma 6.1, eδB ≫ k2, a contradiction. □

7.2. The pair correction. Let S, T be distinct k-sets, put
j = |S ∩ T |, d = k − j ∈ {1, . . . , k}.

In the Poissonized common outside pool, a compatible pair of cells is specified by the numbers
t, b, c of common symbols on S ∩ T , S \ T , and T \ S. Its means are

x = aρt+b, y = aρt+c, z = aqdρt+b+c,

where, in this subsection, q = qn and ρ = ρn. Define

∆j =
j∑

t=0

d∑
b,c=0

(
j

t

)(
d

b

)(
d

c

)
ze−x−y+z.

By Lemma 2.4, the logarithmic joint-to-product correction is at most
4

1 − 2e−(1−o(1))a ∆j = (4 + o(1))∆j .
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Only the fact that this is O(∆j) will be used.

Lemma 7.2 (Union-exponent gap). For all admissible t, b, c, d,

ρt+b + ρt+c − qdρt+b+c ≥ (2 − q)ρt.

Proof. Assume without loss of generality that b ≥ c. If b = c = 0, the left side equals
ρt(2 − qd) ≥ (2 − q)ρt.

Suppose b ≥ 1. Since b ≤ d and qρ = 1 − q =: s,
qdρb+c ≤ qbρb+c = sbρc.

Therefore
ρb + ρc − qdρb+c ≥ ρb + ρc(1 − sb) ≥ ρ + q.

For q ≤ 1/2,

ρ + q − (2 − q) = (1 − q)(1 − 2q)
q

≥ 0.

Multiplying by ρt proves the claim. □

Lemma 7.3 (Uniform pair decorrelation). Assume
(27) a ≥ (1 − o(1))B, a = O(B), Φn,k = O(k2).
Then

sup
0≤j≤k−1

∆j = o(1).

The same conclusion holds uniformly when the common-pool intensity is changed by at most√
n k4.

Proof. We split according to d = k − j. Since qn → 1/2, all implicit constants below can be
chosen uniformly in n.

High overlap. By Lemma 7.2, summing first over b and c gives

∆j ≤ aqd
j∑

t=0

(
j

t

)
ρte−(2−q)aρt

(
d∑

b=0

(
d

b

)
ρb

)2

= aq−d
j∑

t=0

(
j

t

)
ρte−(2−q)aρt

≤ aq−d
k∑

t=0

(
k

t

)
ρte−(2−q)aρt

.(28)

By the definition of B,

log
(

k

t

)
≤ Bρt.

The first two assumptions in (27) imply that, for some fixed δ > 0,
(2 − q)a − B ≥ δB

for all sufficiently large n. Hence each summand in (28) is at most

exp{θt − δBeθt}.

Since B → ∞, the function y 7→ y − δBey is decreasing on [0, ∞) for all sufficiently large n.
Consequently

∆j ≤ a(k + 1)eαd−δB, α = log(1/q).
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Choose a fixed c0 > 0 so small that αc0 < δ/2 for all large n. Then

(29) sup
d≤c0B

∆j = o(1).

Smaller overlap. Suppose d ≥ c0B. For compatible cells,

z

x
≤ sd,

z

y
≤ sd, z ≤ qd

a
xy, s = 1 − q.

Put ηd = sd. Then
−x − y + z ≤ −(1 − ηd/2)(x + y).

Extending the compatible-cell sum to all pairs of cells gives

(30) ∆j ≤ qd

a

(∑
σ

xσe−(1−ηd/2)xσ

)2

.

By Lemma 6.1,
ηd ≤ e−cB = k−ω(1).

For cells with xσ ≤ k4,
xσe−(1−ηd/2)xσ ≤ 2k4e−xσ

for all sufficiently large n. Their total contribution is O(k6) because
∑

σ e−xσ ≤ Φn,k = O(k2).
For cells with xσ > k4,

xσe−(1−ηd/2)xσ ≤ e−xσ/2,

and the total is at most 2ke−k4/2 = o(1). Thus the square in (30) is O(k12), and

∆j ≤ qd

a
O(k12) ≤ e−c′Bk12 = o(1).

Together with (29), this proves the assertion at the central intensity.
Suppose now that the intensity is changed by at most

√
n k4. Then a is multiplied by

1 + o(1) and remains in (27); in particular the high-overlap gap (2 − q)a − B ≥ δB persists after
decreasing δ. For the smaller-overlap estimate, write xσ(t) = tπσ and split the cells according
as xσ(m) ≤ 2k4 or xσ(m) > 2k4, where m is the central intensity. Since ηd ≤ e−cB, we have
ηdk4 = o(1). On the first class, uniformly for |t − m| ≤

√
n k4,

xσ(t)e−(1−ηd/2)xσ(t) ≤ 3k4eo(1)e−xσ(m),

and the total is O(k6). On the second class, xσ(t) ≥ k4 and, for all large n,

xσ(t)e−(1−ηd/2)xσ(t) ≤ e−xσ(t)/2,

whose total is o(1). Thus the weighted sum in (30) is uniformly O(k6) throughout the intensity
interval. All preceding estimates are therefore uniform in the stated interval. □

7.3. Fixed-sample joint factorization.

Proposition 7.4 (Joint factorization). Fix h ≥ 1. Suppose (27) holds. Then, uniformly over
all ordered tuples of distinct k-sets S1, . . . , Sh,

(31) P(S1, . . . , Sh are all externally shattered) = e−hΦn,k+o(1).

The same estimate holds when “externally shattered” is replaced throughout by open-shattered or
closed-shattered.
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Proof. Let U = S1 ∪ · · · ∪ Sh and first use only the m0 = n − |U | vertices outside U . Poissonize
this common pool. When h = 1 there is no interpolation term; otherwise apply Lemma 2.4 to
the h cylinder partitions. Since |m0 − (n − k)| = Oh(k), Lemma 2.5 gives a marginal exponent
Φn,k + o(1) at intensity m0. The minimum cell mean is (1 − o(1))a → ∞. By Lemma 7.3,
every pair correction is o(1) uniformly, and there are only

(h
2
)

pairs. Thus the Poissonized joint
probability is

Q(m0) = e−hΦn,k+o(1).

The same formula holds uniformly at m0 ± L, where L = √
m0 k4, by the intensity-uniform parts

of Lemmas 2.5 and 7.3. Hence Q(m0 ± L) = (1 + o(1))Q(m0).
For the lower-tail condition in Lemma 2.2, a Poisson Chernoff bound gives

P(Poisson(m0 − L) > m0) ≤ exp{−Ω(L2/m0)} = e−Ω(k8) = o(Q(m0)),
because Φn,k = O(k2). Also P(Poisson(m0 + L) ≥ m0) = 1 − o(1). Therefore Lemma 2.2 yields
the same relative estimate with exactly m0 common outside vertices.

We next restore the vertices in U \ Si as possible witnesses for family i, and, for ordinary
shattering, the vertices of Si itself. Conditional on the graph induced by U , these special
vertices supply deterministic trace sets and hence delete at most Chk cell requirements from each
family. Fix any such collection of deleted requirements and let QI(t) denote the corresponding
Poissonized joint success probability. The interpolation bound in Lemma 2.4 is uniform in the
required subcollections. Moreover, uniformly for |t − m0| ≤ L, deleting all these cells changes
the sum of the marginal logarithms by at most

ChkF ((1 − o(1))a) = o(1).
Consequently

QI(m0 ± L) = e−hΦn,k+o(1) = (1 + o(1))QI(m0)
uniformly over all possible deleted collections. Since QI(m0) ≥ Q(m0) = e−O(k2), the same
Poisson-tail estimate is o(QI(m0)). The uniform form of Lemma 2.2 therefore applies to every
conditional event. Averaging over the graph induced by U proves the external, open, and closed
versions of (31). □

8. Two-point concentration and the critical law

We now prove Theorems 1.4 and 8.3. Recall that Kn is the largest integer for which
an,k ≥ Bk(θn).

8.1. The lower contact level.

Proposition 8.1. With high probability, there is an externally shattered Kn-set. Consequently,
D◦

n, Dcl
n ≥ Kn with high probability.

Proof. Put k = Kn, a = an,k and B = Bk(θn). Since a ≥ B, for every r,(
k

r

)
e−aρr

n ≤ 1.

Also a ≥ B ≫ log k. Therefore

Φn,k ≤ 1
1 − e−a

k∑
r=0

(
k

r

)
e−aρr

n ≤ (1 + o(1))(k + 1) = O(k).

By (17), a = O(B), so Proposition 7.4 applies.
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Let Y count externally shattered k-sets. Then

EY =
(

n

k

)
e−Φn,k+o(1) = exp{Hn,k − O(k)} → ∞,

by Lemma 6.3. Moreover,

E[Y (Y − 1)] = (1 + o(1))
(

n

k

)2

e−2Φn,k = (1 + o(1))(EY )2.

Thus Var Y = o((EY )2), and the second-moment method gives Y > 0 with high probability. □

8.2. The level two steps above contact.

Proposition 8.2. With high probability, no (Kn + 2)-set is open- or closed-shattered. Conse-
quently,

D◦
n, Dcl

n ≤ Kn + 1 with high probability.

Proof. Put k = Kn + 2, a = an,k and B = Bk(θn). Since Kn + 1 fails the contact inequality,

an,Kn+1 < BKn+1(θn).

Using
an,k

an,k−1
= qn(1 + o(1))

and the slow variation in (15), we obtain

(32) a ≤
(1

2 + o(1)
)

B.

Choose r∗ attaining B. In the Poissonized outside exposure, the number Z∗ of empty cells in
this Hamming layer is binomial with mean

µ∗ =
(

k

r∗

)
e−aρr∗

n = exp{(B − a)ρr∗
n }.

By (32),

log µ∗ ≥
(1

2 − o(1)
)

Bρr∗
n ≥

(1
2 − o(1)

)
B.

Since B/ log k → ∞, we have µ∗ = kω(1), in particular µ∗ ≫ k3 and µ∗ ≫ Hn,k.
If a fixed k-set is open- or closed-shattered, its k internal vertices can supply at most k

externally missing patterns. Thus shattering implies Z∗ ≤ k. A Chernoff lower-tail bound in the
Poissonized model gives

P(Z∗ ≤ k) ≤ e−cµ∗

for an absolute c > 0. The event {Z∗ ≤ k} is increasing in the number of outside traces, so its
probability with exactly n − k traces is at most 2 + o(1) times the Poissonized probability. A
union bound yields

P(∃ shattered k-set) ≤ exp{Hn,k − c′µ∗} = o(1).

□
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8.3. Critical counts. Let Y ext
n,k , Y ◦

n,k, Y cl
n,k be the numbers of externally, open-, and closed-

shattered k-sets, respectively.

Theorem 8.3. Assume k = Kn +1 and Φn,k = O(k2). For every fixed h ≥ 1 and ⋆ ∈ {ext, ◦, cl},

E[(Y ⋆
n,k)h] = (1 + o(1))λh

n.

If supn λn < ∞, then
dTV(L(Y ⋆

n,k), Poisson(λn)) → 0.

If λn → ∞, then Y ⋆
n,k/λn → 1 in probability. In particular, Hn,k − Φn,k → τ implies convergence

to a Poisson random variable of mean eτ and the lattice probability 1 − e−eτ .

Fix from now on
k = Kn + 1, H = Hn,k, Φ = Φn,k, λ = eH−Φ.

Proposition 8.4. If Φ = O(k2), then for every fixed h ≥ 1 and every ⋆ ∈ {ext, ◦, cl},

E[(Y ⋆
n,k)h] = (1 + o(1))λh.

Proof. By (16), a ≥ (1/2 − o(1))B and a < B. Since Φ = O(k2), Lemma 7.1 improves this to
a = (1 − o(1))B. Thus Proposition 7.4 applies.

The number of ordered h-tuples of distinct k-sets is

(1 + o(1))
(

n

k

)h

,

because h is fixed and
(n

k

)
→ ∞. Hence

E[(Y ⋆
n,k)h] = (1 + o(1))

(
n

k

)h

e−hΦ = (1 + o(1))eh(H−Φ).

□

Proof of Theorem 8.3. The factorial-moment assertion is Proposition 8.4.
Suppose first that supn λn < ∞. If the claimed total-variation convergence failed, there would

be a subsequence on which the distance is bounded below. Passing to a further subsequence,
assume λn → λ ∈ [0, ∞). If λ > 0, the factorial moments converge to those of Poisson(λ), so the
standard factorial-moment criterion [2] gives weak convergence to Poisson(λ). If λ = 0, the first
moment tends to zero and hence Y ⋆

n,k → 0 in probability. In either case, on the countable state
space N ∪ {0}, pointwise convergence of the probability masses and conservation of total mass
imply convergence in total variation to Poisson(λ). Finally, using the standard coupling bound

dTV(Poisson(u), Poisson(v)) ≤ 1 − e−|u−v| ≤ |u − v|,
we have dTV(Poisson(λn), Poisson(λ)) → 0. The triangle inequality contradicts the choice of the
subsequence and proves part (i).

If λn → ∞, then
EY ⋆

n,k = (1 + o(1))λn

and
E[(Y ⋆

n,k)2] = (1 + o(1))λ2
n.

Thus
Var Y ⋆

n,k = λn + o(λ2
n),

and Chebyshev’s inequality proves part (ii). The final assertions follow by taking λn → eτ . □
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8.4. Proof of the complete law.

Proof of Theorem 1.4. By Propositions 8.1 and 8.2, both dimensions lie in {Kn, Kn + 1} with
high probability.

We argue by the subsequence principle. Along any subsequence, pass to a further subsequence
on which one of the following alternatives holds.

First suppose λn → λ ∈ (0, ∞). Then Φ = H + O(1) = O(k2), and Theorem 8.3 gives

P(Y ext
n,k = 0) = e−λn + o(1).

By Lemma 2.6, the expected number of open- or closed-shattered but not externally shattered
k-sets is (

n

k

)
o(e−Φ) = o(λn) = o(1).

Thus all three notions agree at the critical level with probability 1 − o(1), proving (2)–(3) in
this case.

If λn → ∞, then H − Φ → ∞, so Φ = O(k2) and Theorem 8.3 gives Y ext
n,k > 0 with high

probability. Hence both dimensions equal Kn + 1 with high probability, while 1 − e−λn → 1.
Finally suppose λn → 0. If Φ = O(k2), then Lemma 7.1 and Eq. (16) give a = (1 − o(1))B.

Thus Proposition 7.4 with h = 1 and a union bound give

P(∃ ordinary shattered k-set) ≤ eH−Φ+o(1) = o(1).
If Φ/k2 → ∞ along a further subsequence, then a ≥ (1/2 − o(1))B ≫ log k and Lemma 2.7
applies: indeed H = Θ(k2), while

k log
(

e + Φ
k

)
= O(k2) = o(Φ),

because a → ∞ implies Φ ≤ 2kF (a) ≤ 2k for all sufficiently large n, while Φ/k2 → ∞. Thus
no ordinary shattered critical set exists with high probability. Since 1 − e−λn → 0, the desired
formula follows.

Every subsequence has a further subsequence covered by one of these three alternatives. The
subsequence principle therefore proves the theorem without any convergence assumption on λn.
The equality D◦

n = Dcl
n follows in each case. □

9. The near-symmetric regime

The global crossover from the symmetric to the asymmetric mechanism is encoded by the
saddle-point behavior of Φk(pn). As an immediate consequence of Theorem 1.5, if pn = 1/2 + εn

and |εn| log n = O(1), then

D◦
n(pn), Dcl

n (pn) = log2 n − log2 log n + OP(1).
The sharper question is when the two symmetric lattice points themselves persist; this is governed
by the exact equation Φn,k ≈ Hn,k.

The Hamming-layer average gives a substantially wider range in which the two symmetric
lattice points themselves persist. Put

L = log n, ηn = |εn|, ℓn = log2(n/L), Jn = ⌊ℓn⌋.

For a word σ ∈ {0, 1}k, write

πn(σ) = p|σ|
n (1 − pn)k−|σ|, Φn,k =

∑
σ

F ((n − k)πn(σ)), Hn,k = log
(

n

k

)
.
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Lemma 9.1. Let k = Jn + 1, assume ηnk = o(1), and suppose Φn,k = O(L2). For every fixed h
and every ordered tuple of distinct k-sets S1, . . . , Sh,
(33) P(S1, . . . , Sh are all externally shattered) = exp{−hΦn,k + o(1)},

uniformly over the tuple. The same relative estimate holds for open or closed shattering. In
particular, uniformly over k-sets S and for either ordinary convention,

P(S is ordinarily but not externally shattered) = o(e−Φn,k).

Proof. Put B = 2k, m = n − k, u = m/B, and

r− = (1 − 2ηn)k, r+ = (1 + 2ηn)k.

Every cell mean lies in [ur−, ur+], and r± = 1 + o(1). Since F (x) ≥ e−x and B ∈ (n/L, 2n/L],
the assumption Φn,k = O(L2) implies

ur+ ≥ L − O(log L), ur− = (1 − o(1))L.

Let U = S1 ∪· · ·∪Sh, m0 = n−|U |, and u0 = m0/B. Then m0 = m−Oh(k) and u0 = u+o(1).
For two compatible cylinders belonging to distinct k-sets, conditioning on either cylinder leaves
at least one new Bernoulli coordinate. With qn = min(pn, 1 − pn), their union therefore has
measure at least (1 + qn) times the minimum k-cell probability. Hence each pair correction in
Lemma 2.4 is at most

m0e−(1+qn)u0r− = n−1/2+o(1) = o(1),
because the compatible intersections partition the atom space and their means sum to m0.
Using first only the vertices outside U changes every marginal exponent by o(1). We give the
uniform derivative bound that also supports the de-Poissonization below. For every fixed A > 0,
uniformly when

|t − m| ≤ A
√

n L + Oh(k),
put xσ(t) = tπn(σ). Since every cell mean at t = m is O(L),

max
σ

xσ(t) = O(L), max
σ

|xσ(t) − xσ(m)| = O(L2/
√

n) + o(1) = o(1).

The hypothesis Φn,k = O(L2) and F (x) ≥ e−x give∑
σ

e−xσ(t) ≤ eo(1)∑
σ

e−xσ(m) = O(L2).

Moreover, minσ xσ(t) → ∞, so 1 − e−xσ(t) ≥ 1/2 for all large n. Consequently∣∣∣∣∣ d

dt

∑
σ

F (tπn(σ))
∣∣∣∣∣ ≤ 2

t

∑
σ

xσ(t)e−xσ(t) = O(L3/n).

The multi-partition lemma now gives the Poissonized version of (33).
Choose T = A

√
n L with A sufficiently large. The last derivative bound makes the exponent

stable by o(1) for intensities differing by at most T , while the Poisson tail is e−Ω(A2L2) =
o(e−hΦn,k). Lemma 2.2 gives relative de-Poissonization.

Finally condition on the graph induced by the union of the candidate sets. The vertices in
the union, including internal vertices for ordinary open or closed shattering, delete only Oh(k)
requirements. Uniformly over those requirements the logarithmic change is at most

Oh(k)F (ur−) = o(1),
and Lemma 2.4 is uniform in deleted cells. This proves the stated external and ordinary versions.
Since external shattering implies ordinary shattering, subtracting the corresponding one-set
probabilities gives the final estimate. □
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Theorem 9.2. Suppose
(34) ε2

n(log n)3 = o(log log n).
Then both neighborhood dimensions lie in {Jn, Jn + 1} with high probability. At k = Jn + 1, the
exact exponent gives the following three alternatives:

(i) if Φn,k − Hn,k → +∞, then D◦
n = Dcl

n = Jn with high probability;
(ii) if Hn,k − Φn,k → +∞, then D◦

n = Dcl
n = Jn + 1 with high probability;

(iii) if Hn,k − Φn,k → τ ∈ R, then

P(D◦
n = Dcl

n = Jn + 1) −→ 1 − e−eτ
.

Proof of Theorem 9.2. First take k = Jn. Write u = (n − k)/2k ∈ [L − o(1), 2L + o(L)] and
Rσ = 2kπn(σ). Under the uniform distribution on words, the multiset of the Rσ is the law of

R =
k∏

i=1
(1 + 2ηnξi), P(ξi = 1) = P(ξi = −1) = 1/2.

Writing Y = log R and using eY − 1 ≥ Y gives∑
σ

e−uRσ ≤ 2ke−uEe−uY

= 2ke−u

(
(1 + 2ηn)−u + (1 − 2ηn)−u

2

)k

.(35)

Condition (34) implies ηnL = o(1), and Taylor expansion shows that the logarithm of the last
factor is O(η2

nu2 + η2
nu). After multiplication by k = O(L) this is o(log L). Since 2ke−u ≤

(1 + o(1))L−1, the right side of (35) is L−1+o(1) = o(1). A union bound over the missing traces
shows that this fixed Jn-set is externally shattered with high probability.

For k = Jn + 2, one has 2k > 2n/L and (1 + 2ηn)k = 1 + o(1). Thus every Poissonized cell
mean is at most (1/2 + o(1))L, and the expected number of empty cells is at least n1/2−o(1).
Chernoff’s inequality, monotonicity back to the fixed sample, and a union bound over eO(L2)

candidate sets show that no such set is open- or closed-shattered with high probability. This
proves the two-point assertion.

Return to k = Jn + 1, and put H = Hn,k and Φ = Φn,k. Let Yk count externally shattered
(Jn + 1)-sets. If H − Φ is bounded below, Lemma 9.1 gives, for every fixed h,

E[(Yk)h] =
((

n

k

))
h

e−hΦ+o(1).

This proves the Poisson limit when H − Φ → τ and the second-moment lower bound when
H − Φ → +∞. In the critical case, the ordinary open and closed counts agree with the external
count with probability 1 − o(1): for either convention, the expected number of discrepancies is(

n

k

)
o(e−Φ) = o(eH−Φ) = o(1)

by Lemma 9.1. In the divergent lower regime, the existence of an externally shattered set already
proves the required conclusion for both conventions.

If Φ − H → +∞, condition on the internal graph of a fixed candidate. Its internal vertices
delete at most k requirements. Here the minimum outside mean is at least (1/2 − o(1))L, so the
Poissonized shattering probability is at most e−Φ+o(1). Monotonicity costs only a factor 2 + o(1)
for the fixed outside sample, and a union bound gives eH−Φ+o(1) = o(1). The three alternatives
follow. □
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The exact exponent can be expanded at the first scale at which the symmetric limiting law
changes.

Theorem 9.3. At k = Jn + 1, put M = 2k, u = (n − k)/M , λ = Me−u, and H = log
(n

k

)
. If,

along a subsequence,
H − λ → τ, εn(log n)5/2 → c,

then

P(D◦
n = Dcl

n = Jn + 1) −→ 1 − exp
{

− exp
(

τ − 2c2

(log 2)2

)}
.

Proof of Theorem 9.3. Write Φ = Φn,k. Let Rσ = 2kπn(σ) = 1 + δσ. At a symmetric critical
subsequence,

λ ∼ H ∼ L2/ log 2, u ∼ L, k ∼ L/ log 2.

The scale assumption gives

max
σ

|δσ| = O(|εn|k) = O(L−3/2), u max
σ

|δσ| = o(1).

Furthermore
1
2k

∑
σ

δσ = 0,
1
2k

∑
σ

δ2
σ = (1 + 4ε2

n)k − 1 = 4kε2
n(1 + o(1)).

For x > 0,

0 ≤ F (x) − e−x ≤ e−2x

1 − e−x
.

Since uRσ = u + o(1) uniformly,∑
σ

{F (uRσ) − e−uRσ } ≤ (1 + o(1))2ke−2u = O(λ2/2k) = o(1).

Moreover,
1
2k

∑
σ

|δσ|3 ≤ max
σ

|δσ| 1
2k

∑
σ

δ2
σ = O(|εn|3k2).

Taylor expansion and the linear cancellation therefore give

Φn,k = λ + 2λu2kε2
n + o(1).

Here the cubic error is O(λu3|εn|3k2) = o(1). Finally,

2λu2kε2
n −→ 2c2

(log 2)2 .

Condition (34) holds, so apply Theorem 9.2 with H − Φ → τ − 2c2/(log 2)2. □

In particular, if |εn|(log n)5/2 = o(1), the full symmetric two-point law is stable. Indeed, when
λ ≤ 2H the preceding expansion gives Φn,k = λ+o(1). In the remaining upper regime, convexity
of F and 2−k ∑

σ Rσ = 1 give

Φn,k = 2k 1
2k

∑
σ

F (uRσ) ≥ 2kF (u) ≥ 2ke−u = λ.

Thus the three alternatives of Theorem 1.1 continue to hold, jointly for the open and closed
conventions.
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10. The microscopic contact window

The exact exponent Φn,k is the natural formulation of the critical law. This section gives a
deterministic calibration of the very thin parameter interval in which Hn,k − Φn,k = O(1).

Fix k = Kn + 1, and abbreviate

q = qn, ρ = ρn = eθ, B = Bk(θ).

Choose

r∗ ∈ arg max
0≤r≤k

ρ−r log
(

k

r

)
and put

L∗ = log
(

k

r∗

)
= Bρr∗ .

The endpoints r = 0, k contribute zero, so 1 ≤ r∗ ≤ k − 1 for all large k.

10.1. Contact weights and near-contact rigidity. Define

ur =
(

k

r

)
e−Bρr

, Ξk,θ =
k∑

r=0
ur.

Then 0 < ur ≤ 1 and ur∗ = 1.

Lemma 10.1 (Contact partition bound). There is an absolute constant C such that

1 ≤ Ξk,θ ≤ C
√

k.

Proof. Let

fr = log
(

k

r

)
− Bρr.

Then fr ≤ 0 and fr∗ = 0. For 1 ≤ r ≤ k − 1,

∆2fr = log r(k − r)
(r + 1)(k − r + 1) − Bρr−1(ρ − 1)2

≤ − 1
r + 1 − 1

k − r + 1 ≤ − 4
k + 2 .

Since r∗ is a discrete maximum, summing the first-difference inequalities on either side gives

fr∗±m ≤ −cm(m − 1)
k

for an absolute c > 0. Therefore

Ξk,θ ≤ 1 + 2
∑
m≥1

e−cm(m−1)/k ≤ C
√

k.

□

For 0 ≤ r ≤ k, set

br = ρ−r log
(

k

r

)
, B = max

r
br.
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Lemma 10.2 (Near-contact rigidity). Let k → ∞ and θ = θk → 0. If r = rk satisfies

br ≥ (1 − o(1))B,

then, for any maximizing layer r∗,
θ|r − r∗| → 0.

The conclusion is uniform: for every ηk → 0,

sup
{r:br≥(1−ηk)B}

θ|r − r∗| → 0.

Proof. Put Ak = θk. We prove the sequential assertion; the uniform form then follows by
contradiction and passage to a subsequence.

Suppose first that (Ak) is bounded. Passing to a subsequence, let Ak → A ∈ [0, ∞). Write
x = r/k. The upper entropy bound and Lemma 6.5 give

br

B
≤ h(x)e−Akx

C(Ak) (1 + o(1)).

Thus near-maximality of br forces h(x)e−Akx/C(Ak) → 1. By compactness of [0, 1] and uniqueness
of the maximizer of h(x)e−Ax, we obtain r/k → xA. Applying the same argument to a maximizing
layer gives r∗/k → xA, and hence

θ(r − r∗) = Ak

(
r

k
− r∗

k

)
−→ 0.

Now suppose Ak → ∞. Since

B = (1 + o(1)) log Ak

eθ

by Lemmas 6.4 and 6.5, a near-maximizing layer satisfies r = o(k): if r/k ≥ ε > 0, then
br ≤ k log 2 e−εAk = o(B). It also satisfies r → ∞, because bounded r gives br = O(log k) = o(B).
Set y = θr ∈ (0, Ak]. The global binomial estimate

(k
r

)
≤ (ek/r)r yields

(36) br

B
≤ (1 + o(1))eye−y log(eAk/y)

log Ak
.

We first exclude the two ends of the y-range using only this upper bound. If y → ∞, then
log(eAk/y) ≤ log(eAk) and the right side of (36) tends to zero. If y → 0 and y ≥ A

−1/2
k , the

logarithmic ratio is at most 3/2 + o(1), so the right side again tends to zero. If 0 < y < A
−1/2
k ,

the function y 7→ y log(eAk/y) is increasing on this interval, and therefore

y
log(eAk/y)

log Ak
= O(A−1/2

k ) = o(1).

Hence near-maximality forces y to remain in a fixed compact subset of (0, ∞). On every such
compact subset the logarithmic ratio in (36) converges uniformly to one. Since eye−y ≤ 1, with
equality only at y = 1, near-maximality implies θr = y → 1. The same argument applied to r∗
gives θr∗ → 1, and the conclusion follows.

If the uniform assertion failed for some ηk → 0, a subsequence of layers with br ≥ (1 − ηk)B
and θ|r − r∗| bounded away from zero would contradict one of the two arguments above. □
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10.2. The tilted contact partition. For T ≥ 0, define

Zk,θ(T ) =
k∑

r=0
ureT ρr−r∗

.

If
a(T ) = B − ρ−r∗T,

then the first-order missing-pattern sum has the exact representation

Λk(a(T ), θ) :=
k∑

r=0

(
k

r

)
e−a(T )ρr = Zk,θ(T ).

Lemma 10.3 (Tilted moment rigidity). Uniformly for 0 ≤ T ≤ 3 log k and every fixed integer
j ≥ 0,

(37)
k∑

r=0
ρj(r−r∗)ureT ρr−r∗ = (1 + o(1))Zk,θ(T ).

Moreover, uniformly in this range,

(38) Φk,θ(T ) :=
k∑

r=0

(
k

r

)
F (a(T )ρr) = Zk,θ(T ) + o(1).

Proof. Set

ηk =

√
log k

B
, N = {r : br ≥ (1 − ηk)B}.

Then ηk → 0 and ηkB =
√

B log k ≫ log k. Write δ = T/L∗. Since T ≤ 3 log k and L∗ ≥ B, we
have δ = o(ηk) uniformly. For r /∈ N ,

log
(
ureT ρr−r∗ ) =

(
br − (1 − δ)B

)
ρr ≤ −1

2ηkBρr.

After multiplication by ρj(r−r∗), the logarithm of the rth summand is at most

−1
2ηkBeθr + jθr − jθr∗.

The function y 7→ −ηkBey/2 + jy is decreasing on [0, ∞) for all large k. Hence every such
summand is at most e−ηkB/2, and therefore

(39)
∑
r /∈N

ρj(r−r∗)ureT ρr−r∗ ≤ (k + 1)e−ηkB/2 = o(1)

uniformly in T .
On N , Lemma 10.2 gives ρj(r−r∗) = 1 + o(1) uniformly. Let WN (T ) =

∑
r∈N ureT ρr−r∗ . The

term r = r∗ shows WN (T ) ≥ eT ≥ 1. Thus (39) gives

Z(T ) = WN (T ) + o(1)

and ∑
r

ρj(r−r∗)ureT ρr−r∗ = (1 + o(1))WN (T ) + o(1) = (1 + o(1))Z(T ),

proving (37).
The same rigidity gives ρr−r∗ = 1 + o(1) uniformly on N . Since ur ≤ 1 and T ≤ 3 log k,

Z(T ) ≤ k4+o(1).
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Moreover, a(T ) ≥ B − 3 log k ∼ B ≫ log k. Using

0 ≤ F (x) − e−x ≤ e−2x

1 − e−x
,

we obtain uniformly

0 ≤ Φk,θ(T ) − Zk,θ(T ) ≤ e−a(T )

1 − e−a(T ) Zk,θ(T ) = o(1),

which proves (38). □

10.3. The exact microscopic center. Let H = Hn,k. By Lemma 10.1,

Z(0) = Ξk,θ = O(
√

k) = o(H),

whereas the r∗ term gives
Z(3 log k) ≥ k3 > H

for all sufficiently large n, by Lemma 6.3. Thus there is a unique

T̂ ∈ (0, 3 log k) such that Zk,θ(T̂ ) = H.

Lemma 10.4. Uniformly for 0 ≤ T ≤ 3 log k,

Φ′
k,θ(T ) = (1 + o(1))Zk,θ(T ),(40)

Φ′′
k,θ(T ) = (1 + o(1))Zk,θ(T ).(41)

If Tc is the unique solution of Φk,θ(Tc) = H, then

(42) Tc = T̂ + o(H−1).

Proof. Since a′(T ) = −ρ−r∗ ,

Φ′(T ) =
k∑

r=0

(
k

r

)
ρr−r∗

ea(T )ρr − 1
.

Uniformly in T , a(T ) → ∞ and (ex − 1)−1 = e−x(1 + O(e−a(T ))). Thus (40) follows from
Lemma 10.3 with j = 1. Differentiating again gives

Φ′′(T ) =
k∑

r=0

(
k

r

)
ρ2(r−r∗) ea(T )ρr

(ea(T )ρr − 1)2 ,

and the estimate ex/(ex − 1)2 = e−x(1 + O(e−a(T ))), together with the case j = 2, proves (41).
The same j = 1 estimate gives

(43) Z ′(T )
Z(T ) = 1 + o(1)

uniformly on [0, 3 log k].
By (38), Φ(0) = O(

√
k) = o(H), whereas Φ(3 log k) ≥ Z(3 log k) ≥ k3 > H. Hence the strictly

increasing function Φ has a unique solution Tc ∈ (0, 3 log k) of Φ(Tc) = H. We next localize it.
The identity Z(T̂ ) = H and the r∗ term imply T̂ ≤ log H = 2 log k + O(1); furthermore (43) on
every fixed interval starting at zero, together with Z(0) = O(

√
k) = o(H), shows T̂ → ∞. Thus,

for every fixed c > 0, both T̂ − c and T̂ + c lie in (0, 3 log k) for all large k. Integrating (43) gives

Z(T̂ − c) ≤ e−c/2H, Z(T̂ + c) ≥ ec/2H
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for all sufficiently large k. Since Φ(T ) = Z(T ) + o(1) uniformly, these inequalities imply
Tc ∈ (T̂ −c, T̂ +c). On this fixed neighborhood, Z(T ) = Θ(H) and hence (40) gives Φ′(T ) = Θ(H).
Finally, Φ(T̂ ) = H + o(1), so the mean-value theorem yields

|Tc − T̂ | = o(H−1),

proving (42). □

Proof of Theorem 1.7. The actual value an,k can be written as a(Tn) with Tn given by (6).
Because k = Kn + 1 gives an,k < Bk(θn), we have Tn ≥ 0. Let Tc be the exact center from
Lemma 10.4. If T = Tc + O(H−1), Taylor’s theorem and (40)–(41) give

Φ(T ) = H + (1 + o(1))H(T − Tc) + O(H(T − Tc)2),

where the quadratic term is o(1). Hence

(44) H − Φ(T ) = H(Tc − T ) + o(1) = H(T̂ − T ) + o(1),

using Tc − T̂ = o(H−1).
If H(T̂ − Tn) is bounded, then Tn − Tc = O(H−1), so (44) applies. Conversely, suppose

H − Φ(Tn) is bounded. Since the r∗ term gives Φ(Tn) ≥ Z(Tn) ≥ eTn , we have

Tn ≤ log(H + O(1)) = 2 log k + O(1) < 3 log k

for all large k. For every s between Tn and Tc, monotonicity gives Φ(s) = H + O(1). By (38),
Z(s) = Θ(H), and then (40) yields Φ′(s) = Θ(H) uniformly on this interval. The mean-value
theorem therefore gives Tn − Tc = O(H−1), so (44) applies again. This proves the stated
equivalence.

Finally,
a(T ) = B − ρ−r∗T.

Thus a change of order H−1 in T corresponds to a change of order (Hρr∗)−1 in a. Since
L∗ = Bρr∗ , the corresponding change in the relative deficit 1 − a/B is of order (HL∗)−1. □

10.4. Finite macroscopic bias. The exact tilted partition is needed in the full global range.
When θk remains bounded, it reduces to the usual Gaussian prefactor.

Proposition 10.5. Suppose θk → A ∈ [0, ∞). Let xA be the maximizer in (4) and put

g(A) = 1
xA(1 − xA) + A2h(xA).

Then

(45) Ξk,θ = (1 + o(1))
√

2πk

g(A) .

Moreover, for every fixed CT > 0, uniformly for 0 ≤ T ≤ CT log k,

(46) Zk,θ(T ) = (1 + o(1))eT Ξk,θ.

Consequently,

(47) T̂ = 3
2 log k + log log 2 − 1

2 log 2π

g(A) + o(1).

For A = 0, this becomes

T̂ = 3
2 log k + log log 2 − 1

2 log π

2 + o(1).
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Proof. Write Ak = θk, so Ak → A, and let

fk(r) = log
(

k

r

)
− Bk(θ)eθr = log ur.

By Lemma 6.5 and uniqueness of the maximizer of x 7→ h(x)e−Ax, every maximizing layer
satisfies

r∗
k

−→ xA.

In particular, both r∗ and k − r∗ are of order k.
Put dr = fk(r + 1) − fk(r). For 1 ≤ r ≤ k − 1,

∆2fk(r) = log r(k − r)
(r + 1)(k − r + 1) − Bk(θ)eθ(r−1)(eθ − 1)2.

Fix M > 0. Uniformly for |r − r∗| ≤ M
√

k, we have r/k = xA + o(1). A uniform Taylor
expansion of the two logarithms in the first term gives

log r(k − r)
(r + 1)(k − r + 1) = − 1

kxA(1 − xA) + o(k−1).

Moreover,

Bk(θ)eθr∗ = log
(

k

r∗

)
= kh(xA) + o(k),

while eθ(r−r∗) = 1 + o(1) uniformly in the window and (eθ − 1)2 = (A2 + o(1))/k2. Hence

(48) ∆2fk(r) = −g(A)
k

+ o(k−1)

uniformly for |r − r∗| ≤ M
√

k.
Since r∗ is a discrete maximum, dr∗−1 ≥ 0 ≥ dr∗ . As dr∗ − dr∗−1 = ∆2fk(r∗), relation (48)

gives dr∗−1, dr∗ = O(k−1). Summing the first differences, with the uniform error in (48), yields

fk(r∗ + m) = −g(A)
2k

m2 + o(1)

uniformly for |m| ≤ M
√

k. Therefore, for fixed M ,

1√
k

∑
|m|≤M

√
k

efk(r∗+m) −→
∫ M

−M
e−g(A)x2/2 dx.

The global second-difference estimate from Lemma 10.1 gives fk(r∗ ± m) ≤ −cm(m − 1)/k for
an absolute c > 0. Consequently the remaining contribution, divided by

√
k, is bounded by a

Gaussian tail that tends to zero as M → ∞, uniformly in k. This proves (45).
Fix CT > 0 and consider 0 ≤ T ≤ CT log k. Choose C1 = C1(CT , A) sufficiently large and put

R = C1
√

k log k. On |r − r∗| ≤ R,

θ(r − r∗) = O

√ log k

k

 ,

so
T
(
eθ(r−r∗) − 1

)
= o(1)
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uniformly. Hence the summand in e−T Z(T ) is (1 + o(1))ur on this window. Outside the window,
global concavity gives contact mass at most k−M1 , where M1 can be made arbitrarily large by
increasing C1. Since Ak is bounded, the tilting factor is at most

exp{Teθk} ≤ kCT eA+1

for all large k. Choosing M1 > CT eA+1 + 2 makes the tilted tail o(Ξk,θ). This proves (46).
Finally, Lemma 6.3 gives H = (log 2 + o(1))k2 and hence log H = 2 log k + log log 2 + o(1).

Solving Z(T̂ ) = H by (45) and (46) proves (47). At A = 0, xA = 1/2 and g(0) = 4. □

11. Concluding remarks

The paper identifies one occupancy landscape behind three apparently different laws. At
p = 1/2, the central Hamming layers contain a Gaussian number of comparable coupons and
the standard coupon-collector correction appears. For fixed p ̸= 1/2, finitely many rare layers
control the threshold and produce the constant cp. Between these endpoints the maximizer of
h(x)e−Ax moves continuously from 1/2 to zero, while the exact exponent Φn,k retains the lattice
information needed for the critical Poisson law.

The fixed and global theorems use different convenient lattice parametrizations. At p = 1/2,
the contact lattice Kn need not equal the classical Jn for every n, but the descriptions agree.
Indeed,

Bk(0) = log
(

k

⌊k/2⌋

)
= k log 2 − 1

2 log k − 1
2 log(π/2) + o(1),

so Kn ∈ {Jn, Jn + 1}. If Kn = Jn, the global critical level is exactly Jn + 1, and in the
nondegenerate window Φn,k = 2kF (u) = 2ke−u + o(1), recovering Theorem 1.1. If Kn = Jn + 1,
the contact inequality gives u ≥ log n − 3

2 log log n + O(1) at that level; hence the symmetric
empty-box mean is o(Hn,k), and both formulations give Dn = Jn + 1 with high probability.

Two natural directions remain. The first is the complete sparse phase diagram when pn

tends to zero or one, where minimum cell means need not diverge and internal witnesses can be
substantial. The second is the analogous theory for graph balls and distance VC-dimension. In
dense inhomogeneous models, the fixed-state and continuous-kernel variational problems suggest
further sharp lattice and crossover questions.

Declaration on the use of AI

The authors used generative AI tools to assist in discussing proof strategies, checking proofs,
and improving exposition.
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